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Application of Peano Kernel

P. Valesova

Charles University, Faculty of Mathematics and Physics, Prague, Czech Republic.

Abstract. In the present work we have studied an error representation for

a quadrature formula of Peano kernel and the practical application of this theory
while looking for the optimal quadrature formula of Nikolskij’s and Sard’s types.
We follow works [Ghizzeti and Ossicini, 1970] and [Sard, 1963]. First we describe
construction of Peano kernel of a quadrature formula and its generalization and then
we define the optimal quadrature formula of Nikolskij’s and Sard’s types. Further
Peano kernel and its generalization are used for finding the optimal quadrature
formula of Nikolskij’s type. In the last section numerical results for one example
are presented. The paper is a continuation of the Diploma thesis [Valesova, 2009].

Introduction

Quadrature formulae are methods for the approximate evaluation of definite integrals. They
are used for computation of those integrals for which the integrand is available only at discrete
points (for example from experimental measurement) or which we are not able to compute
exactly. In the present work we consider a quadrature formula of two types:

m
Qmf = aif(x:) (1)
i=1
and
n—1 m
Quf=>> aifV(x:) (2)
1=0 i=1
where x; are called nodes of the quadrature formula @, and a; or a;; are called coefficients of
the quadrature formula, for i =1,...,mand [ =0,...,n — 1, where m,n € N.

The theory of Peano kernel and its generalization can be found in [Engels, 1980] and [Ghizzeti
and Ossicini, 1970]. Application of Peano kernel and its generalization for error term of a quadra-
ture formula is used for construction of an error representation, in consequence for construction
of an error estimation.

Peano kernel of a quadrature formula

First we consider a quadrature formula (1), in which are used only values of the integrand
in nodes of the quadrature formula, not values of the derivatives of the integrated function f.
Peano kernel of the quadrature formula can be defined in the following way:
Definition 1 Let f € C*1([0,1]), let Q. be a quadrature formula (1) of degree k > 0, let
1

the error-functional E,, be defined by formula E,,f = [ f(t)dt — Qm[f. Then the function
0

Kk (t) = En(z — t)lj_ is called the Peano kernel of the quadrature formula Q,, of degree k.
There it follows very important theorem, which gives the error representation for a quadrature
formula of the Peano kernel. The proof can be found in [Engels, 1980].

Theorem 1 Let f € C**1(]0,1]), where k > 0 and Q,, be a quadrature formula of degree n > k.
Then the error-functional E,, can be represent as

1

Bnf =55 [ Km0 fF 0 00 g

0
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where Ky, 1,(t) is the Peanovo kernel of the quadrature Q, of degree k.
The error representation (3) can be used for construction of the error estimation

1
2

1
Bnf] < 3¢ / Ko (0)? dt / FEDE2 | ()
0

which is very important, because properties of the quadrature formula @Q,, and the integrated
function f are separated in this estimation.

Generalized Peano kernel

In this section, it is necessary to define Peano kernel of a quadrature formula (2), which
contains not only values of an integrated function f in nodes of a quadrature formula but also
values of derivatives of the function f. Also integrals with nontrivial weight functions need
to be approximated. In addition, it is very important to obtain an error representation of
the quadrature formula (2) in the same form as (3). At the first degree of a quadrature formula
need to be redefined. A linear differential operator D will be used for definition of the new
degree of a quadrature formula.

Definition 2 The quadrature formula Q,, has degree k € N if and only if the error-functional
1

Ey,, where Ep, f = [ f(z)w(z) de—Qy f, vanishes an arbitrary solution g of differential equation

Dg = 0, where the Olinear differential operator D has degree k.

We consider the differential operator D = 4" There it follows the definition of generalized
Peano kernel.

Definition 3 Let f € C*([0,1]), let Q,, be the quadrature formula (2) of degree k € N, let E,
be the error-functional. If there exists a function K, —1 such that

Bnf = [ L0k a) a 8

then the function K, 1 is called the generalized Peano kernel of the quadrature formula Q.,
of degree k — 1.

Definition 3 meets our requirements, because the quadrature formula (2) is considered and
the error representation (5) is an analogy of the error representation (3).

Construction of generalized Peano kernel is based on Green-Lagrange identity (the proof can
be found in [Ghizzeti and Ossicini, 1970]). The detailed description of the construction can be
found in [Valesovd, 2009].

Theorem 2. Let u,v € C¥([0,1]), k=1,2,.... Then

k—1

d .
(k) o k (k) _ v k i—1 (z (k—i—1)
o(eul® (@) - (~1)*u 72V (e)o® =D z)
for every x € [0, 1].
We apply Green-Lagrange identity

WD) — D)) ) = L5 F0@)Ds )

=0

where the operators D* or D] are adjoint to D or D;, where D; = for i = 0,. -1

Then the linear differential equation

dm

D*(v) =w (6)
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can be constructed, where the function w is the weight function of the integral which is
approximated. We are looking for a function ¢;(x), which solves the differential equation (6)

on the interval [x;, z;11), for : = 0,...,m. We obtain equation
d n—1
vi(@)D(f)(@) —w(z)f(2) = — > @)Dy (i) (), (7)
1=0

for i = 0...m. Equations (7) can be integrated from z; to x;y1, for i = 0...m. The following
equation is the sum of these integrals:

1 m [n—1 Zi+1
/w(w)f(fv) de == [Z 0@ D;_ (i) (@) +
s i=0 LI=0 2
m  Titl
+3° [ w@D()@) do
i=0 5
The function K12 ;—1 can be defined by
Km+2,k—1(x)|[zi,zi+1) = SOZ(:C) (8)
for i = 0,...,m. The function K,, 2 ;—1 meet requirements of generalized Peano kernel listed

in the definition 3, therefore the function K, 2 x—1 can be called the generalized Peano kernel.
Then the quadrature formula corresponding with the generalized Peano kernel K, 2 x—1 can
be constructed:

n—1
Qmiaf = > fP(z0)D}_ 1 1(p0)(wo) +
1=0

n—1 m

+ Z Z f(l)(xi) (D:Lflfl(@i - ‘Pz‘—l)(xi)) o
=0 i=1

n—1

=3 O @)Dy () @)

=0

The coefficients of the quadrature formula can be easily calculated by formulae

aw = Dy j_1(v0)(z0)
aig = Dy 4(pi—i-1)(xi), i=1,---,m
Wmt1) = —Dn_i 1(om)(@mir).

We obtain the quadrature formula corresponding to the generalized Peano kernel K, 12 —1:

n—1m+1
Qmiaf = Z Z ai fO (x;)
=0 i=0
Remark Nodes zg and x,,+1 are added, in case nodes of the quadrature formula z1,...,x,, do

not contain 0 and 1. For detailed description of the construction of generalized Peano kernel
and further examples, please, see [Valesovd, 2009].
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Optimal quadrature formula

In this section, an idea of optimal quadrature formulae of Nikolskij’s and Sard’s types will
be introduced. The error or the error estimation of quadrature formulae need to be minimized
on a set of functions. We can minimize the error of the quadrature formula in the sense of
the coefficients of the quadrature formula. The acquired quadrature formula is called the optimal
quadrature formula of Nikolskij’s type.

Definition 4 If the error of the quadrature formula Q,, is minimized on the set of functions
O by the quadrature formula QY , for fived nodes x;, where i = 1,...,m, then the quadrature
formula QY is called the optimal quadrature formula of Nikolskij’s type.
eN= inf €
a;; €R
i=1,....,m
1=0,...,n—1
where & is the error of the quadrature formula Q., on the set of functions O.
The error of the quadrature formula can be minimized not only by the coefficients but also by
the nodes of the quadrature formula. The acquired quadrature formula is called the optimal
quadrature formula of Sard’s type.
Definition 5 If the error of the quadrature formula Q,, is minimized on the set of functions
O by the quadrature formula Q%, for free nodes x;, where i = 1,...,m, then the quadrature
formula Q7 is called the optimal quadrature formula of Sard’s type.
&= inf €&
aj; €R
mie[o,l}
i=1,....m
1=0,...,n—1
where & is the error of the quadrature formula Q., on the set of functions O.
Finding the optimal quadrature formula of Sard’s type is much more complicated, because of
nonlinear dependence of the generalized Peano kenel on the nodes of the quadrature formula, in
contrast to linear dependence of the generalized Peano kenel on the coefficients of the quadrature
formula.

Example

We are looking for the optimal quadrature formula of Nikolskij’s type Q%, where

2
Qsf =3 [0 + 470G) + 0O
=0

on the set of functions O = C3([0, 1]), for the weight function w = 1. The differential equation

d3u(t)

e ! ©)

needs to be solved. The solution u of the differential equation (9) has the form

t3
ut) = =%+ at? + bt + ¢,
where a,b,c € R. Then the £2 norm of the function u can be minimized:

Z5

min /uQ(t) dt,
a,b,ceR
Ti—1
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where ¢ = 1,2. Minimizers are denoted by ¢;_1, for ¢ = 1,2. We obtain functions ¢g and ¢ in
the forms

3 2

pi(t) =-L 43 Ll 2L
According to the form (8), the generalized Peano kernel has the form

3 t2 t 1 1
. ~sts-wta t€[03)
3.2(1) =

3 3t2 11t 21 1

—s+t% Wt telzll

The optimal quadrature formula of Nikolskij’s type Q:]SV corresponding to the generalized Peano
kernel can be constructed:

2
QY f =D [V (x0)D3_i(p0) (o) + fV(w1) (D3_i(p1 = wo)(21)) =
=0

— D (x3) D5y (1) (2)]

The solution of this problem is obtained - the optimal quadrature formula of Nikolskij’s type is

1

QYF = 170 + 7 £(0) + 55 £(0) + 3 F(3) + 7o (5)+

960 480

1 ., L,
+Zf(1) - 4—0f (1) + %f (1)

and the error estimation can be found by application of Hélder’s inequality for formula (5) in
following form:

|Eyf] < 3,94 107 Hf(3>H2.

For detailed computation and further examples, please, see [Valesova, 2009).

Conclusion

We have used a generalized Peano kernel for finding the optimal quadrature formula of
Nikolskij’s type. The optimal quadrature formula of Sard’s type is still the open problem. We
have studied quadrature formulae which approximate integrals with a trivial weight function.
The problem for nontrivial weight functions is still open for further considerations. Further there
is the problem of generalization of these methods for cubature formulae on two-dimensional or
three-dimensional domain.

Acknowledgments. The presented work was supported by the grant SVV-2010-261316.

References

H. Engels, Numerical quadrature and cubature, London, Academia Press 1980.

A. Ghizzeti and A. Ossicini, Quadrature formulae. Berlin, Academie-Verlang 1970.

J. Girshovich and M. Levin, Optimal quadrature formulae, Leipzig, Teubner Verlagdgesellschaft 1979.

A. Sard, Linear Approrimation, Rhode Island, American Mathematical Society 1963.

P. Valesové, Aplikace Peanova a Sardova jdadra na chybovyj élen kvadraturni a kubaturni formule, Diploma
thesis, 2009.

169





