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Jan Matoušek UPF cvičeńı 11 15. 12. 2020 1 / 7



Metoda nejmenš́ıch čtverc̊u

Vı́me ze cvičeńı 10:

Necht’ mezi veličinou x a y plat́ı vztah

y = λ(x|θ).

Modelová funkce λ záviśı na parametrech

θ = (θ1, θ2, ...θm).

V bodech x1, x2, ..., xN jsme naměřili
hodnoty y1, y2, ..., yN se standardńımi
odchylkami σ1, σ2, ..., σN .

yi ∈ N
(
λ(xi|θ), σi

)
Nejlepš́ı odhad θ̂ je ten, který
minimalizuje χ2

χ
2
(θ|x,y,σ) =

N∑
i=1

[
yi − λ(xi|θ)

]2
σ2
i

(je to totiž ten, který maximalizuje lnL).
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Lineárńı regrese pomoćı matic

Zabývejme se funkćı lineárńı ve svých parametrech, tedy takovou, která jde napsat jako

λ(x|θ) = θ1f1(x) + θ2f2(x) + ...+ θMfM (x),

kde fi(x) jsou už funkce bez volných parametr̊u. Př́ıklad: a+ bx+ c cosx+ d
√
x.

Předpovědi modelu v bodech x1, x2, ..., xN můžeme zapsat pomoćı matice A jako
λ(x1|θ)
λ(x2|θ)

.

.

.
λ(xN |θ)

 =


f1(x1) f2(x1) · · · fM (x1)
f1(x2) f2(x2) · · · fM (x2)

.

.

.
.
.
.

. . .
.
.
.

f1(xN ) f2(xN ) · · · fM (xN )



θ1
θ2
.
.
.
θM

 , neboli λ(xi|θ) =
M∑
j=1

Aijθj

Např. pro model λ(x|a, b) = a+ bx+ cx2 to bude
λ(x1|a, b, c)

.

.

.
λ(xN |a, b, c)

 =


1 x1 x2

1

.

.

.
.
.
.

.

.

.
1 xN x2

N


ab
c
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λ(x1|θ)
λ(x2|θ)

.

.

.
λ(xN |θ)

 =


f1(x1) f2(x1) · · · fM (x1)
f1(x2) f2(x2) · · · fM (x2)

.

.

.
.
.
.

. . .
.
.
.

f1(xN ) f2(xN ) · · · fM (xN )



θ1
θ2
.
.
.
θM

 , neboli λ(xi|θ) =
M∑
j=1

Aijθj
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Lineárńı regrese pomoćı matic

Máme lineárńı model λ(xi|θ) =
∑M

j=1 Aijθj .

Potom můžeme napsat

χ
2
(θ|x,y,σ) =

N∑
i=1

[
yi − λ(xi|θ)

]2
σ2
i

=
N∑

i=1

[
yi −

∑M
j=1 Aijθj

]2
σ2
i

.

Využijeme ještě kovariančńı matice Vij = cov(yi, yj). Pro nezávislá měřeńı je

V = diag(σ
2
1 , σ

2
2 , ..., σ

2
N ) a V

−1
= diag

(
1

σ2
1

,
1

σ2
2

, ...,
1

σ2
N

)
.

Takže naṕı̌seme

χ
2
(θ|x,y,σ) =

N∑
i=1

V
−1
ii

[
yi −

M∑
j=1

Aijθj

]2

.

Hledáme minimum, polož́ıme derivace rovné nule pro k = 1, 2, ...,M :

0 =
∂χ2

∂θk
= −2

N∑
i=1

V
−1
ii

[
yi −

M∑
j=1

Aij θ̂j

]
Aik = −2

N∑
i=1

AikV
−1
ii yi + 2

N∑
i=1

M∑
j=1

AikV
−1
ii Aij θ̂j

N∑
i=1

AikV
−1
ii yi =

N∑
i=1

M∑
j=1

AikV
−1
ii Aij θ̂j pro k = 1, 2, ...,M.

To se dá zapsat maticemi (pozn.: transponovaná matice AT
ij = Aji),

A
T
V

−1
y = A

T
V

−1
A θ̂.

θ̂ =
(
A

T
V

−1
A
)−1

A
T
V

−1
y = By.
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0 =
∂χ2

∂θk
= −2

N∑
i=1

V
−1
ii

[
yi −

M∑
j=1

Aij θ̂j

]
Aik = −2

N∑
i=1

AikV
−1
ii yi + 2

N∑
i=1

M∑
j=1

AikV
−1
ii Aij θ̂j

N∑
i=1

AikV
−1
ii yi =

N∑
i=1

M∑
j=1

AikV
−1
ii Aij θ̂j pro k = 1, 2, ...,M.
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Lineárńı regrese pomoćı matic: Prakticky v Matlabu

Rekapitulace

Data x,y,σ (vektory dimenze N).

Lineárńı model λ(xi|θ1, θ2, ..., θM ) =
∑M

j=1 Aijθj ,

kde Aij = fj(xi).

Metoda nejmenš́ıch čtevrc̊u dává:

θ̂ =
(
A

T
V

−1
A
)−1

A
T
V

−1
y = By.

Matlab (upf cv11 linreg.m, upf cv11 linregerr.m)

Př́ıklad: fit lineárńı funkćı λ(x|θ1, θ2) = θ1 + θ2x.
Tedy A = [ones(N,1), x];

Lineárńı regrese bez σ: theta = A \ y;

Operátor \ provád́ı děleńı zleva, čili řeš́ı rovnici
y = Aθ, pokud to lze. Pokud ne (naše A neńı
čtvercová!), minimalizuje čtverce odchylek.

Lineárńı regrese se σ:
invV = diag(1./sigma.^2);

B = A.’ * invV * A \ A.’ * invV;

. znamená provedeńı operace po složkách.

.’ transponuje matici.
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Lineárńı model λ(xi|θ1, θ2, ..., θM ) =
∑M

j=1 Aijθj ,

kde Aij = fj(xi).
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Lineárńı regrese pomoćı matic: Kovariance parametr̊u

Rekapitulace

Data x,y,σ (vektory dimenze N).

Lineárńı model λ(xi|θ1, θ2, ..., θM ) =
∑M

j=1 Aijθj , kde Aij = fj(xi).

Metoda nejmenš́ıch čtevrc̊u dává: θ̂ =
(
ATV −1A

)−1
ATV −1y = By.

Jaká je kovariance źıskaných parametr̊u?

cov(θ̂i, θ̂j) = E

[(
θ̂i − E[θ̂i]

)(
θ̂j − E[θ̂j ]

)]
= E

[(
By − E[By]

)
i

(
By − E[By]

)
j

]

= E

[(
By − BE[y]

)
i

(
By − BE[y]

)
j

]
= E

[ M∑
k=1

Bik

(
yk − E[yk]

) M∑
l=1

Bjl

(
yl − E[yl]

)]

=

M∑
k=1

M∑
l=1

BikBjlE

[(
yl − E[yl]

)(
yl − E[yl]

)]
=

M∑
k=1

M∑
l=1

BikBjl cov(yk, yl).

Napsáno maticově,

U = BV B
T

kde Uij = cov(θ̂i, θ̂j).

upf cv11 linregerr.m
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Lineárńı regrese pomoćı matic: Kovariance parametr̊u

Rekapitulace

Data x,y,σ (vektory dimenze N).
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upf cv11 linregerr.m
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Lineárńı regrese pomoćı matic: Kovariance parametr̊u

Rekapitulace

Data x,y,σ (vektory dimenze N).

Lineárńı model λ(xi|θ1, θ2, ..., θM ) =
∑M

j=1 Aijθj , kde Aij = fj(xi).

Metoda nejmenš́ıch čtevrc̊u dává: θ̂ =
(
ATV −1A

)−1
ATV −1y = By.

Jaká je kovariance źıskaných parametr̊u?
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=
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l=1

BikBjl cov(yk, yl).

Napsáno maticově,

U = BV B
T

kde Uij = cov(θ̂i, θ̂j).

upf cv11 linregerr.m
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(
ATV −1A

)−1
ATV −1y = By.
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Fitováńı v daľśıch programech

Excel/Calc: viz cvičeńı 10.

Automaticky lineárńı regrese bez σi (v grafu nebo LINEST()).
Př́ıklad s výpočtem parametr̊u fitu a+ bx.
Lze udělat i obecnou regresi pomoćı matic (MMULT(), MINVERSE()...)
Lze udělat i numerickou minimizace χ2 libovolné funkce (Solver).

Gnuplot: viz cvičeńı 10.
Numerická minimizace χ2 libovolné funkce, např.:
fit a*x**2+b*exp(c*x) ’data.txt’ using 1:2:3 via a,b,c

ROOT: upf cv11 fit.cc

Modelová funkce: TF1 objekt – libovolná funkce [manuál].
Metoda Fit(modelFunc,options) objektu typu TGraphErrors nebo TH1 (histogram) [manuál].

Python: upf cv11 polyfit.cc, upf cv11 fit.cc

Fit polynomem: numpy.polyfit(x, y, deg=D, w=invSigmas, cov=True/False) [manuál]

Fit obecnou funkćı (numerická minimizace):
scipy.optimize.curve fit(modelFunc,x,y,p0=initPars,sigma=sigmas)
Modelová funkce je libovolná Pythonovská funkce [manuál].
Nebo daľśı funkce jiných modul̊u.

Origin: upf cv11 origin.opju

Profesionálńı program na zpracováńı vědeckých dat vzdáleně podobný Excelu.
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https://root.cern.ch/doc/master/classTF1.html
https://root.cern.ch/doc/master/classTH1.html#a7e7d34c91d5ebab4fc9bba3ca47dabdd
https://numpy.org/doc/stable/reference/generated/numpy.polyfit.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.curve_fit.html
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