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Abstract

Nearly incompressible magnetohydrodynamic (NI MHD) theory for β∼ 1 (or β= 1) plasma has been developed
and applied to the study of solar wind turbulence. The leading-order term in β∼ 1 or β= 1 plasma describes the
majority of 2D turbulence, while the higher-order term describes the minority of slab turbulence. Here, we develop
new NI MHD turbulence transport model equations in the high plasma beta regime. The leading-order term in a
β? 1 plasma is fully incompressible and admits both structures (flux ropes or magnetic islands) and slab (Alfvén
waves) fluctuations. This paper couples the NI MHD turbulence transport equations with three fluid (proton,
electron, and pickup ion) equations, and solves the 1D steady-state equations from 1–75 au. The model is tested
against 27 yr of Voyager 2 data, and Ulysses and NH SWAP data. The results agree remarkably well, with some
scatter, about the theoretical predictions.

Unified Astronomy Thesaurus concepts: The Sun (1693); Interplanetary turbulence (830); Solar wind (1534);
Pickup ions (1239)

1. Introduction

Nearly incompressible (NI) theory was developed originally
to explain Kolmogorov-like power spectra (Montgomery
et al. 1987) exhibited by interstellar electron density
fluctuations (Armstrong et al. 1981, 1995). NI magnetohydro-
dynamic (MHD) theory was developed largely in the
early 1990s for homogeneous flows (Klainerman &
Majda 1981, 1982; Montgomery et al. 1987; Zank &
Matthaeus 1991, 1992a, 1992b, 1993) and was later extended
to inhomogeneous flows (Bhattacharjee et al. 1998; Hunana
et al. 2006, 2008; Hunana & Zank 2010). However, NI MHD
theory was applied to the study of solar wind turbulence for the
first time in the late 2010s by Zank et al. (2017). Besides the
application of inhomogeneous NI MHD to solar wind
turbulence, Zank et al. (2020) developed the spectral theory
of NI MHD turbulence for plasma beta β= 1. Zank et al.
(2017) tested the NI MHD theory against Helios 2, Ulysses,
and Voyager 2 (V2) measurements from the inner heliosphere
to the outer heliosphere. Adhikari et al. (2017a) used the NI
MHD turbulence model to study solar wind heating from
1–75 au. Similarly, Zank et al. (2018a) investigated the heating
of the solar corona by using an NI MHD turbulence transport
model. Since then, the NI MHD turbulence model has been
applied successfully in the solar atmosphere (Adhikari et al.
2020a, 2022a; Zank et al. 2021, 2022; Telloni et al. 2022b), in
the inner heliosphere (Adhikari et al. 2020b, 2021b, 2022c;
Telloni et al. 2022a), and in the outer heliosphere (Adhikari

et al. 2017b; Zank et al. 2018b; Nakanotani et al. 2020). In the
recent work of Adhikari et al. (2022b), NI MHD theory was
used to study the 2D and slab turbulent heating rates in the
inner heliosphere. Similarly, NI MHD theory has also been
applied to the study of cosmic-ray mean free paths throughout
the heliosphere (Zhao et al. 2017, 2018).
Hunana & Zank (2010) developed NI MHD turbulence

theory for inhomogeneous flows in different plasma beta
regimes (β? 1, β= 1, and β∼ 1.8 The formulation of NI
MHD turbulence changes with plasma beta regime (Zank &
Matthaeus 1993). For a β? 1 plasma, the leading-order
incompressible turbulence state is fully 3D, whereas in the
β= 1 or β∼ 1 plasma, the leading-order incompressible
turbulence is 2D and the higher-order turbulence is 3D and
an admixture of incompressible and compressible fluctuations.
In the case of β? 1, the 3D leading-order contribution is fully
incompressible and admits both structures (flux ropes or
magnetic islands) and slab (Alfvén waves) fluctuations at the
same order. By contrast, when β 1, the leading-order
turbulence is 2D in the plane orthogonal to the strong mean
magnetic field and therefore comprises structures only. The
higher-order correction describes a minority incompressible
slab (Alfvénic) component and a compressible magnetosonic
component.
Using the induction and momentum equations corresponding

to β∼ 1 plasma from Hunana & Zank (2010), Zank et al.
(2017) derived the NI MHD 2D+slab turbulence transport
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8 The plasma beta β is the ratio between the thermal plasma pressure and the
magnetic pressure. In the inner heliosphere, β �1. However, in the outer
heliosphere due to the presence of pickup ions (PUIs; Kallenbach et al. 2000;
Cannon et al. 2014; Aggarwal et al. 2016; Fisher et al. 2016; Pine et al. 2020),
β may increase to become larger than 1.
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model equations. The 2D turbulence transport equations do not
include the Alfvén velocity, whereas the slab turbulence
transport equations include the Alfvén velocity (see also Wang
et al. 2022, for the β= 1 plasma). In contrast, the 3D
incompressible MHD two-component model developed by
Oughton et al. (2011) in the high plasma beta regime includes
the Alfvén velocity in both the 2D and slab turbulence transport
equations.

Following Hunana & Zank (2010), we develop the NI MHD
turbulence transport equations in the high plasma beta regime
(β? 1). These describe the radial evolution of outward and
inward Elsässer energies and the corresponding correlation
lengths, and the residual energy and the corresponding
correlation length. We couple the NI MHD turbulence transport
model equations with a three fluid (proton, electron, and PUI)
solar wind model (e.g., Zank et al. 2018b; Adhikari et al.
2021b), and solve the coupled equations from 1–75 au. The
theoretical results of the turbulence energies and the correlation
lengths are validated against 27 yr of Voyager 2 (V2)
measurements. The theoretical results for the solar wind
parameters are validated against V2 measurements, 2 yr
(1995–1997) of near-ecliptic Ulysses measurements, and 13
yr (2008-2021) of New Horizons Solar Wind Around Pluto
(NH SWAP; McComas et al. 2008, 2021, 2022) measurements.
Similarly, the theoretical results for the PUI parameters are
compared against NH SWAP measurements.

This manuscript is structured as follows. Section 2 discusses
the NI MHD turbulence transport equations. Section 3 presents
the 1D steady-state NI MHD turbulence transport model
equations. Section 4 discusses the transport equation of density
fluctuations. Section 5 discusses the three fluid solar wind
model. Sections 6 and 7 discuss the radial evolution of
turbulence and background solar wind from 1–75 au, respec-
tively. Finally, Section 8 provides our conclusions.

2. Transport of NI MHD Turbulence in an Inhomogeneous
β? 1 Plasma

NI MHD theory has been extensively described elsewhere
(Zank & Matthaeus 1991, 1992a, 1992b, 1993; Hunana &
Zank 2010; Zank et al. 2017). To derive the NI MHD
turbulence transport equations, we start from the normalized
induction and momentum equations (Hunana & Zank 2010),
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where ¢B is the fluctuating magnetic field, ¢u is the fluctuating
solar wind speed, Usw is the background solar wind speed, Bsw

is the background magnetic field, ρsw is the background solar
wind density, r¢ is the fluctuating solar wind density, and
χ= L/R where L is a characteristic length scale of the
fluctuations and R is a characteristic scale measuring the

variation in the inhomogeneity of the background parameters.
The parameter ò(≡Ms0= 1) is a small dimensionless quantity.
Ms0(= 〈u2〉1/2/Cs) is the turbulent Mach number, where 〈u2〉 is
the turbulent kinetic energy and Cs is the speed of sound. We
use the ansatz (Hunana & Zank 2010)
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in Equations (1) and (2) and renormalize P∞= ò2P∞,
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as in
Zank et al. (2017). The superscripts “∞” and “∗” denote the
leading-order term, and the higher-order term, respectively.
The leading-order momentum and induction equations can be
derived in dimensional form as
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where μ0 is the magnetic permeability of free space. The
leading-order Equations (4)–(6) describe incompressible MHD
turbulence, comprising both 2D and slab fluctuations (Zank &
Matthaeus 1992a, 1992b, 1993), where 2D and slab fluctua-
tions cannot be distinguished. Therefore, Equations (4)–(6)
describe 2D + slab turbulence. This is distinguished from the
low and order 1 plasma beta models, i.e., β= 1 and β∼ 1
plasma, for which the leading-order equations describe 2D
turbulence, and the higher-order equations describe slab
turbulence (Zank & Matthaeus 1992a, 1992b, 1993; Hunana
& Zank 2010; Zank et al. 2017; Wang et al. 2022). Therefore,
both leading-order and higher-order equations are required to
describe 2D + slab turbulence in the β= 1 and β∼ 1 plasma.
In the large plasma beta case described by Equations (4)–(6),
both the 2D and slab contributions are included at the leading-
order, fully incompressible set of equations, which is quite
different from the low and order 1 plasma beta equations of
Zank et al. (2017). It is also worth noting that in the NI MHD
description the fluctuating solar wind speed is not solenoidal
(∇ · u∞≠ 0), while in the incompressible MHD description,
the fluctuating solar wind speed is solenoidal (∇ · u= 0,
Marsch & Tu 1989; Zhou & Matthaeus 1990a, 1990b).
For simplicity, we remove the superscript “∞” from the

equation. The leading-order fluctuating Elsässer variables can
be defined as

m r
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where the background mean density ρ= ρ(x) is assumed to be
time stationary and varies as a function of position. The
transport Equations (4)–(6) can be written in the Elsässer
formulation as
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Equation (7) includes the Alfvén velocity (VA
sw), which

confirms that the leading-order transport equation in the
β? 1 plasma is fully 3D (Zank & Matthaeus 1992a, 1993).
This is the main difference from that in the β= 1 or β∼ 1
plasma (see Equation (63) of Zank et al. 2017), where the
leading-order transport equation of the Elsässer variable does
not include the Alfvén velocity, and is 2D. Also, due to the
∇ · u≠ 0 in the β? 1 NI MHD theory, Equation (7) is
different from that in the incompressible MHD theory (Marsch
& Tu 1989; Zhou & Matthaeus 1990a, 1990b).

To derive the turbulence transport equations, we follow the
moment hierarchy approach (see Matthaeus et al. 1994; Zank
et al. 2012a, 2017). The moments of the Elsässer variables can
be written as
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where ¢ º + z z x r( ( )) denotes the lagged Elsässer variable,
and λ± and λD are the correlation lengths corresponding to
outward/inward Elsässer energy and the residual energy.

We use the following closures.

1. According to Zank et al. (2012a), the nonlinear term
zm ·∇z± can be written as
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where α is a von Kármán–Taylor constant.
2. The covariance with zero lag can be written as

Qij(0)= Cδij (Batchelor 1953). By assuming that turbu-
lence in a plane perpendicular to the mean magnetic field
is isotropic (e.g., Zank et al. 2017), we write the

following moments (Zank et al. 2012a):
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where a and b are structural similarity parameters related
to the background solar wind speed and Alfvén velocity.
We choose a= 1/2 and b= 1/2, yielding the two-
dimensional form of the mixing tensors (Matthaeus et al.
1994; Zank et al. 2012a).

3. The moment 〈z± ·∇ρsw〉 can be written as
r rá  ñ ~ á ñ   z nzsw

2 1 2
sw· · , where n± denotes the

direction of z±. By assuming isotropic turbulence, we
approximate 〈z± ·∇ρsw〉∼ 0. This is different from the
treatment presented in Zank et al. (2017) in which the
leading-order description is 2D.

Using closures (i)–(iii), and the closures (A10) and (C10)
from Zank et al. (2012a) (see the Appendix), we derive the
following turbulence transport equations:
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where β0 (=α/2, Breech et al. 2008) is the von Kármán–Taylor
constant. For simplicity, we remove the superscript and
subscript “SW” from VA

sw and Usw. Equations (8) and (10)are
the transport equations of the outward/inward Elsässer energy
and the corresponding correlation lengths. Equations (9) and
(11) are the transport equations of the residual energy and the
corresponding correlation length. The parameters S± and SED

denote the sources of turbulence, such as turbulence shear
source and PUI source of turbulence. The turbulence shear
source is generated due to the difference between the fast and
slow solar wind speed, which is important below ∼5 au. The
PUI source of turbulence is generated due to the instability of
the ring beam distribution of PUIs in the solar wind plasma.
Also, notice that Equations (8)–(11) are derived for ∇ · u≠ 0,
and are therefore different from the Equations (42)–(46) of
Zank et al. (2012a), which were derived by consider-
ing ∇ · u= 0.

3. 1D Spherically Symmetric Turbulence Model Equations

Assuming U? VA and considering only the super-Alfvénic
solar wind (Zank et al. 1996, 2012a,—Appendix D),
Equations (8)–(11)can be written in the 1D steady-state form as
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The von Kármán–Taylor constant α controls the cascade rate of
turbulence. Different authors have chosen different values of α
to adjust their results. For example, Matthaeus et al.
(1999a, 1999b) used α= 1, Smith et al. (2006), Breech et al.
(2008), and Usmanov et al. (2012) used α= 0.8, and Usmanov
et al. (2018) used α= 0.128. In this work, we use α= 0.03,
which ensures that the turbulent heating term not excessively
large, and results in the theoretical proton and electron
temperatures being similar to the observed proton and electron
temperatures. The second and third terms on the right-hand side
(rhs) of Equation (12) are the turbulent shear source and the
PUI source of turbulence. Similarly, the second term on the rhs
of Equation (13) is the turbulent shear source. Zank et al.
(2017) derived the turbulent shear source, which decreases as
r−2, and is different from that in Zank et al. (1996), Smith et al.
(2006), and Breech et al. (2008), which decreases as r−1, and is
proportional to turbulence energy. The parameter ΔU is the
difference between fast and slow solar wind speeds. Larrodera
& Cid (2020) found that the fast and slow solar wind speeds are
typically 500± 100 and 380± 40 km s−1, respectively. We
choose ΔU= 200 km s−1, which is close to the value of
Larrodera & Cid (2020). Furthermore, we assume ΔU to be a
constant as we solve for a steady-state model. The parameter
VA0(= 45 km s−1) is the Alfvén velocity at the reference point
r0(=1 au). The parameters c± and cED

are the parameterized
strengths of the turbulent shear source, and fD is the fraction of
the PUI-driven turbulence source that drives turbulence in the
outer heliosphere. It is assumed that the turbulent shear source
supplies energy in equal amounts to the outward and inward
Elsässer energies (c+∼ c−), and differently for the residual
energy ( ¹c cED

). Zank et al. (1996) estimated a crude value
for the strength of the turbulent shear source to be ∼13. Smith
et al. (2006) used a reduced value of the strength of the
turbulent shear source between 1 and 2. In this work, we use
c±= 0.3 and cED

= 0.7.
We also assume that the wave energy generated by PUIs is

equal to the outward and inward Elsässer energy (Williams &
Zank 1994). The PUI source of turbulence is not included in
the transport equation of the residual energy because only
Alfvénic fluctuations are assumed to be generated by PUIs
(e.g., Adhikari et al. 2015). Isenberg et al. (2023) point out that
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the energy released into fluctuations by the unstable scattering
of PUIs is significantly lower than the standard bispherical
prediction. The authors defined = -f Q U V1D min A( )( ),
where Qmin is the minimum value of the normalized energy
loss, and found that the fD is reduced from the dispersive
bispherical value of 0.642–0.06. We also use fD= 0.06. The
parameter =¥n 0.127H cm−3 is the interstellar H neutral
density at the heliospheric termination shock (Swaczyna et al.
2020), =n 7sw

0 cm−3 is the solar wind density at 1 au,
t = 10 sion

0 6 is the neutral ionization time at 1 au, and
L= 5 au (Rucinski & Bzowski 1995) is the ionization cavity
length scale. ¢VA is the (azimuthal) Alfvén velocity. In the PUI
source of turbulence term, U, ¢V A, and the exponential function
are radially dependent, which yields a PUI source of turbulence
that is a function of distance. We couple the turbulence
transport Equations (12)–(15) with a three fluid solar wind
model.

4. Transport of Density Fluctuations

Equation (37) of Hunana & Zank (2010) describes the
transport of density fluctuations ρ, and is given by

r
r r cr

¶
¶

+ +  = -  - U u u U
t

. 16( ) · · · ( )

To derive the transport equation for the variance of the density
fluctuations 〈ρ2〉, we multiply Equation (16) by ρ, use
Equation (6), take an ensemble average, and assume isotropic
turbulence. This yields the following equation:
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where α2 is a von Kármán–Taylor constant. The parameters
〈u2〉 and λu are the fluctuating kinetic energy and the
corresponding correlation length, and are given by Zank
et al. (2012a) and Dosch et al. (2013)
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The 1D steady-state equation is given by
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Equation (19) includes a turbulent shear source (the second
term on the rhs) and a PUI source of turbulence (the third term
on the rhs) (see also, Zank et al. 2012b, 2017). The parameters
η1 and η2 determine the strength of the turbulent shear source
and the PUI source of turbulence. Zank et al. (2017) suggested
the values for η1= 10−3−10−2 and η2= 10−4−10−3. How-
ever, we use η1= 1.8× 10−4 and η2= 1.5× 10−10. Zank et al.
(2017) had introduced η2 as a possible source of density

turbulence associated with PUI driving of Alfvén waves.
Although Alfvén waves, being incompressible, do not generate
compressible fluctuations, Zank et al. (2017) pointed out that
there might be a pseudosound contribution to the density
fluctuations, i.e., the Alfvén waves might excite low-frequency
sound waves (Zank & Matthaeus 1992b), but this was only
speculation added for completeness. The small value of η2
indicates that the pseudosound correction to the density
fluctuations is too small to be important. 〈ρ2〉0 is the variance
of the density fluctuations at 1 au. Notice that the first term on
the rhs of Equation (19) is a nonlinear term, which couples the
transport equation of the density variance with the turbulence
transport equations.

5. Three Fluid Solar Wind Model

We extend the solar wind model developed by Zank et al.
(2018b) to include electrons as a separate fluid. The 1D steady-
state solar wind proton (ρs) continuity equation and the PUI
(proton, ρp) continuity equation can be written as

r n r= -
r

d

dr
r U

1
; 20s c

s
s2

2( ) ( )

r n r n r n= + = +
r

d

dr
r U S m N

r

r

1
, 21p c

s
s p c

s
s p p2

2 ph
0

0
2

⎛
⎝

⎞
⎠

( ) ( )

respectively, where the rhs term in Equation (20) and the first
term on the rhs of Equation (21) denote the charge exchange
between the solar wind protons and the interstellar hydrogen
neutrals. Here the charge exchange term acts as a sink for the
solar wind proton continuity equation, and acts as a source for
the PUI continuity equation (see Zank 1999 for further details).
The second term on the rhs of Equation (21) denotes the
photoionization of the interstellar neutrals (Sp

ph). The ionization
rate is given by νp0= 1.5× 10−7 s−1 (Axford 1972), mp is the
proton mass, and N,

=
-¥N r n

L

r
exp 22H ⎛

⎝
⎞
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( ) ( )

is the radially varying neutral H number density (Vasyliunas &
Siscoe 1976). The charge-exchange rate nc

s between solar wind
protons and interstellar H neutrals is (Holzer 1972)
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where νc0= 2× 10−15 cm2 is the charge-exchange cross
section, kB is Boltzmann’s constant, Ts is the solar wind proton
temperature, TH= 6500 K is the neutral H temperature, and
UH= 20 km s−1 is the drift speed.
The 1D steady-state momentum equation can be written as
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where Ps, Pe, and Pp denote the solar wind proton pressure, the
solar wind electron pressure, and the PUI pressure,
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respectively. B is the azimuthal magnetic field, and is given by
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where B0 is the magnetic field and U0 is the solar wind speed at
a reference point r0. Equation (25) is derived from Maxwell’s
equation by taking the azimuthal component. The charge-
exchange rate nc

p between PUIs and interstellar H neutrals is
(Holzer 1972)
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The 1D steady-state transport equation for the Ps, Pe, and Pp

can be expressed as
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where γs(≡ γe= γp)= 5/3 is the adiabatic index, fp(= 0.6) is
the fraction of the dissipated turbulence energy that is used to
heat the solar wind protons, and (1− fp) is the fraction of the
dissipated turbulence energy that is used to heat the solar wind
electrons (Breech et al. 2009). The viscous and heat flux terms,
at least in the context of the thermal solar wind ions, are
expressed in terms of the Navier–Stokes equations. These are
derived under the assumption of strong collisionality, which is
not reasonable in the supersonic solar wind. The precise
mechanism by which the energy in fluctuations is converted to
heat the solar wind is an active area of research, but the
approach implicit in the turbulence transport formulation (here
and in all prior models) is that the large-scale rate of energy
transfer that is described by the turbulence transport formalism
is equal to the dissipation rate (i.e., assuming fully developed
turbulence or Kolmogorov turbulence). This allows us to
sidestep the physics of the dissipation itself since the rate of
dissipation is computed. This therefore allows us to neglect
specific (unknown) dissipation terms in the solar wind
equations describing the ions. Zank et al. (2014) derived the
wave-particle interaction heat conduction and viscosity terms
for the PUIs. However, for the reasons outlined in Zank et al.
(2018b) (considering larger scales than the viscous and heat
conduction PUI length/timescales), we neglect the dissipative
heating effects.

By contrast, the electron heat flux cannot easily be neglected
because the electron strahl is extremely extended in spatial
extent. Accordingly, we retain the heat flux term for electrons,
albeit very simplified. The heating term St can be written as
(Verdini et al. 2010; Adhikari et al. 2022c)

a
l l

=
á ñá ñ

+
á ñá ñ+ -

+

- +

-
S m n

z z z z
. 30t p s

2 2 1 2 2 2 1 2
⎡
⎣⎢

⎤
⎦⎥

( )

The collisional frequency νse between solar wind protons
and solar wind electrons is given by Zank (2014)
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where ne is the electron density, qp is the proton charge (e), qe
is the electron charge (−e), ò0 is the permittivity of free space,
νTp is the thermal proton speed, Tp is the proton temperature, Te
is the electron temperature, xe= ν/νTe, and xp= ν/νTp. G(xe),
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is the Chandrasekhar function. For xe= 1 (Zank et al. 2014),
Equation (31) simplifies to

n = L ´ ´ - -n

T
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e
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which is similar to Equation (13) of Cranmer et al. (2009). We
use L =log 2. According to Cranmer et al. (2009), we assume
that νse∼ νes, and ne∼ ns+ np (to ensure charge neutrality).
The electron heat flux is given by the empirical formula
(Cranmer et al. 2009)
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where ºx rln 1au( ) and q0= 0.01 erg cm−2s−1.

6. Evolution of Turbulence from 1–75 au

The 1D steady-state Equations (12)–(15) describe the radial
evolution of turbulence. Similarly, the 1D steady-state
Equations (20), (21), (24), (27)–(29) describe the radial
evolution of the solar wind and PUI density, solar wind speed,
proton and electron pressures, and PUI pressure. Using the
boundary conditions shown in Table 1, and the parameter
values shown in Table 2, we solve the coupled 1D steady-state
NI MHD turbulence equations and the solar wind (protons and
electrons) + PUI equations from 1–75 au. The boundary
conditions are chosen within the error bar of the observed
values, where the error bar represents the standard deviation.
The parameter values used in the model yield unique solutions,
and are similar to the observed values. In Figures 1 and 2, the
theoretical turbulence energies (solid curve), and the corresp-
onding theoretical correlation lengths (solid curve) are
compared with the Voyager 2 (V2) measurements (blue circle).
Using V2 magnetic field and plasma data from the years
1977–2004, we calculate the observed transverse turbulence
energy and the observed transverse correlation length. To
calculate the observed turbulence energy, we consider 10 hr
long data sets (e.g., Zank et al. 1996). If there are at least five
good data points, we calculate the fluctuating radial, tangential,
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and normal (R, T, N) components of the magnetic field and the
solar wind speed in the direction perpendicular to the mean
magnetic field (Adhikari et al. 2022c). Then, we calculate the
variance of the perpendicular fluctuating components to obtain
the transverse turbulence energy. Also, we calculate the mean
value of the solar wind parameters corresponding to this
interval. After this, we use 65 sequential data points from
1977–2004 to calculate the mean and standard deviation of the
relevant quantities. For the transverse correlation length, we
consider a longer 20 hr interval consisting of 20 good points to
generate a reasonable auto-correlation function with time lag τ.
We convert the time lag τ into the spatial lag distance by
Taylor’s hypothesis. We then use a cubic spline data
interpolation to fit the auto-correlation function, from which
the correlation length is determined. The correlation length is
obtained by finding the lag distance at which the autocorrela-
tion function becomes 1/e of the maximum autocorrelation
function corresponding to a zero lag. Finally, we smooth the
observed correlation length by calculating the mean and
standard deviation over the distance dr= 0.5 au. In Table 1,
the mean and standard deviation corresponding to the observed
turbulence energy and solar wind parameters correspond to a
distance of 1.01 au. Similarly, the mean and standard deviation
corresponding to the observed correlation length corresponds to
a distance of 1.18 au.

The top left panel of Figure 1 compares the theoretical and
observed outward Elsässer energy 〈z+2〉 as a function of
distance from 1–75 au. The theoretical and observed 〈z+2〉
decreases with increasing distance until ∼25 au, and then
flattens with distance. In the top right panel of Figure 1, we plot
the theoretical inward Elsässer energy 〈z−2〉 and the observed
〈z−2〉 as a function of distance. Both the theoretical and
observed 〈z−2〉 show similar radial profiles with increasing
distance. The flattening of the 〈z+2〉 and 〈z−2〉 in the outer
heliosphere is due to the PUI-driven turbulence in the outer
heliosphere (the third term on the rhs of Equation (12)).

The cross-helicity measures the difference between the
outward and inward Elsässer energies. The observed normal-
ized cross-helicity σc is about −0.38 at 1 au, and increases
slowly with distance (the middle left panel of Figure 1). The
theoretical σc is consistent with that observed from 1–75 au.
The residual energy is defined as the difference between the

fluctuating kinetic energy and the fluctuating magnetic energy.
The middle right panel of Figure 1 shows that the observed σD
is about −0.28 at 1 au, and decreases slowly until ∼20 au, and
then increases as a function of distance. Similarly, the
theoretical σD decreases gradually until ∼15 au, and then
increases with distance. The theoretical σD is negative from
1–75 au, indicating the dominating fluctuating magnetic energy
compared to the fluctuating kinetic energy. The observed σD is
clearly negative until ∼40–50 au, and then the observed σD can
also become positive.
The bottom left panel of Figure 1 shows that the theoretical

〈B2〉 is in good agreement with the observed 〈B2〉 from
1–75 au. Similarly, in the bottom right panel, the theoretical
〈u2〉 decreases from 1 to 20 au, and then increases slightly as
distance increases. This may be due to the turbulence driven by
PUIs in the outer heliosphere, which leads the fluctuations to be
in the equipartitioned state between the fluctuating kinetic and
magnetic energy. The theoretical 〈u2〉 shows good agreement
with the observed 〈u2〉.
The left panel of Figure 2 shows the ratio between the square

root of the fluctuating magnetic energy and the background
magnetic field 〈B2〉1/2/B as a function of heliocentric distance.
The solid curve denotes the theoretical result and the open
circles the observed values. The theoretical 〈B2〉 is calculated
from 〈B2/μ0ρ〉= (〈z+2〉+ 〈z−2〉− 2ED)/4. The theoretical
large-scale magnetic field is calculated from

q= + W -B B r r r U r r1 1 sina a a
2 2 2 2 2 1 2( ) [ ( ) ( ( ) ) ] (Weber

& Davis 1967), where Ω= 2.9× 10−6 rad s−1, and θ= 90°.
We use Ba= 1.6× 103 nT at ra= 10 Re, so the theoretical
magnetic field is similar to that of V2 (not shown in this
manuscript). Both the theoretical and observed result show that
〈B2〉1/2/B approximately constant between 1 and 2 au, and then
decreases with increasing distance. However, Chhiber (2022)
found that 〈B2〉1/2/B increases radially in the inner heliosphere
using PSP data sets. The difference between within and outside
of 1 au is because the magnetic field is mainly dominated by
the radial component (∼r−2) in the inner heliosphere, and the
azimuthal component (∼r−1) in the outer heliosphere.
In the right panel of Figure 2, we plot the theoretical and

observed ratio between the square root of the fluctuating kinetic
energy and the background solar wind speed 〈u2〉1/2/U
between 1 and 75 au, which decreases from 1 to ∼20 au, and
then increases with distance.

Table 1
Boundary Values of the SW + PUI Parameters and the Turbulence Quantities at 1 au

Turbulence Boundary Values Observed Values ±σ SW+PUI Boundary Values Observed Values ±σ

á ñ+z 2 (km2 s−2) 740 372.45 ± 373.68 U (km s−1) 410 371.38 ± 43.77

á ñ-z 2 (km2 s−2) 1650 940.98 ± 754.77 ns (cm
−3) 7 10.45 ± 7.03

ED (km2 s−2) −200 −195.28 ± 274.68 np (cm
−3) 5.13 × 10−7 L

λ+ (km) 1.4 × 106 (1.55 ± 1.33)× 106 Ps (Pa) 5.79 × 10−12 (9.66 ± 9.18) × 10−12

λ− (km) 1.6 × 106 (1.32 ± 0.67) × 106 Pe (Pa) 2.89 × 10−12 L
λD (km) 10 × 106 (11.48 ± 7.76) ×106 Pp (Pa ) 4.62 × 10−23 L
〈ρ2〉 (cm−6) 10 8.32 ± 20.95 L L L

Note. The third column denotes the mean and standard deviation σ of the observed value.

Table 2
Values of the Parameters Used for the Turbulence Model

Parameters Values Parameters Values

a 1/2 c+ 0.3
b 1/2 c− 0.3
α 0.03 cED 0.7

β 0.015 α2 0.05
VA0 45 (km s−1) η1 1.8 × 10−5

ΔU 200 (km s−1) η2 1.5 × 10−10

fD 0.06 L L
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The left panel of Figure 3 illustrates the variance of the
density fluctuations with distance. The theoretical and observed
results decrease as r−4.48 and r−4.71, respectively. Here, the
variance of the density fluctuations decreases more rapidly than
r−4, which is the approximate square of the radial dependence
of the proton density. This is because the density fluctuations
driven by the passive scalar velocity fluctuations lead to the
reduction of the density fluctuations (see also Zank et al. 2017).
Therefore, the ratio between the square root of the variance of
the density fluctuations and the mean proton density decreases
with increasing distance, as shown in the right panel of
Figure 3. In the figure, the observed ratios (open blue circles)
are widely dispersed, which may be related to the presence of a

periodic density structure (Di Matteo et al. 2019; Kepko et al.
2020). The theoretical ratio increases slightly beyond ∼60 au.
The top left panel of Figure 4 shows the radial evolution of

the correlation length of the outward Elsässer energy λ+. The
observed λ+ increases gradually until ∼20 au, and then
decreases. The theoretical λ+ also increases monotonically
until ∼20 au, and then decreases slightly. Similarly, the top
right panel of Figure 4 shows that the theoretical and observed
correlation length of the inward Elsässer energy λ− increases
gradually until ∼20 au, and then decreases with increasing
distance.
The middle left panel of Figure 4 compares the theoretical

and observed correlation length of the residual energy. The

Figure 1. Comparison between the theoretical and observed turbulence energies as a function of heliocentric distance. Top left and right panels illustrate the outward
and inward Elsässer energies. Middle left and right panels show the normalized cross-helicity and the normalized residual energy. Bottom left and right panels show
the fluctuating magnetic energy and the fluctuating kinetic energy. The solid curve denotes the theoretical result. The open circles denote observed values by V2.
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theoretical λD decreases initially, which may be due to the
turbulence shear source. As the strength of the turbulent shear
source term decreases with distance, the theoretical λD
increases gradually. The difference between the observed and
theoretical values may suggest that the turbulent shear source
term should be smaller than it is currently in the residual energy
equation and the correlation length of the residual energy. For
example, it is possible that the Kelvin–Helmholtz instability
may drive more Alfvénic fluctuations than 2D structures in a
high beta plasma and thus a different parameterization of the
shear driving source term than used in Adhikari et al. (2017a)
and Zank et al. (2017) may be necessary. The observed λD is
approximately constant as a function of distance. The middle
right panel of Figure 4 shows that the theoretical and observed
λb increases monotonically with distance until ∼20 au, and
then decreases slightly. The bottom panel compares the
theoretical and observed correlation length of the velocity
fluctuations λu. The theoretical λu(= (〈z+2〉λ++ 〈z−2〉λ−+
EDλD)/(〈z

+2〉+ 〈z−2〉+ 2ED)), which depends on the turbu-
lence energies and the correlation lengths, increases with
increasing distance, while the observed λu is approximately
constant as a function of distance. The differences between the
theoretical and observed λD and λu may be due to the turbulent
shear source that was derived in the context of the low plasma
beta models (Zank et al. 2017). The turbulent shear source

parameters may need to be changed for a high plasma beta
model by generating similar amounts of 2D and Alfvénic
fluctuations.

7. Radial Evolution of Solar Wind Background Profile

The left panel of Figure 5 compares the theoretical and
observed solar wind proton density (blue curve, and blue and
yellow circles, respectively), and the theoretical and observed
PUI density (red curve and open red triangles, respectively) as
a function of distance.
The theoretical proton density shows good agreement with

the observed proton density measured by V2 (blue circles) and
NH SWAP (yellow circles). In the model, PUIs are produced
by charge exchange between solar wind protons and interstellar
H neutrals, and photoionization of the interstellar H neutrals
(see Zank 1999). The theoretical result shows that at 1 au, the
PUI density is about 5× 10−7 cm−3, which increases to a peak
value of ∼10−3 cm−3 at ∼8 au, and then decreases slowly with
distance (see also, Zhao et al. 2019). The theoretical PUI
density is consistent with the observed PUI density measured
by NH SWAP.
In the PUI pressure equation, the PUI viscosity and the PUI

heat conduction are neglected. We also do not include any
heating term in the PUI pressure equation. The right panel of

Figure 2. Comparison between the theoretical and observed ratio between the square root of the fluctuating magnetic energy and magnetic field (left), and between the
square root of the fluctuating kinetic energy and solar wind speed (right) as a function of heliocentric distance. The format of the figure is similar to Figure 1.

Figure 3. Left: comparison between the theoretical and observed variance of density fluctuations as a function of distance. Right: comparison between the theoretical
and observed ratio between the square root of the variance of density fluctuations and the background density as a function of distance. The format of the figure is
similar to that of Figure 1.
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Figure 5 shows that the theoretical PUI temperature (red curve)
decreases gradually as r−0.18. The observed PUI temperature
(open red triangles) decreases gradually from ∼10 to 30 au,
then increases to a peak value of 5.1× 106 K, and then
decreases again with distance. The theoretical PUI temperature
is in reasonable agreement with the observed PUI temperature
between ∼11 and 52 au. For the solar wind proton and electron
pressure equations, we distribute turbulence energy in the ratio
of 60:40. In the outer heliosphere, PUIs are one of the main
components of the solar wind plasma and generate turbulence.
As a result, the solar wind proton and electron temperatures
increase in the outer heliosphere, which is also confirmed by
the theoretical and observed results in the right panel of

Figure 5. The theoretical solar wind proton temperature (blue
curve) is in reasonable agreement with the observed proton
temperature (open blue circles). The theoretical solar wind
electron temperature increases initially due to the electron heat
flux (see Breech et al. 2009; Adhikari et al. 2021a), and
decreases until ∼20 au, and then increases as a result of the
dissipation of PUI-driven turbulence in the outer heliosphere.
The theoretical electron temperature (green curve) is consistent
with the observed electron temperature (filled blue circle)
measured by Ulysses near the ecliptic plane between 4
and 6 au.
Figure 6 shows the plasma beta as a function of heliocentric

distance. The theoretical proton plasma beta (blue curve)

Figure 4. Comparison between the theoretical and observed correlation lengths as a function of distance. Top left and right panels show the correlation length
corresponding to the outward and inward Elsässer energies. Middle left and right panels show the correlation length corresponding to the residual energy and
fluctuating magnetic energy. Bottom panel illustrates the correlation length of velocity fluctuations. The format of the figure is similar to Figure 1.
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decreases with distance until ∼30 au, and then increases,
similar to that measured by V2 (blue circles). The theoretical
electron plasma beta (green curve) is approximately similar to
the theoretical proton plasma beta. The theoretical PUI plasma
beta (red curve) is about 5× 10−6 at 1 au and increases to 11.4
at 75 au. The total plasma beta (black curve) is about 1 between
1 and 10 au, and about 11.4 at 75 au.

The pickup process takes energy and momentum from the solar
wind (Zank 1999), which results in its speed decreasing gradually
in the outer heliosphere (blue curve in the left panel of Figure 7,
see also Lee 1995; Richardson et al. 1995; Richardson &
Wang 2003; Zank et al. 2018b; Elliott et al. 2019). The theoretical
solar wind speed between ∼42 and 58 au tracks the NH SWAP
measured speed (open yellow circles) more closely than the V2
measured speed (open blue circles). The (time-dependent)
simulation result of solar wind speed obtained by Korolkov &
Izmodenov (2022) also deviates from the V2 measured speed in
this region. The solar wind speed measured by NH SWAP and V2

in the years 2018–2021 and 1995–1999, respectively, occurs in
the solar minimum of solar cycles 23 and 25. However, V2 was
located outside the sector zone in the high-speed streams of the
solar wind (Burlaga et al. 2003). Between 25 and 40 au,
Richardson et al. (1995) found a 6% decrease in the solar wind
speed, consistent with the 5%–7% reported by Elliott et al. (2019)
at distances from 30–43 au. Wang et al. (2000) reported that the
speed decreases by about 10% at 60 au. In the right panel of
Figure 7, we plot the percentage decrease in solar wind speed as a
function of distance. Initially, the percentage speed change is
positive because the flow is driven by the gradient in the solar
wind proton pressure, the solar wind electron pressure, and the
PUI pressure, and then decreases after the PUIs influence the solar
wind plasma. The solar wind speed decreases by about 19%
at 75 au.

8. Discussion and Conclusions

Using NI MHD phenomenology (Zank et al. 1990; Zank &
Matthaeus 1993; Hunana & Zank 2010), we developed a new
turbulence transport model for the high plasma beta (β? 1)
regime. The leading-order turbulence transport equations in the
high plasma beta regime include the Alfvén velocity and are fully
3D (Zank & Matthaeus 1993) unlike the NI MHD in the β∼ 1
and =1 regimes (see Zank et al. 2017; Wang et al. 2022).
Equation (7) is the transport equation for the Elsässer variables,
which is derived only from the leading-order (incompressible)
description, takes into account the inhomogeneity, and completely
eliminates compressibility. In the incompressible MHD descrip-
tion, the transport equation for the Elsässer variables is derived
from the fluctuating components without separating the leading
order and higher order. We remind readers that in the NI MHD
description, the fluctuating solar wind speed is not solenoidal
unlike in the incompressible MHD description. This leads to
Equation (7) being different from that of Zhou & Matthaeus
(1990a, 1990b), and Marsch & Tu (1989). Similarly, the six
coupled turbulence transport Equations (8)–(11) or (12)–(15) are
different from those of Zank et al. (2012a), who used an
incompressible MHD phenomenology (Marsch & Tu 1989; Zhou
& Matthaeus 1990a, 1990b).
We incorporated the newly developed turbulence transport

model equations with a three fluid (proton, electron, and PUI)
solar wind model. We compared the theoretical results with the

Figure 5. Left: comparison between the theoretical and observed solar wind density, and the theoretical and observed PUI density as a function of distance. Right:
comparison between the theoretical and observed solar wind proton temperature, the theoretical and observed electron temperature, and the theoretical and observed
PUI temperature with increasing distance. Red and blue curves denote the theoretical results. Open red triangles, open blue circles, open yellow circles, and filled blue
circles denote the observed results.

Figure 6. Plasma beta as a function of heliocentric distance. Blue and green
curves denote the theoretical proton and electron plasma beta. Red curve
denotes the theoretical PUI plasma beta. The black curve denotes the
theoretical total plasma beta. Blue circles denote V2 measured proton
plasma beta.
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observed results measured by V2, Ulysses, and NH SWAP.
Note that the observed turbulence energy and the observed
correlation length correspond to the transverse components
(Adhikari et al. 2022c), and were calculated from V2
measurements. We summarize our findings as follows.

1. The theoretical fluctuating magnetic energy, fluctuating
kinetic energy, and outward/inward Elsässer energy are
similar to the corresponding observed turbulence energy.
The theoretical results use fixed boundary conditions, and
are therefore independent of solar cycle. However, the
observed turbulence energy measured by V2 may reflect
the influence of solar cycle (e.g., Zhao et al. 2018).
Adhikari et al. (2014) used the time-dependent boundary
conditions and turbulence sources in a 1D time-
dependent solar wind and coupled to the magnetic
turbulence model of Zank et al. (1996) to show that the
fluctuating magnetic energy density varies periodically in
the outer heliosphere.

2. The theoretical normalized residual energy decreases
until ∼20 au, and then increases due to the PUI-driven
turbulence. The radial profile of the theoretical σD is
similar to the radial profile of the observed σD. At 1 au,
Zhao et al. (2018) found that the observed normalized
residual energy was more negative, i.e., dominated by
fluctuating magnetic energy, during solar maximum than
during solar minimum. The observed σD measured by V2
may reflect this feature in the outer heliosphere.

3. The ratio between the square root of the fluctuating
magnetic energy and the background magnetic field is
approximately constant between 1 and 2 au, and then
decreases with distance, which is different from that in
the inner heliosphere, where the ratio increases
(Chhiber 2022).

4. The ratio between the square root of the fluctuating
kinetic energy and the solar wind speed decreases until
∼20 au, and then increases, which may be related to the
deceleration of the solar wind speed in the outer
heliosphere.

5. The variance of the density fluctuations decreases more
rapidly than r−4. The ratio between the square root of the
variance of density fluctuations and the background
density decreases with increasing distance until 50 au,
and then increases slightly. The observed result shows a
large variation, which may be due to the presence of a

periodic density structure (Di Matteo et al. 2019; Kepko
et al. 2020).

6. The theoretical and observed correlation length of the
fluctuating magnetic energy, and the outward and inward
Elsässer energy increases gradually with distance until
∼20 au, and then decreases slightly with distance.

7. The inclusion of PUIs results in the solar wind speed
decelerating in the outer heliosphere. The speed decreases
by about 19% at 75 au (see also Richardson et al. 1995;
Wang et al. 2000; Elliott et al. 2019).

8. The solar wind protons and electrons were heated by the
dissipation of turbulence energy at the ratio of 60:40
(Breech et al. 2009), yielding theoretical proton and electron
temperatures similar to those observed. In the PUI pressure
equation, the PUI viscosity and the PUI heat conduction
were neglected, and dissipation of turbulence was not
included. The theoretical PUI temperature is in reasonable
agreement with the observed PUI temperature between
∼10–52 au and it is unclear that heating of PUIs occurs
through the dissipation of turbulence. Recently, McComas
et al. (2022) reported observations of several PUI-mediated
shocks with compression ratios between 1.2 and 1.8 in the
outer heliosphere. They found that PUIs are preferentially
compressed and heated across the shock. However, since
the shocks are weak, the downstream PUI temperature is not
greatly enhanced compared to the upstream PUI temper-
ature (McComas et al. 2022). This does not affect the results
presented in the manuscript as we studied the evolution of
large-scale turbulence and the background solar wind and
PUI profiles.

9. The proton and electron plasma beta are less than 1 between
1 and 75 au. The PUI plasma beta is less than 1 within 10 au,
and larger than 1 after 10 au. The total plasma beta is about 1
between 1 and 10 au, and increases to ∼11.4 at 75 au.

We tested the new NI MHD turbulence transport model equations
in the high plasma beta regime against V2 measurements. The
comparison between the theoretical and observed results shows
that the NI MHD turbulence transport equations can describe the
evolution of turbulence throughout the heliosphere.
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Appendix
Closure Relations

The closure A10 is written as (Zank et al. 2012a)
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