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Abstract. In January 2021, Metis/SolO and PSP formed a quadrature from which
the slow solar wind was able to be measured from the extended solar corona (3.5
– 6.3 R�) to the very inner heliosphere (23.2 R�). Metis/SolO remotely measured
the coronal solar wind, finding a speed of 96 – 201 kms−1, and PSP measured the
solar wind in situ, finding a speed of 219.34 kms−1. Similarly, the normalized cross-
helicity and the normalized residual energy measured by PSP are 0.96 and -0.07. In
this manuscript, we study the evolution of the proton entropy and the turbulence
cascade rate of the outward Elsässer energy during this quadrature. We also study the
relationship between solar wind speed, density and temperature, and their relationship
with the turbulence energy, the turbulence cascade rate, and the solar wind proton
entropy. We compare the theoretical results with the observed results measured by
Metis/SolO and PSP.

1. Introduction
Since the launch of the Parker Solar Probe (PSP) and the Solar Orbiter (SolO) in
2018 and 2020 respectively, these two spacecraft have been measuring the solar wind
plasma between the Sun and the Earth. During encounter 8, PSP entered a region
of sub-Alfvénic solar wind for the first time [1], marking a major accomplishment of
the PSP mission [2], and provided important information about turbulence near the
Alfvén surface [1,3]. Similarly, the Metis coronagraph onboard the SolO [4] remotely
measures the solar wind plasma in the extended solar corona [e.g., 5-7]. The dissipation
of low-frequency turbulence is regarded as a promising mechanism for heating the solar
corona and accelerating the solar wind [8-10, 18]. PSP and SolO provide insights on
these interesting problems from an observational perspective. In addition, the PSP
magnetometer [11] and plasma [12], and the SolO magnetometer [13] and plasma [14]
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data sets are also used to study the radial evolution of turbulence in the inner heliosphere
[15,16,17].

Telloni et al [18] investigated the first alignment between PSP and SolO, when PSP
was at 0.1 au at 4:00 UT on 2020-9-27, and SolO was at 1 au at 22:19 UT on 2020-10-01.
Assuming ballistic propagation, Telloni et al were able to make in situ measurements
of the same plasma parcel with a 1.5 hour long interval traveling from 0.1 au to 1 au.
Similarly, Telloni et al [19] identified a PSP – SolO quadrature, in which the PSP during
E7 was located at 0.11 au and at 18:59 UT on 2021-01-18 entered the plane of sky (POS)
measured by Metis coronagraph onboard SolO on 2021-01-17 at 16:30 UT. In this case,
Metis/SolO and PSP measured the same plasma parcel remotely and in situ (indicated
as interval #1 in [19]) traveling from the extended solar corona (3.3 – 6.3 R�) to the
very inner heliosphere (23.2 R�).

Using potential field source surface (PFSS) extrapolation [20], Telloni et al [19] found
that the source region of the PSP interval #1 plasma is the equatorial extension of the
southern polar coronal hole. The average solar wind speed of this interval plasma is about
219.34 kms−1, and the observed normalized cross-helicity is about 0.96, indicating that
this is Alfvénic slow solar wind [6,19]. Similarly, the angle between the mean magnetic
field and the mean solar wind speed is measured to be θUB ∼ 165◦, which indicates that
the observed turbulence corresponding to this interval is slab turbulence.

Adhikari et al [6] used the solar wind (SW) + NI MHD turbulence transport model
equations [10] to compare the theoretical model and the joint PSP – SolO observations for
the first time, from the extended solar corona to the very inner heliosphere. Adhikari et al
compared the theoretical results of the solar wind speed and the solar wind density with
the measured values derived from Metis/SolO and PSP, and compared the theoretical
results of 2D and slab turbulence energy and the corresponding correlation lengths with
the measured results derived PSP. Similarly, Biondo et al [21] modeled the PSP – SolO
quadrature using the Reverse in situ and MHD Approach (RIMAP), which is a hybrid
analytical-numerical method performing data-driven reconstructions of the Parker spiral.
Biondo et al found good agreement between the numerical, and the Metis/SolO and PSP
measured speed and density.

In this manuscript, we do not discuss the SW + NI MHD turbulence transport model
equations since the model equations are presented in Adhikari et al [6]. Using the model
results of Adhikari et al [6], we calculate the solar wind proton entropy and the turbulent
heating rate of the outward Elsässer energy, and then consider their relationship with
solar wind parameters (solar wind speed, solar wind density, and proton temperature)
and the turbulence energy. Similarly, we investigate the relationship between solar wind
parameters. We discuss our results in Section 2, and present a discussion and conclusions
in Section 3.

2. Results
Adhikari et al [6] solved the SW + NI MHD turbulence transport model equations from
3.3 R� to 30 R� using the boundary conditions shown in Table 1. In the table, 〈z∞±2〉
denotes the 2D outward/inward Elsässer energy and L±∞ represents the corresponding
energy weighted correlation length. E∞D is the 2D residual energy and L∞D is the energy
weighted correlation length of the residual energy. 〈z∗+2〉 is the slab outward Elsässer
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energy, and L+
∗ is the energy weighted correlation length of 〈z∗+2〉. U is the solar wind

speed, n is the proton density, and T is the proton temperature.

2D Values Slab Values SW Values

〈z∞±2〉 (km2s−2) 105 〈z∗+2〉 (km2s−2) 6× 103 U (kms−1) 45.13
E∞D (km2s−2) 2× 103 L+

∗ (km3s−2) 9.1× 107 n (cm−3) 8× 105

L±∞ (km3s−2) 3.03× 109 - - T (K) 7× 105

L∞D (km3s−2) 1.6× 108 - - - -

Table 1. Boundary values at 3.3 R� for the turbulent quantities and the solar wind
parameters. The same boundary condition is chosen for 〈z∞+2〉 and 〈z∞−2〉.
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Figure 1. Comparison between the theoretical and observed outward Elsässer energy
(top-left), proton temperature (top-right), solar wind speed and Alfvén velocity (bottom-
left), and proton density (bottom-right) as a function of distance. The solid, dashed, and
dashed-dotted-dashed curves represent the theoretical results. The red triangle denotes
remotely measured speed and density by Metis/SolO (Telloni et al [19]), and the black
and blue triangles denote the PSP measured values during encounter 7 (E7) (Reproduced
from Adhikari et al [6]).

The top-left panel of Figure 1 displays the theoretical 2D (solid curve), slab (dashed),
and 2D+slab (dashed-dotted-dashed curve), and the observed transverse (black triangle)
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outward Elsässer energy as a function of distance. Obviously, the theoretical 〈z∞+2〉 in
the extended solar corona is larger than the theoretical 〈z∗+2〉, where 〈z∞+2〉 decreases
with increasing distance 1, while 〈z∗+2〉 first increases and then decreases. The dissipated
turbulence energy heats the solar corona, resulting in a coronal temperature of about
106 K, as shown in the top-right panel of Figure 1. The proton temperature increases
abruptly from 7 × 105 K at 3.3 R� to 1.2 × 106 K at ∼ 3.75 R�, mainly due to the
dissipation of quasi-2D turbulence (see also Zank et al [9]). The hot solar corona produces
a large pressure gradient that generates a large thermal force, which acts against the
gravitational force, and drives the solar wind from a subsonic to a supersonic speed
(bottom-left panel of Figure 1). The theoretical solar wind speed (solid curve) and the
measured speed remotely by Metis/SolO (red triangles) increases rapidly between 3.3 R�
and ∼ 5 R�, and then the theoretical speed increases gradually, eventually being very
close to the PSP measured solar wind speed (black triangle). The theoretical Alfvén
velocity (dashed curve) increases from 281 kms−1 at 3.3 R� to ∼ 400 kms−1 at 3.75
R�, and then decreases monotonically with increasing distance, also being very close
to the PSP measured Alfvén velocity (blue triangle). In the bottom-right panel, the
theoretical proton density (solid curve) is consistent with the remotely measured proton
density of Metis/SolO (red triangle) and the in situ measured proton density of PSP
(black triangle).
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Figure 2. Left: Comparison between the theoretical (solid curve) and observed (black
triangle) proton entropy as a function of heliocentric distance. Right: Comparison
between the theoretical 2D (solid curve) and slab (dashed curve), and the observed
(black triangle) heating rate of the outward Elsässer energy with increasing heliocentric
distance.

Entropy is an important thermodynamic quantity, defined as S = cv log(P/ργ), where
cv is the specific heat capacity, P is the thermal pressure, ρ is the proton mass density,
and γ = 5/3 is the polytropic index. Entropy in the solar wind plasma has been studied
since the late 1980s (Whang et al [22,23]). Whang et al found that, as a result of shock
heating, entropy increases with distance. Recently, Adhikari et al [24] put forward the

1 The theoretical 〈z∞−2〉 exhibits the same radial profile as that of the 〈z∞+2〉, yielding the 2D
normalized cross-helicity σ∞c = 0 from 3.3 R� and 30 R� (see Adhikari et al [6]).
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idea that the increase of entropy in the heliosphere is caused by turbulence dissipation.
Here, we show the theoretical entropy from the extended solar corona to the very inner
heliosphere, and compare with the observed entropy measured by PSP (left panel of
Figure 2). Similar to the proton temperature, entropy increases rapidly within a small
height from 3.3 R� to ∼ 4 R�, which may be related to the rapid dissipation of 2D
turbulence, and then increases gradually with distance.
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Figure 3. Top-left: Proton temperature as a function of outward Elsässer energy.
Top-right: Outward Elsässer energy as a function of solar wind speed. Bottom-left:
Proton temperature as a function of solar wind speed. Bottom-right: Proton density as
a function of solar wind speed. The solid and dashed curves are the theoretical results.
The black and red triangles are the observed results. The arrow denotes the direction
from the start to end point.

A turbulence cascade simply means that the large-scale (kinetic+magnetic) energy
is transferred into energy on smaller and smaller and at the very smallest scales is
finally dissipated into heat energy. This is one of the well established ideas to explain
the heating of the solar wind/corona. In the right panel of Figure 2, we plot the
turbulent cascade rate/heating rate of the outward Elsässer energy as a function of
distance. Here, the theoretical 2D (solid curve) and slab (dashed curve) turbulence
cascade rates are calculated from the nonlinear dissipation terms of the 2D and slab
turbulence (see [16], [25]). The observed cascade rate (black triangle) is calculated by
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ε+ = 〈z+2〉3/2/[CK log(1/kinjλ
+)]3/2λ+ (see [26]), where 〈z+2〉 and λ+ are the observed

outward Elsässer energy and the corresponding correlation length, kinj = 1.07 × 10−9

km−1 is the injection wavenumber [27], and CK is the Kolmogorov constant. We use
CK = 4.5. Obviously, in the extended solar corona, the theoretical 2D cascade rate is
larger than the theoretical slab cascade rate, supporting the idea that 2D turbulence is
the main component responsible for heating the solar corona [9].

The top-left panel of Figure 3 shows the relationship between the proton temperature
and the outward Elsässer energy. The solid curve denotes the theoretical T vs 〈z∞+2〉,
the dashed curve denotes the theoretical T vs 〈z∗+2〉, and the black triangle denotes
the observed result. The arrow indicates the direction of the curve from the start point
to the end point. At first, 〈z∞+2〉 is inversely proportional to T until the maximum
temperature (Tmax), and then 〈z∞+2〉 is proportional to T . The theoretical T vs 〈z∗+2〉
curve shows that T and 〈z∗+2〉 are proportional until Tmax, then they are inversely
proportional, and then the two are directly proportional again. The theoretical T vs
〈z∗+2〉 curve approaches the observed result closely, in comparison to the theoretical T
vs 〈z∞+2〉 curve. The top-right panel of Figure 3 shows that the theoretical 〈z∞+2〉 (solid
curve) is inversely proportional to U , whereas, the theoretical 〈z∗+2〉 (dashed curve) is
positively correlated with U until 215 kms−1, close to the observed result, and then they
are negatively correlated.

The bottom left panel of Figure 3 displays the relationship between the proton
temperature and the solar wind speed. T and U are initially correlated until Tmax,
and then both are inversely correlated. Maksimovic et al [28] in their Figure 7, using the
first orbit PSP and Helios 2 data sets, found that the proton temperature and the solar
wind speed are proportional. However, in their Figures 4 and 5, they grouped the solar
wind speed and the proton temperature according to the range of solar wind speeds,
showing that the slow solar wind speed increases and the proton temperature decreases
with distance, indicating that the proton temperature and the solar wind speed are
anticorrelated, similar to our results. In a similar study, the anticorrelation between the
electron temperature and the slow solar wind speed has also been observed by Halekas et
al [29] using PSP measurements. In the bottom right panel of Figure 3, the theoretical
(solid curve) and observed (red and black triangles) results show that the proton density
decreases as a function of solar wind speed.

We plot the proton temperature as a function of proton entropy in the left panel
of Figure 4. Initially, the proton temperature increases with proton entropy, and then
decreases with increasing entropy. The right panel of Figure 4 shows that the proton
density is anticorrelated with proton entropy, and the theoretical result is close to the
observed result. This of course follows from the anti-correlated of ρ and U (ρUr2=
const).

The top-left panel of Figure 5 shows the relationship between the 2D/slab outward
Elsässer energy and the corresponding heating rate. The theoretical 〈z∞+2〉 vs ε〈z∞+2〉
(solid curve) shows that the 2D outward Elsässer energy is proportional to ε〈z∞+2〉.

However, the theoretical 〈z∗+2〉 vs ε〈z∗+2〉 (dashed curve) shows that they are initially

negatively correlated, and then positively correlated. The theoretical 〈z∗+2〉 vs ε〈z∗+2〉
and 〈z∗+2〉 vs ε〈z∞+2〉 curves are close to the observed result (black triangle). In the
right panel of Figure 5, the theoretical T vs ε〈z∞+2〉 (solid curve) and the theoretical T
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Figure 4. Left-panel: Proton temperature as a function of proton entropy. Right-panel:
Proton density as a function of proton entropy. The format of the figure is similar to
Figure 3.

vs ε〈z∗+2〉 (dashed curve) show that at first T is inversely proportional to the 2D/slab
heating rate, and then they are directly proportional. Finally, the bottom panel of
Figure 5 shows that the solar wind speed is inversely proportional to ε〈z∞,∗+2〉, where the
theoretical U vs ε〈z∗+2〉 (dashed) curve steeper than the theoretical U vs ε〈z∞+2〉 (solid)
curve.

3. Discussion and Conclusions
Adhikari et al [6] compared the theoretical quasi-2D turbulence solar wind heating model
with measurement derived from Metis/SolO – PSP quadrature investigated by Telloni et
al [19]. They measured the Alfvénic slow solar wind plasma traveling from the extended
solar corona (3.5 – 6.3 R�) to the very inner heliosphere (23.2 R�). The average speed of
the slow solar wind measured by PSP is about 219.34 kms−1 and the normalized cross-
helicity is about 0.96 [6,19]. In this manuscript, we study the evolution of proton entropy
and the turbulent cascade rate of the outward Elsässer energy during the Metis/SolO
– PSP quadrature, and explore their relationship with the solar wind speed, solar wind
density, and solar wind temperature. We summarize our findings as follows.

(i) The theoretical solar wind proton entropy increases rapidly over a small height
from 3.3 R� to ∼ 4 R�, which may be related to the dissipation of 2D turbulence
energy (e.g., Adhikari et al [24]), and then increases gradually with distance. The
theoretical entropy is close to the observed entropy measured by PSP at 23.2 R�.

(ii) The theoretical 2D heating rate of the outward Elsässer energy is larger than the
corresponding theoretical slab heating rate in the extended solar corona. This
indicates that the heating rate due to 2D turbulence is the main component for
heating the solar corona.

(iii) Initially, the theoretical proton temperature is inversely proportional to the
theoretical 2D outward Elsässer energy near 3.3 R�, and then the two are
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Figure 5. Top-left: Outward Elsässer energy as a function of turbulence cascade rate.
Top-right: Proton temperature as a function of turbulence cascade rate. Bottom: Solar
wind speed as a function of turbulence cascade rate. The format of the figure is similar
to Figure 3.

proportional. Similarly, the theoretical 2D outward Elsässer energy is inversely
proportional to the solar wind speed.

(iv) The theoretical proton temperature is proportional to the theoretical solar wind
speed and the theoretical proton entropy until the proton temperature reaches a
maximum value, and after which the temperature is inversely proportional to them.
The theoretical proton density is inversely proportional to the theoretical proton
entropy.

(v) The theoretical 2D outward Elsässer energy is proportional to the theoretical
cascade rate of the 2D outward Elsässer energy.
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