Momenty — ptipad dvou proménnych

operator o¢ekavané hodnoty : E [ ]

o¢ekavana hodnota ndhodné proménné x : u. =k [x ] = jj x f (x , y)dx dy

o¢ekavana hodnota ndhodné proménné y : u,=E [y] = J- J- v f (x, y)dx dy

obecnz:  E[g(x,»)]=[[g(x. ») £(x,y)dxdy



Momenty — ptipad dvou proménnych

rozptyl nadhodné proménné x : O f = V:x: =k _(x —H, )2 1= : (x — M, )2 S (xa Y )dx dy

rozptyl ndhodné proménné y : O'i = V:Y: = E_(y _,Uy)z_ = (y _,Uy)zf(xay)dXdy

minimalni smysluplna informace o ndhodnych proménnych x, y : w,, i, (mira polohy)

., 0, (mira disperze)

4 Cisla nestaci




Momenty — ptipad dvou proménnych

rozptyl nahodné proménneé x : Gf = V:x: =E _(x — M, )2 1= _. (x — K, )2 f(X, y)dxdy

rozptyl ndhodné proménné y : O'i = V:y: = E_(y _,Uy)z_ = .(y—,uy)zf(x,y)dxdy

minimalni smysluplna informace o ndhodnych proménnych x, y : w,, i, (mira polohy)
., 0, (mira disperze)

kovariance cov (x,))




Momenty — ptipad dvou proménnych

kovariance ndhodnych proménnych x a y : cov(x,x) = E [(x-1)?*] =
cov(x,y)=E|(x—p \v—u, )|= E[xy]- E[xJE[y]  cov(vy)=E [(y-5)?]=

kovarian¢ni matice V = (

cov(y.xr) cov(y.,y) r,y) {712;

covx,y)  ple=1
o,0, py)=1

(. x) Q(,r.y)) _ ( 1 Q(,r.y))
(y.r) o(y,y) o(z,y) 1

korelace nahodnych proménnych x a y : p(x, y) =

korela¢ni matice R = (

=~ ™~

cov(z,z) cov(xz,y)\ o2 cov(x,y)
-~ \ cov(:

2
Ox

2
Gy

)



=0.7

p(X,Y)

=0.0

p(x,y)

Korelace nahodnych proménnych
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Korelace nahodnych proménnych

=0.96

p(X,Y)

=-0.7
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Korelace nahodnych proménnych
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P(a:,y) =

2O 0y
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Korelace nahodnych proménnych

* *
1.0 —-1.0
#
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http://upload.wikimedia.org/wikipedia/commons/0/02/Correlation_examples.png

Momenty — ptipad dvou proménnych

nezavislé nahodné proménné x,y : f (x % ) — f x (x )f y ()/ )

rozptyl nahodné proménné x :

o0

)= El(c— a0, Pl= [(e-u,) dxjf dy=_T(x—ﬂx)2fx(X)dx

—Q0

rozptyl nahodné proménné y :

=E[(y—ﬂy)z]=_Z(y—ﬂy)zfy(y)dy

COV(x, y) =0

2
M 4 4 . Gx O
kovarian¢ni matice: ,
0



Odhad kovariance a korelace

nahodné proménne¢ x, y

* namefime x;, Xo,... Xx5 Vi» Vas--- VN

*cov (x,y) ?7?

cov(z,y) = Elxy] — Elz]Ely]

cov(x,y) = (zy) — (x)(y)

N

1
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Test korelace — Fisherova transformace

nahodn¢ proménne x, y

e nam&fime x,, X,,... Xn; Vi» Vos--- Yy —> dostaneme odhad korelace ¢

* je korelace statisticky vyznamna? ot f )
* nulova hypotéza H, (zde nulova korelace) .
* testovaci statistika ¢ é |
* znamé rozdéleni f(¢/Ho) .
. 1. 1+p
e Fisherova transformace F(g) = B In . 000 ' N
I Q 0 10 20\ 30 40
/ ' P-hodnota
Pokud plati nulova hypotéza, tak ma normalni rozdé€leni 1 pokudje P<P,
s o¢ekavanou hodnotou 0 a standardni odchylkou o = ~—> odmitneme H,
. F(o) o

*Zz-promenna == T P hladina signifikance, bud’ 5% nebo 1%

o

. , , , N )
pokud plati nulova hypotéza = € N(0.1) | , _ 5 (1 Fyi(2) =2 (1 . [1 - erf (%)D




Normalni Gaussovo rozdéleni

hustota pravdépodobnosti  f(x _e—p) j

1
,0 )= ——ex
# ) N2mo p[ 20°

1.0 —mm—m—mrr—r—r— - ———— T ——
0.8

0.6

04 r

N(0,1.0)

N(0,1.5)

0.0-. ra rE T T R o S R T T SR S [ Wy S T N



Normalni Gaussovo rozdéleni

Distribuc¢ni funkce

e error funkce:

1.0 ———

0.6

0.8

04 r

0.2

N(0,0.5)

N(0,1.0)

N(0,1.5)

N(2,0.5)

0.0




Normalni Gaussovo rozdéleni

Distribu¢ni funkce 7, (x)= j f(t)dt =F,, (M) ;:: |
> i > o 1
0.50
. . B i T 0.25
error funkce: erf(x)= \/;_([e dt Z o0
—0.25 4
—0.50 4
1.0 I L A AR BRI S ] —0.75 1
1 -1.00 -
ol N(0,0.5) ] om0 s
[ N(2,0.5 r
| (2.0:5) vypocet error funkce:
06T napf.
_ Excel: erf (x)
04 ROOT: ROOT: :Math: :erf (x)
_ N(0,1.0) Matlab: erf (x)
02 Gnuplot: erf (x)
N(0,1.5) Python:
00 bt el ' from scipy import special

special.erf (x)



Normalni Gaussovo rozdéleni

Distribuéni funkce £, (x)= [ /()d = F, (x;ﬂ)

2 ¢ e
erf() \/;:[e dt

S

e error funkce:

ru=3{1ver( )

1.0

0.6

0.8

04 r

02 r

N(0,0.5)

N(0,1.0)

N(0,1.5)

N(2,0.5)

F”’“(x):_(”e”f & D

vypocet error funkce:
napr.

Excel: erf (x)

ROOT: ROOT: :Math:
Matlab: erf (x)
Gnuplot: erf (x)
Python:

from scipy 1mport special

cerf (x)

0.0 =

s speclal.erf (x)



Test korelace — studentovo rozdéleni

nahodné proménne Xx, y

e namerime x,, X,,... Xn3 Vi» Vose-- ¥n — dostaneme odhad korelace @
* je korelace statisticky vyznamna?

* nulova hypotéza H, (zde nulova korelace)

| N — 2

* testovaci statistika t = o \xf T

* pokud plati nulova hypotéza t € T'(z|N — 2)

/

Studentovo rozdéleni s po¢tem stupnili volnostt v=»N - 2



Studentovo ¢ rozdéleni

William Sealy Gosset

i -
Gt S "
o N
i \
N\

studentovo rozdé€leni s v stupni volnosti
41

f(xlv) = %E@) (1 " ij) |

v— pocet stupnll volnosti

Gama funkce TI'(z) = / t*le~t dt x>0
]

24
22
20
18
16
14
>
=12

10

III|III|I]I TTT lII|III|III||II|I]I|III|III|III|

LRSI N o) B o o]

I'(n)=(n—1)! neN

'z +1) =2'(x) reR

Python:
from scipy.special import gamma

DC)
_l_
N
w



Studentovo ¢ rozdéleni

Python: | studentovo rozdéleni s v stupni volnosti
from scipy.stats i1mport t b
t.pdf (x,V) I‘(%) _ 22\ T2
flxlv) = — |1+ —
vm (5) v
v— pocet stupnll volnosti
1 1
rw=1)=——7

v —o0 f(xlv)— N(0,1)

Elz]=p=0

Vir] = 0% = — v > 2




Test korelace — studentovo rozdéleni

nahodné proménne Xx, y

* namerime X, X,,... Xn; Vi Vas-++ VN — dostaneme odhad korelace ¢
* je korelace statisticky vyznamna? a\
* nulova hypotéza H, (zde nulova korelace) 028
. /N —2 =
e testovaci statistika t = p 4/ : 015
XIII ]_ - Q - 01 f_/'f \\__.
* pokud plati nulova hypotéza t € T(N — 2) / N
Studentovo rozdéleni s po¢tem stupnili volnostt v=»N - 2 P,

oboustranna P-hodnota

distribucni funkce studentova rozdéleni

e P-hodnota: P = 2(1 —1,(%))
0




Test korelace — studentovo rozdéleni

nahodné proménne Xx, y

* namerime X, X,,... Xn; Vi Vas-++ VN — dostaneme odhad korelace ¢
* je korelace statisticky vyznamna?
* nulova hypotéza H, (zde nulova korelace) oasE.
* testovaci statistika t = p 4/ —— orsE-
A\l'l ]_ — Q"‘ 0.13—
* pokud plati nulova hypotéza t € T(N — 2) 005 P4 N
Studentovo rozdé€leni s poCtem stupnu volnosti v=N - 2 1-P,

konfiden¢ni interval
distribucni funkce studentova rozdéleni

. _ P _
« konfidenéni interval: (—Tj, ! (1 - 7) Tt (1 - —:,))
0 ~ “inverzni funkce k distribuc¢ni

funkci studentova rozdéleni

e P-hodnota: P = 2(1 —1,(%))
0

P

s
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Odhad kovariance a korelace

<
o

b
wn

* ndhodné proménné x, y

* nametime x,, X,,... Xx5 Vi Vare-- VN

_ {7y) = (2))

S
LJ
T

Pearson correlation
(=] =
[ N

hladina signifikance 5%

o
P

ﬁ("rr'y) 5.5
7 C

Yy

Za ptredpokladu, Ze korelace nahodnych proménnych x,y je nula
korelac¢ni koeficient rozdé€leni s hustotou pravdépodobnosti

—lal
P-hodnota: P =2F(—|5|,N) = 2/ f(r

—1

N)dr

éﬂ lﬁﬂ léﬂ Eﬁﬂ
Sample size

, ma Pearsontiv

250



Odhad korelace
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p=0.920 = 0.003
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Pearsonuv korelaéni koeficient

« standartizovana z — proménna

odhad — Zz=

Pearsonuv korela¢éni koeficient

<

_ 1 in—)_Cyi—__ 1 L
D Dl v DI

i=1 Oy O,




Odhad korelace

p =0.920 £ 0.003

z-USD




Odhad korelace

CZK

SKE /

1nﬁ
!

87,5
a5 ‘n""ul
8: ;JW M cov(z,y) = (ry) — (x){y)
77,5 # '
5 : . Xy Az <y>
?2?5 W Q(I'y) — >A ﬁ< )
1.1.06 1107 1108 1.1.09 T (Ty
p=-0.30+0.06 1 N
(zy) = N Z-‘Tfiyi
26 ’ i=1 N
. N B 1 B 5
(@) = 5 2 J Vo1l
() I\
o Toi=1 <
3 18 %’\ﬂn- 1 N 5. — 1 i(”_ B <.U>)2
e %\ (y) = N Z Yi ’ N—-1:= -
1lJr.l.I:IL'i l.lI.I:I? l.lI.EIE l.lI.EI.'-'I . 1=1

leden 2006 — biezen 2008



Odhad korelace

p=-0.30 +0.06

z-USD
o

z-SKK



Autokorelace

e korela¢ni funkce: R(Z, t') _ p(xt ’ x't‘ ) _ E[(-xt —H )(.X"t' _,u't' )]
0,0,
e stacionarni proces 2. fadu: M, = (1. a 2. moment nezavisi na case)
o,=0c

E
« autokorelace: R(z)=R(t,t+7)= p(x,,x, )= l(

X, —H th+r _/J)J
02

« diskrétni proces: {x;, x,, ..., Xy}

* odhad autokorelace:  R(k)= e k) . Z(x X — 1)



Autokorelace

autocorrelation
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Autokorelace

autocorrelation

— EUR
—— USD
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Autokorelace

autocorrelation
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200 300 400 500
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SKK
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autocorrelation

Autokorelace

S
©
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L ©
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' leden 2006 — birezen 2008
0.2 ( 30
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Odhad korelace

bcg

bcg

-26235

-26240

-26245

-26250 |
-26255 |
-26260 |

26265 &

-26240

-26245

-26250

-26255

-26260

-26265

-26270 ©

detektor 1

0

50

100 150

200

i
|
|

detektor 2

0

50

100 150

t (h)

200




Odhad korelace

korelace p =0.936 £0.002

z-det2




autokorelace

1.0

0.0

autocorrelation
S
(é)]
1

-1.0 7

-1.5 7

Ko " AT YT \lm o ‘ \

f A, |
i

— detektor 1

— detektor 2

20 40 60 80 100 120 140 160 180 200
t(h)




Korelace
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http://upload.wikimedia.org/wikipedia/commons/b/b6/Anscombe.svg

Odhad korelace

6> d;

* Spearmantlv korela¢ni koeficient 1 il d. = rank(x,)—rank(y,)

600 ———T— T T i

500 |

400 PY ]

300 |

200 |

100 |

0 2 4 6 8 10 12 14 16 18 20 22




Odhad korelace

X Vi
5.6 25.1
14.2 180.7
2.7 11.0
3.1 52.5
4.5 11.7
10.8 99.1
19.5 570.5
19.3 400.0
7.8 56.1
12.7 110.5




Odhad korelace

X; V; rank-x | rank-y
5.6 25.1 4 3
14.2 180.7 8 8
2.7 11.0 1 1
3.1 52.5 2 4
4.5 11.7 3 2
10.8 99.1 6 6
19.5 570.5 10 10
19.3 400.0 9 9
7.8 56.1 5 5
12.7 110.5 7 7




Odhad korelace

X; Y; rank-x | rank-y d. d?
5.6 25.1 4 3 1 1
14.2 180.7 8 8 0 0
2.7 11.0 1 1 0 0
3.1 52.5 2 4 2 4
4.5 11.7 3 2 1 1
10.8 99.1 6 6 0 0
19.5 570.5 10 10 0 0
19.3 400.0 9 9 0 0
7.8 56.1 5 5 0 0
12.7 110.5 7 7 0 0
N

» Spearmantv korela¢ni koeficient

P=1=NiN )

6> d;

i=1

d, = rank(xl. )— rank(yl.)




Odhad korelace

Pearson: p=0.88 £ 0.05 Spearman: p =0.96 £ 0.02

600 ———T— T T i

500
400 — ®
300 |
200

100 | o ©




Odhad korelace

N

6» d’
_ ;l dizrank(xl.)—rank(yi)
N(N?-1)

» Spearmantv korelacni koeficient

1
- odhad spolehlivosti ~ F'(¢) = 5 In —,  (Fisherova transformace)

e 7 - sk =
Z - SKOre 1.06

* pokud jsou x, y nezavisle je z vybérem ze standardniho normalniho rozdéleni N(0,1)

P22 z,)=2(-F,, (z])=1- erf(jo,j



Odhad korelace

z=15.01
P(|z]|=25.01)=5x%x107

Pearson: p=0.88 £ 0.05 Spearman: p =0.96 £ 0.02

600 T T _
500
400 — ®
300 |
200

100 | o ©




Odhad korelace

Spearman correlation=0.35

Pearson correlation=0.37
I [ ] 1 I

10

Spearman correlation=1

T

Pearson correlation=0.88
|| ] T [




Odhad korelace

Spearman correlation=0.84

Pearson correlation=0.67
[ ] I T

10

Spearman correlation=1

T

Pearson correlation=0.88
|| ] T [




v? test nezavislosti

nulova hypotéza: x, y jsou nezavislé
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v? test nezavislosti

2D normovany histogram — odhad f{x,y) 1D normované histogramy — f,(x), f,(y)
05 1 1 1 1 1 1 1
0.4 ~ -
0.18 0.3 -
0.16 =
0.14 ] |
0.12 0.1 -
> 0.10 —
\>-</ OO T T T T T T
= 0.08 15 20 25 30 35 40 45 50 55
0.06 i}
0.04
0.02 < . 05 1 1 1 1 1 1
0.00 ’ ' 04 — i
0.3 A B
0.2 A B
0.1 4 B
0.0 T T T T

20 30 40 50 60 70 80 90



v? test nezavislosti

nezavislé nahodné proménné: flx,y) =71.(x) f(y)

) O (f(xiayi)_fx(xi)fy(yi))z
g _;Fl fx(xi)fy()’i)

m,. — pocet sloupcti 2D histogramu
m, — pocet fadkl 2D histogramu
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Rozd¢leni y?

z, € N(0,1)
1 L N
f(y‘ N): 2N/ZF(N/2)yN/2 le - y€<O,OO), N:].,Z,... y:;ziz —_— yezz(N)
A EN(/UaG)

N — pocet stupnul volnosti

- (xi_lui)z 2(]\[)
et de yZET > VEA

ey 8

e gama funkce:  I'(x)=
r(lj —Jr 24
2

22

F(x + 1) = xF(x) fZ
r(N)=(N-1! .
Z 12

10

8

6
4
2
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O 1 1 1

o
-
(hV]
m_
S
o



Rozd¢leni y?

z, € N(0,1)
1 o N
f(y‘ N): 2N/2F(N/2)yN/2 e ye<0,00), N=12,... y=lz=1:zl.2 —> yezz(N)

N — pocet stupnul volnosti

- gama funkce:  T'(x)= Te"t"‘l dr
FGJ =z 0

M(x+1)=xT(x) o |

0.5

(N)=(N-1)!

=
* momenty ¥’ rozdé€leni: 2 ol
Ely]=N

Vivl=2n

0.1

0.0



