Hustota pravdépodobnosti, distribucni funkce

diskrétni nahodna proménna

Q= {xl,xz,x3 yeres xN} koneéna

Q:{xl,xz,x3,...}
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Histogram

Histogram — zptsob jak experimentalné zjistit hustotu pravdépodobnosti z experimentalnich dat
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Histogram — Sitka binu

Excel m = [ f\"'}
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H. A. Sturges, J. American
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Histogram — Sitka binu

1 = Excel
= Sturges
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Histogram — Sitka binu optimal bin width.py

Algoritmus pro nalezeni optimalni Sitky binu

H. Shimazaki, S. Shinomoto, Neural Comput 19 (2007) 1503-1527

1. zvol pocet binu m, vypocitej Sitku binu A = (x,,-X;,)/m a vyrob histogram <——

2. vypocitej

- odhad stfedni hodnoty vysky sloupecktl histogramu: /&t = N Z
- odhad rozptylu vysek sloupeckt histogramu: 62 = .ll

(_Y — j1)?

M?

1

[T
l

2% — 62

3. vypocitej “ztratovou funkci“ C(A) = A2

opakuj pro rizn¢ pocCty binil m (tj. rizné A)

4. Vyber takové A, pro ktere je C minimalni



zFtratova funkce C

Histogram — Sitka binu

Algoritmus pro nalezeni optimalni Sitky binu

H. Shimazaki, S. Shinomoto, Neural Comput 19 (2007) 1503-1527
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zFtratova funkce C

Histogram — Sirka binu

Algoritmus pro nalezeni optimalni Sitky binu

H. Shimazaki, S. Shinomoto, Neural Comput 19 (2007) 1503-1527
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Hustota pravdépodobnosti — Méteni tloustky vzorku

* pocet naméfenych hodnot: N

u=1.5mm,s=0.1mm

hustota pravdépodobnosti:

f(x)=

1 exp(_ (x—ﬂ)zJ
2zo 20°

n.
4i¥ S (x,)=— N —>0,4—0
Sitka binu: A S Y g
5 5 5
N=10A=0.2 mm N=20A=0.2 mm N=20A=0.1 mm
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Miry polohy

e aritmeticky prumér:
» geometricky primeér:

* harmonicky primér:

* root mean square (rms):

* median; x, =5.01

2

1 ¢
:ﬁZx. =5.04

i
i=1

x, =8¥xx,..x, =4.93

N 1 -1
fh:N[Z—J =4.81

i-1 X

X,y = /ii;& =5.14
rms Nizl ) 4;)

30

10

N =200




Miry polohy

e aritmeticky prumér:
» geometricky primeér:

* harmonicky primér:

* root mean square (rms):

* median; x, =0.51
2




Oc¢ekavana hodnota

» operator stiedni (oCekdvané) hodnoty u = E[x]

Qi Tiy

* diskrétni ndhodna proménna: U=E [x] = ZX,B * vazeny pramér: T, = 3w
i it

« spojita ndhodna proménna: u=Elx]= j x f(x)dx w; = P;



Distribu¢ni funkce, kvantily

spojita ndhodna proménna diskrétni ndhodna proménna
distribuc¢ni funkce distribuc¢ni funkce
1.0 —m—mm—m—m———————— . 1.0
09
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x,— kvantil fadu a (a-bod):
Flx,)=a (0<a<l)

X,,, —median



Median
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Prumér a median

Priklad:

2016

Cena 1.000.000 K¢
Prodano 200 ks

Cena 300.000 K¢

1§;..' 7 Prodano 10.000 ks

Prumér: 313.726 K¢
Median: 300.000 K¢

2017

Cena 2.000.000 K¢
Prodano 200 ks

Cena 290.000 K¢
Prodano 10.000 ks

323.529 K¢
290.000 K¢


http://images.motortrend.com/roadtests/suv/112_0308_por_17z.jpg

Vazeny aritmeticky prumér

vazeny aritmeticky prumér: x ==L

» primér dat namétenych s riznou piesnosti (chybou)

e primér prameéra

Méfeni 1 2 3
Pocet dat 10 4 20
Prumér 14.2 10.3 12.5

primer: 14.2+10.3+12.5 123

3

o x.. 10x14.2+4%x10.3+20x12.5
vazeny prumer:
104+4+20




Vazeny aritmeticky prumér

obchodni cestujici

* 2 tydny, celkem 100 osob

1. tyden 2.tyden
Jana 67% 10%
Martin 90% 33%




Vazeny aritmeticky prumér

obchodni cestujici

* 2 tydny, celkem 100 osob

1. tyden 2.tyden celkem
Jana 67% 10% 61%
Martin 90% 33% 39%

Simpsontiv paradox



Vazeny aritmeticky prumér

obchodni cestujici

* 2 tydny, celkem 100 osob

Simpsontlv paradox

1. tyden 2.tyden Celkem
Jana 60/90 =67% 1/10=10% 61/100=61%
Martin 9/10=90% 30/90=33% 39/100 = 39%

70

60

50

40 +

30 -

2

10T

meésic

mm Jana
mmm  Martin

vazeny aritmeticky primeér:

Jana: 90x0.67 +10x0.10

=0.61
100

Martin: 10x0.90 +90 < 0.33 039
100



Simpsonuv paradox

Soience 7 February 1975:
Yol 187, no. 4175, pp. 398 - 404
DOl 10.1126/science 187 4175 395
AYAAAS

ARTICLES

Sex Bias in Graduate Admissions: Data from Berkeley
P.J. Bickel ', E. A. Hammel !, and J. W. O'Connell !

1 University of California, Berkeley 94720

Examination of aggregate data on graduate admissions to the University of
California, Berkeley, for fall 1973 shows a clear but misleading pattern of bias
against female applicants. Examination of the disaggregated data reveals few
decision-making units that show statistically significant departures from expected
frequencies of female admissions, and about as many units appear to favor
women as to favor men. If the data are properly pooled, taking into account the
autonomy of departmental decision making, thus correcting for the tendency of
women to apply to graduate departments that are more difficult for applicants of
either sex to enter, there is a small but statistically significant bias in favor of
women. The graduate departments that are easierto enter tend to be those that
require more mathematics in the undergraduate preparatory curriculum. The bias
in the aggregated data stems not from any pattern of discrimination on the part of
admissions committees, which seem quite fair on the whole, but apparently from
prior screening at earlier levels of the educational system. Women are shunted by
their socialization and education toward fields of graduate study that are generally
more crowded, less productive of completed degrees, and less well funded, and
that frequently offer poorer professional employment prospects.



Simpsonuv paradox

University of California, Berkeley 1973

Men 8442 44%
Women 4321 35%

A 825 62% 108 82%
B 560 63% 25 68%
C 325 37% 593 34%
D 417 33% 375 35%
E 191 28% 393 24%
F 272 6% 341 7%




Miry polohy a rozptylu

N
» aritmeticky primér: X = N Z X, =

i=1
 geometricky prumér: X, =xx,..x, =4.93
* harmonicky primér: x, =N L

* root mean square (rms):

* median: x, =5.01
2

. absolutni odchylka:
— Z =0.85

e standardni odchylka:

2

Gz\/%i(xi ~-X) =1.06

i=1

X, —x1




Miry polohy a rozptylu

_ 1 &
e aritmeticky primér: = ~ Z x, =0.51
i=1
 geometricky prumer: X, = Nx,x,..x, =0.37
N 1 -1
 harmonicky primér: x, =N Z— =0.16
i=1 X;
1 N
* root mean square (rms): x = 1—>x*=0.59
rms N — i
., 20 : : : :
* median: x, =0.51 N =200 U (0,1)
2
e absolutni odchylka: el
1 N
— > Ix,—x,|=0.26 )
N = 5 Z 10

e standardni odchylka:

2

c= \/%i(xi ~-X) =0.30

i=1

0.0 0.2 0.4 0.6 0.8 1.0



Momenty

* operator stiedni (oCekavané) hodnoty 1 = E[x]

e diskrétni ndhodna proménna: u=FE [x] = le.Pl.

« spojita nahodna proménna: u = E|x]= Ix £(x) dx
« rozptyl (variance): o’ =V|x|=, = E [(x —~ ,u)2J= E [x2 ]— (E[x])
 standardni odchylka: o = w/V|x|

n-ty moment: f, =FE [xn]
n-ty centralni moment: ,Ll,; =E Kx - :u)n ‘

2

° /,[1':() o/,llzz()'



Momenty vySSich radt

» operator stiedni (oCekdvané) hodnoty u = E[x]

e diskrétni nahodna proménna:

* spojitd nahodna proménna:

H= E[x]: ZZXiB

Sikmost (skewness): 73 =

Spicatost (kurtosis): Y4 =

normalni rozdéleni: 4 =3

dodate¢na (excesivni ) $picatost: Y4 — 3

30 7
20 T

10 1

.

o

¥, >0

4— positive skew

mean > mode

.
e
moda
maan

— negative skew

mean =< mode

¥

mode
maan



Spicatost

1

0.001
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le12 oo a—3
[ : : D 3 — ]
le-15 [---foemoieee bl s, 2 H
i ' ' L, 1.2 me—
le-18 [-f--ooeote i N, O m—— ]
i . . C, -0.59376 o
le-21 |~ ...........:........ ....i..... w, -1 _i_
I : : U, -1.2 m—— ]
le-24 U | I I |
-10 -5 0 5 10

https://en.wikipedia.org/wiki/Kurtosis



Priklad — laserova Dopplerovska anemometrie

» méfeni rychlosti Castic

s [| Particle

H ® I
H |
H . *"”Fﬂf Scattered
- i light
Lens
Laser b s! . / Light dector
I ﬂa|_{~—-~4 =
—= e _"'t —--x,f : F —
] - Fl
Beam H ;
splitter H E

Flow with particles

Measurement Volume

Laser Beams Tracer Particle
(wavelength: A)

vzdalenost interferenCnich prouzkl: D =

time

= 1/F

Doppler Burst Signal

slozka rychlosti Castice
ve sméru kolmo na prouzky

v,

Ao

2s81n o

zméfime frekvenci F
detekovanych signalt

Ao

- 92sina

F



Priklad — laserova Dopplerovska anemometrie

Histogram priumétu rychlosti ¢astic

25

N=70

15 .

Count

0 10 20 30 40 50 60
-3
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Priklad — laserova Dopplerovska anemometrie

e e a1 hmotnost castice
castice ,,idealniho plynu*

3/2 mu? al
Maxwell-Boltzmanovo rozdéleni  f(v) = VE (;i)  v¥exp [—%}

w
Boltzmannova konstanta teplota

To je ale rozdéleni velikosti rychlosti v = \/ vz + vy + U

Slozky rychlosti v; maji normalni rozdé€leni

timeastep = 0

[ m —muv?
f(v) =/ g &P [ 2T ]

Sikmost y; =0

Sikmost y; = 0.49

Sraned

https://en.wikipedia.org/wiki/Maxwell-Boltzmann_distribution



Priklad — laserova Dopplerovska anemometrie

Histogram priumétu rychlosti ¢astic

25

N =170 Je to normalni rozdéleni?
20 7

Je Sikmost nulova?

5| | Je dodatec¢na Spicatost nulova?

Count

10 | .

0 10 20 30 40 50 60
-3
v, (107 m/s)



Priklad - Dopplerovska anemometrie

* odhad oCekavané hodnoty: i =7 = — Z r; = (32.5 x 1073) m s~ !

[ ‘I'" . )2 .
« odhad standardni odchylky: 6 = \f 2z (@ ) (6.7 % 107%) m s~}

0.07
Ma normalni rozdéleni?

0.06 F .. ,
Je Sikmost nulova?

0.05 - | Je dodatecna Spicatost nulova?

0.04 -

0.03

normalized histogram

0.02

0.01 -

000 T T T T T
10 20 30 40 50
-3
v, (10™ m/s)



Priklad - Dopplerovska anemometrie

* odhad oc¢ekavané hodnoty: i =7 =

* odhad standardni odchylky: & = \/ E *\' — 1

normalized histogram

0.07

0.06 |

0.05 -

0.04 -

0.03

0.02

0.01 -

0.00

1
i?\r -

— )2

_3) m s

= (6.7 x

p

10

20 30 40 50
v, (10° m/s)

N
- Z r; = (32.5 x 1073) m s~!
i=1

—1

Ma normalni rozdéleni?
Je Sikmost nulova?

Je dodate¢na Spicatost nulova?

Gaussian




Priklad - Dopplerovska anemometrie

N
* odhad o¢ekavané hodnoty: /i =7 = 1, Z z; = (325 x 1073) m s}

" : - ﬁ;fs % -il(*’l’i —7)° :
* odhad Sikmosti: 3 = 53 ‘ — 575 —0.16 (Fisher-Pearson)
[\.1—1 Z?—l z; — ) ]
) N? i JNIN=1) 23N (2 —7)° _
* odhad Sikmosti: 73 = 737 o\ 23 . ‘ - = —0.17
j\' — 1 j\' — 2 a 3 j\' — 2 N _ BX 2
( )( ) [% Z?:l(‘fl _ 1,)2}
(korigovany Fisher-Pearson)
6N(N —1) 6
° &1 1 skew — — — — ~z - — 3
odhad chyby odhadu Sikmosti: ok \/ (N—2)(N+1)(N+3) N = 0.

vysledny odhad §ikmosti: 73 = —0.2 0.3




Priklad - Dopplerovska anemometrie

N
* odhad o¢ekavané hodnoty: /i =7 = 1, Z z; = (325 x 1073) m s}

* odhad standardni odchylky: & = \/z N —z)° _ (6.7 x 1073) m s}

y 1 N — 4
‘s v tx : A : Hy wZ:ﬂn—rﬂ)
« odhad dodate¢né $picatosti: Va4 — 3 = 1 3 = : IN, .
[N—l Dim (@i — 3’)2}

(N —1)?

s = 0.07 (pfedpojaty)

(N+1)N(N-1) 2N (2; —7)*

V14— 3= —— . 5 — 3— = 10.26
.1'1\" — 2 j\'l — 3 N _ - j\'l — 2 j\'l — 3
V=2 =3) [N o _zp] V-3
(neptfedpojaty pro normalni rozdéleni)
: L 2AN(N —1)2
i h h h t Cneé S C t t . curt — _ = — [}.FG
odhad chyby odhadu dodate¢né Spicatosti:  Trure \/U\-‘ N (VN5 5

6

I\
4

= (0.59

provelkA N:  Opurt = 2

vysledny odhad dodatecné Spicatosti: Ya—3=03=x0.6




