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Using


thelarge-orderformulafor thecoefficientsof thedivergentweak-couplingseriesfor theenergyof the
anharmonic� oscillators,we derivea simpleanalytic large-orderformula for the coefficientsof the convergent
renormalized� strong-couplingseries.This formula is valid for all the statesof the anharmonicoscillators
defined
�

by the HamiltoniansH
���

p� 2
���

x� 2
�����

x� 2
�

m� with� m� � 2.
!

A further generalizationof this formula is also
proposed." Numerical testsof the formula are performedfor the quartic, sextic,octic, and decadicoscillator
with� the help of asymptoticanalysis.Further it is shownthat the renormalizedstrong-couplingperturbation
expansion# convergesfor all the statesof theseoscillatorsandfor all physicallyrelevant$ %'& 0,( ).
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I. INTRODUCTION

We
:

investigatetheSchrödinger
;

equationH
</=?>

E
@

(
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)
DFE

for
G

the
H

anharmonicoscillators,where

H I pJ 2
KML

xN 2
KMOQP

xN 2
K

mR ,SUT�V 0,
W

mXZY 2.
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As
^

is well known, E
@

(
AC_

)
D

can be expressedas a weak-`
couplinga perturbationb seriesin powersof c ,S

E dfehgjilk
nmMn 0
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p

b
q

nmsr nm ,S t 2u
whichv divergesfor every w�x 0

Wzy
1–6{ . The large-orderbe-

havior
|

of the coefficientsb
q

nm follows
G

from } 3~F�

b
q

nm����s� 1 � nm�� 1 � mXZ� 1 � 2K
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K
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mXZ¬ 1  ,S ® 4̄
wherev K

�
is
°

the index of the excitation.
With
:

the help of the scaling transformation xN±³²�´ 1/[2(mR�µ 1)]xN ,S H can¶ be expressedas · 2̧
H
</¹Qº 1/» mR�¼ 1 ½¿¾ pJ 2
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Consequently,
Í
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also possessesthe strong-couplingÏ ex-�
pansionb

E
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o
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K
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whichv convergesif é is
°

sufficiently large ê 2[Fë .
Alternativeperturbativeapproachesbaseduponrenormal-

ization ì Wick
:

ordering í 7îjï orð scaling ñ 7–1
î

1òôó haveconsider-
able� conceptualandtechnicaladvantages.In thequarticcase,

Wick
:

orderingandscalingarecloselyrelatedandtheydiffer
by
õ

a numericalfactor in the effective coupling constant.In
this
H

paperwe do scalingaccordingto xN÷öùø ú xN ,S where û and�ü
are� relatedby the mX -dependentequation

ý�þ�ÿ
1 � � 2 � /¦�� BmR�� mR�� 1 	 ,S 
 7î��

withv BmR� mX (2
A

mX�� 1)!!/2mR�� 1 � 9��� . This transformationmaps
the
H

physically relevant unbounded� interval
° �����

0,
W��

)
D

onto
the
H

bounded
q

interval ��� � 1,0). With the help of Eq. ! 7î�" ,S the
Hamiltonian
# $

1% can¶ beexpressedin termsof a renormalized
HamiltonianHR & 9,10
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The renormalized energy�
ER O0P2Q4R<S E TVUXW Y 11Z

can¶ either be expressedas a divergentrenormalized[ weak-
couplinga expansion� in 1 \<] 2

K_^
10̀ ,S
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orð asa renormalized strong-coupling expansion� in o 2
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The weak-coupling expansion � 12� diverges

;
almost as

strongly� as the weak-couplingexpansion� 2[���� 7,10
� �

. How-
ever,� the strong-couplingexpansion� 13� has

|
somevery use-

ful properties� 11,12� .
For the groundand first excitedstatesof the quartic an-

harmonic
|

oscillator, we computednumerically 200 coeffi-
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cients¶ �
nm withv high accuracy� 12� . From thesedata,we ob-

tained
H

the following large-orderbehavior:

�
nm6� A
��� K ��� 2[ n���¡  K ¢ 1 £ /2á e¤�¥ 2 ¦ 2nm 1 §©¨ª0« 1

¬
a�®¯ K�±°²
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The
·

leadingcoefficient
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4
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6
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K Á 15Â

wasv determinedfrom the summationrules for Ã nm . In addi-
tion,
H

a few coefficientsa�®Ä(Å K)
Æ

werev also determinedanalyti-
cally.¶ Theleadingtermof thelarge-orderformula Ç 14È shows�
that
H

the renormalizedstrong-couplingexpansion É 13Ê con-¶
vergesË for all Ì�Í Î 0,1)

W Ï
12Ð .

Our
Ñ

resultsfor the quarticanharmonicoscillatorandfur-
ther
H

numerical results for the sextic and octic anharmonic
oscillatorsð Ò 11Ó indicate that the renormalized strong-
coupling¶ expansionÔ 13Õ actually� convergesfor arbitrary mXÖ

2,
[

K
�Ø×

0,
W

and Ù�Ú�Û 0,1)
W

.
The
·

main purposeof this paperis to investigateanalyti-�
callya the

H
large-orderbehavior of the renormalizedstrong-

coupling¶ coefficients Ü nm ofð generalanharmonicoscillators
withv Hamiltonian Ý 1Þ . We show in Sec. II that their large-
orderð behavior is describedby a simple analytic formula
whichv is a generalizationof the leadingterm in Eq. ß 14à to

H
arbitrary� mX�á 2. In contrastto â 12ã ,S whereEq. ä 14å wasv con-
jectured
æ

from numericalanalysis,we use here an analytic
approach.� We proposealso further generalizationof the se-
riesç è 14é . In Sec.III wecomparethelarge-orderformulawith
the
H

actualvaluesof the ê nm coefficients¶ and test the validity
ofð the summationrule for ë nm . Thesenumericalresultsand
the
H

large-orderformula for ì nm show� that the renormalized
strong-coupling� expansion í 13î converges¶ for allï�ð�ñ 0,1)

W
, mX�ò 2, andK ó 0.

W
Finally,
ô

let usmentionthatour final goal is theresumma-
tion
H

of renormalizedseriesboth for the caseof oscillators
(
A�õ�ö ÷

0,1
Wùø

)
D

anddoublewells ú*û�ü (
A�ý_þ

,0)S ÿ . Considerationof
the
H

large-orderbehaviorof thesecoefficientsis a stepin this
program.b

II.
�

LARGE-ORDER FORMULA

For the determinationof the large-orderbehaviorof � nm ,S
wev start from Eq. � 3~�� for the coefficientsb

q
nm . For largen� , iS t

follows
G

from � 7,10
� �

that
H

ca nm	� b
q

nm /
¦�
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K

mR )
D nm� for

G
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[
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q

nm /(
¦

BmR )
D nm for mX�� 3.

~
This leadsto thelarge-orderbehav-

ior
°

valid for mX�� 3,
~

ca nm����� 1 � nm�� 1C � � mX�� 1 � n��� K
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D
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For
ô

mX�3 2,
[

theconstantC in
°

Eq. 4 175 has
|

to bedividedby e¤ 3
�
.

For the derivationof the large-orderformula for 6 nm wev
use7 Eq. 8 169 . First we substituteEq. : 16; into

°
the remainder

ofð the series< 12= ,S
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mX�a 1 b�ced K f 1/2 ,Sg

19h
wherev ikj 1 lnm 2 and� n� is

°
large. Then, we use the integral

representationof the o function, exchangesummationand
integration,
°

andobtain

p
ER qrHs�tvu C

0
o
wyx
zB{ nm
| }n~

t� mR�� 1

D

�
t� K�,� 1/2e¤�� t� dt

�
. � 20�

The
·

geometricseriesin this equationcanbe summedin the
Borel
�

sense

�
ER �B�H������� 1 � nm	� 1C �B� /
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D � nm

0
o
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To find the large-orderformula for § nm ,S we computethe
coefficients¶ of the Taylor expansionof E

@
R
r withv respectto¨ª©n« 2 ¬ 1 n® ,S

¯
nm�° 1

n� !

d
� nm ER ±³²µ´

d
�H¶ nm ·H¸

0
o . ¹ 22

[»º
If we combine Eqs. ¼ 19½ and� ¾ 22¿ ,S we see that the sumÀÂÁBÃ

0
onm	Ä 1caeÅ (1AÇÆÉÈ

)
DBÊ

does
;

not contribute to Ë nm . Consequently,
the
H

large-orderformula for Ì nm can¶ be obtainedby differen-
tiating
H

the remainderof the sum Í E
@

R
r only.ð Thus, if we re-

placeb in Eq. Î 22Ï ER by
õÑÐ

ER ,S and interchangein Eq. Ò 21Ó
integration
°

anddifferentiationwith respectto ÔªÕ 1 Ön× , wS e
getØ
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o
Ü t��Ý mR�Þ 1 ß nm	à K

�,á
1/2e¤ â tã dt

�ä
1 å t� mR�æ 1/

¦
D ç nm�è 1

. é 23
[ëê

We
:

deriveananalyticlarge-orderformula for ì nm by
õ

con-
structing� an asymptotic approximation according to the
Laplace
�

method í 13î . We haveappliedthis methodfor dif-
ferentvaluesof mX and� K and� foundï

nm	ðvñ CD ò K�kó 1/2ô /áöõ mR�÷ 1 ø Inm ,S ù 24ú
wherev
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[��

J
�

2,K � e¤�� �
DK
�

/2
á ,S � 26�

J
�

mR ,K
���

�
2
[��

D
"�� mR /2

á! 
K
��"

1 # /á%$ mR�& mR�' 1 (*)
+
mX-, 1 .0/ mR�1 K 2 1 3 /á mR mX 1/2

,S mX-4 3.
~ 5

27
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By substitutingthe expressionsfor C,S D,S and Inm into Eq.:
24; ,S we get after somemanipulationa remarkablysimple

large-order
�

formula
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q
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�

! D mX E bn
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WYX 1/mZ\[
,S]

28̂

b
q!_a`

mX-b 1 c D"-d 4
½!e

mX-f 1 g BK mR a� 1 h mR ,S mX-i 3.
~ j

29
[�k

For
ô

mX-l 2,
[

the right-handsideof Eq. m 28
[�n

has
|

to be divided
by
õ

e¤ 2,S which yields the leadingterm of Eq. o 14p .
Analogously
^

to Eq. q 14r ,S we assumethat the general
large-orderbehaviorof s nm can¶ be describedby the series

t
nmvu@w 2

[ K
��x

3/2
�

a� K
�zy

1/2b
q

{ K
�

! | mX } bn
qG~ [ � K � 1� /á mR�� 1]e¤��O� [ mR /

áQ�
mR�� 1 � ]T�� bn

W�� 1/mZ��

�
1 ������ 1

�
a���� K� ,mRM�
�
bn
qG��� /á mR ,S mX-� 3

~ �
30
~��

wherev a�� (Å K� ,mR )
Æ

are� expansioncoefficients.For mX-¡ 2, theright-
handsideof Eq. ¢ 30

~�£
hasto be divided by e¤ 2. Four expan-

sion� coefficientsa��¤(Å K� ,mR )
Æ

are� knownfor thegroundstateof the
quartic¥ oscillator (K

�§¦
0,
W

mX-¨ 2,
[Y©Oª

1, . . . ,4),S whenv they
equal� the coefficientsa��«(0)

Å
givenØ in ¬ 12 . The calculationof

the
H

a��®(Å K� ,mR )
Æ

coefficients¶ for the sextic and higher-orderoscil-
lators
�

is more involved and leadsto transcendentalexpres-
sions.� We plan to publish resultsfor theseoscillatorsin the
future ¯ 14° . The series ± 30

~�²
is expected to be only

asymptotic.�

We
:

noteat theendof our calculationsthat theintegralsin
Eqs. ³ 21́ and� µ 23¶ for mX-· 2 canbeexpressedin termsof the
Kummerfunction U(

A
a� ,S bq ,S z¸ )Dº¹ 15» ,S

¼
E
@

R
r�½�¾À¿�ÁaÂÄÃ 1 Å nmvÆ 1C Ç DÈ /

¦�ÉÀÊ K Ë 1/2ÌÎÍ n�ÐÏ k
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Ô

U Õ n�ÐÖ K
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�ºÙ

1/2,D
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/
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,S Ü 31
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32
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III. NUMERICAL RESULTS

For
ô

thequarticoscillator(mX-î 2
[

), the large-orderformulaï
28ð wasv testedin ñ 12ò . It wasshownthat this formulagives

numericaló valuesof the ô nm coefficients¶ close to the exact
onesð startingfrom n� about� 100.Qualitatively,it canbe used
from n� about� 10.

Becauseof the (bn
q

)
D 1/mR dependence

;
in Eqs. õ 28

[�ö
and� ÷ 30

~�ø
,S

slower� convergenceof the large-orderformulasto theactual
valuesË of ù nm can¶ be expectedwith increasingmX . To clarify
this
H

questionwe performednumericalcalculationof the ú nm
coefficients¶ for thegroundandfirst excitedstate(K û 0,1)

W
of

the
H

sextic,octic, and decadicoscillators(mX-ü 3,4,5
~

). These
resultsç arecomparedwith theresultsfor thequarticoscillator
in TablesI–III.

The
·

coefficientsý nm for
G

n�Ðþ 0
W
,... ,125S werecalculatedby

the
H

method describedin ÿ 16� . Numerical values of a few
selected� �

nm coefficients¶ are comparedwith the large-order
formula � 28� for mX�� 2,3,4,5and K � 0,1

W
in TablesI and II.

The
·

agreementof thenumericalvaluesof � nm withv the large-
orderð formula � 28	 goesØ down with increasingmX and� K. We
see,� however,that evenfor the first excitedstateof the dec-

TABLE
9

I. Comparisonof thenumericalvaluesof thecoefficients
 n� with� their values� n�LO givenby the large-orderformula  28
!��

for
�

the
groundstate(K

���
0
0

) of the quartic,sextic,octic, anddecadicoscillators(m � 2,3,4,5). For the asymptoticanalysisof thesedata,seeTable
III. Numbersin squarebracketsarepowersof 10.

Quarticoscillator Sexticoscillator Octic oscillator Decadicoscillator
n � n� � n�LO

� �
n� � n�LO

� �
n� � n�LO

� �
n� � n�LO

�

10 � 0.88203�! 5"$# 0.12314
0 %'&

4
(*),+

0.63983
0 -/.

4
(*0/1

0.182002!3 3 465 0.10130
0 7!8

3 96: 0.21369
0 ;'<

3
=?>A@

0.10402
0 B'C

3
=*D/E

0.19836F!G 3 H
25 I 0.35367J!K 7L$M 0.43060

0 N'O
7
P*Q,R

0.28977
0 S'T

5
U*V/W

0.61652X!Y 5 Z6[ 0.99835
0 \!]

5 ^6_ 0.16084
0 `'a

4
(?bAc

0.14801
0 d'e

4
(*f/g

0.21856h!i 4 j
50 k 0.76355

0 l'm
10nAo 0.86997

0 p'q
10r6s 0.13891

0 t'u
6
v*w/x

0.25088y!z 6 {6| 0.11772
0 }!~

5 �6� 0.16529
0 �'�

5
U?�A�

0.25970
0 �'�

5
U*�/�

0.33955�!� 5 �
75 � 0.71513

0 �'�
12�A� 0.79322

0 �'�
12�6� 0.16773

0 �'�
7
P*�/�

0.28016�!� 7 �6� 0.28464
0 �!�

6 �6  0.37581
0 ¡'¢

6
v?£A¤

0.84276
0 ¥'¦

6
v*§/¨

0.10457©!ª 5 «
100 ¬ 0.14217

0 '®
13̄A° 0.15531

0 ±'²
13³6´ 0.31476

0 µ'¶
8
·*¸/¹

0.50082º!» 8 ¼6½ 0.95738
0 ¾!¿

7 À6Á 0.12185
0 Â'Ã

6
v?ÄAÅ

0.36076
0 Æ'Ç

6
v*È/É

0.43422Ê!Ë 6 Ì
125 Í 0.45589

0 Î'Ï
15ÐAÑ 0.49297

0 Ò'Ó
15Ô6Õ 0.77117

0 Ö'×
9
-*Ø/Ù

0.11855Ú!Û 8 Ü6Ý 0.39115
0 Þ!ß

7 à6á 0.48549
0 â'ã

7
P?äAå

0.18138
0 æ'ç

6
v*è/é

0.21388ê!ë 6 ì

TABLE
9

II. Comparisonof thenumericalvaluesof thecoefficientsí nî with� their valuesï nîLO
ð

givenñ by thelarge-orderformula ò 28ó for the
first excitedstate(K ô 1) of the quartic,sextic,octic, anddecadicoscillators(mõ÷ö 2,3,4,5). For the asymptoticanalysisof thesedata,see
TableIII. Numbersin squarebracketsarepowersof 10.

Quarticoscillator Sexticoscillator Octic oscillator Decadicoscillator
n ø nî ù nîLO ú

nî û nîLO ü
nî ý nîLO þ

nî ÿ nîLO

10 � 0.25353
���

3 ��� 0.66088
� �
	

3
����

0.12410
� �
�

2��� 0.47993
� ���

2 ��� 0.16890
� ���

2 ��� 0.44625��� 2 �� 0.16329!�" 2 #�$ 0.37599%�& 2 '
25 ( 0.19383)�* 5 +�, 0.36537

� -
.
5
/0�1

0.80553
� 2
3

44�5 0.22064
� 6�7

3
�8�9

0.21047
� :�;

3 <�= 0.42235>�? 3 @�A 0.27466B�C 3 D�E 0.49760F�G 3 H
50 I 0.69940J�K 8 L�M 0.10439

� N
O
7
PQ�R

0.52767
� S
T

5
/U�V

0.11312
� W�X

4
YZ�[

0.30768
� \�]

4 ^�_ 0.51616̀�a 4 b�c 0.56558d�e 4 f�g 0.88795h�i 4 j
75 k 0.86211l�m 10npo 0.11658

� q
r
9
st�u

0.76277
� v
w

6
xy�z

0.14460
� {�|

5
/}�~

0.84682
� ���

5 ��� 0.12987��� 4 ��� 0.20266��� 4 ��� 0.29658��� 4 �
100 � 0.20541��� 11��� 0.26357�
� 11��� 0.16180

� �
�
6
x���

0.28451
� ���

6
x���

0.31195
� �� 

5 ¡�¢ 0.45252£�¤ 5 ¥�¦ 0.93129§�¨ 5 ©�ª 0.13044«�¬ 4 
125 ® 0.75313̄�° 13±�² 0.93534³
´ 13µ�¶ 0.43444

� ·
¸
7
P¹�º

0.72553
� »�¼

7
P½�¾

0.13661
� ¿�À

5 Á�Â 0.19063Ã�Ä 5 Å�Æ 0.49460Ç�È 5 É�Ê 0.67184Ë�Ì 5 Í
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adicÐ oscillator (mÑÓÒ 5
Ô

and K Õ 1) thesevalues agreerela-
tively
Ö

well. We notethat the absolutevaluesof the × nØ coef-Ù
ficientsobtainedfrom the large-orderformula Ú 28Û areÐ larger
than
Ö

the actualvaluesof Ü nØ . We havestudiedalsothe ratio
appearingÐ in Eq. Ý 30

Þàß
,á

â
nØ /
ãåä

nØLO æ aç 0
èêé aç 1

ë
K,mìîí

ï
bn
ðòñ 1/mìôó

aç 2

õ
K,mìîö

÷
bn
ðòø 2/mìôù ,á ú 33

Þàû

whereü ý
nØ areÐ numericalvaluesof the expansioncoefficients

andÐ þ
nØLO
ÿ

areÐ given by the large-orderformula � 28
���

. For very
large
�

n� ,á this ratio shouldconvergeto aç 0
è�� 1. UsingtheThiele

extrapolation� built in MAPLE,á we extrapolated	 nØ /
ã�


nØLO
ÿ

to
Ö

n��� andÐ obtainedvaluesof aç 0
è shown� in Table III. These

values� arevery closeto oneandconfirm correctnessof Eq.�
28
���

.
Similarly
�

to � 12� ,á we havetestedalso the validity of the
summation� rule

�
0
è����

nØ�� 0
è
���

nØ�� 2K  1. ! 34
Þ�"

First we calculated the partial sum # 0
èN$&%('

nØ�) 0
èN

$+*
nØ for N

,- 125 from the numericalvaluesof . nØ . The remainingpart
of/ the sum 0 0

èLO
ÿ21(3

nØ�4 N
$65

1

7 8
nØ wasü calculatednumerically

withü the useof Eq. 9 28
�;:

. The infinite limit in this sum was
replacedby 5000.Resultsareshownin Table IV. Sincewe
use< only the leadingterm of Eq. = 30

Þ�>
here,the summation

rules? areobeyedwith lower accuracythanin the caseof the
ground@ stateof the quarticoscillator for which four analytic

coefficientsÙ aç&A0,2
è

,áCBED 1, . . . ,4 wereü used F 12G . It is seenthat
the
Ö

summationrule is obeyedwith very good accuracyfor
mÑIH 2 andK J 0.

K
With increasingmÑ andÐ K,á theaccuracygoes

down.
L

We see,however,that the summationrule is obeyed
withü reasonableaccuracyevenfor the first excitedstateof
the
Ö

decadicoscillator (mÑIM 5
Ô

and K N 1). In any case,the
inclusion
O

of the large-orderformula P 28
�;Q

improves
O

the accu-
racy? of therule. We notethat R 0

èN$&SUT
0
èLO
ÿWVUX

0
è is alwaysnega-

tive.
Ö

It confirmsagainthat theabsolutevalueof Y nØ given@ by
the
Ö

large-orderformula Z 28
�;[

is
O

largerthantheabsolutevalue
of/ the actualcoefficients\ nØ .

IV. CONCLUSIONS

The resultsof this papermay be summarizedasfollows:
Starting
�

from known large-orderbehaviorof the divergent
weak-couplingü expansioncoefficientsb

ð
nØ ,á we derived the

general@ large-orderformula ] 28̂ for the strong-couplingex-
pansion_ coefficients̀ nØ . In contrastto a 12b ,á wherethe form
of/ this formula was for mÑIc 2

�
conjecturedfrom numerical

analysis,Ð Eq. d 28
��e

wasü derivedanalytically.The large-order
formula f 28g is very simpleandholdsfor all anharmonicities
xh 2mì withü mÑji 2,

�
and for all statesK

kml
0.
K

We suggestedalso
the
Ö

more generalseries n 30
Þ�o

whichü is expectedto be only
asymptotic.Ð The numericaltestsof Eq. p 28q wereü performed
for the quartic,sextic,octic, and decadicoscillator.Our re-
sults� show that the absolutevalues of the r nØ coefficientsÙ
obtained/ from Eq. s 28t areÐ upper boundsto the absolute
values� of actualu nØwv see� also x 12y�z . This resultandthe large-
order/ formula { 28| show� that the renormalized strong-
couplingÙ expansion} 13~ convergesÙ for all �&�m� 0,1)

K
, for all

anharmonicitiesÐ xh 2mì withü mÑI� 2, and for all statesK � 0.
K

Thereforethe energyE(
���

)
�

can for all physically relevant�(�m�
0,
K��

)
�

be computed via the convergent� renormalized?
strong-coupling� expansion� 13� .

It is remarkablethatstartingfrom thelarge-orderbehavior�
16� of/ the divergentseries � 12� it is possibleto derive the

large-order
�

behavior � 28
���

of/ the convergentseries� 13� . This
canÙ be understoodasfollows. The weak-couplingexpansion
E
�

R
r (��� )

���(�
nØ c� nØ�� nØ is

O
expandedat thesingularpoint  ¢¡ 0

K
and,

therefore,
Ö

divergesfor any £¥¤ (
�
0,1). Fromthephysicalpoint

of/ view, this point is singular since the Hamiltonian H
¦

R
r§ p¨ 2 © xh 2 ª¬« (

�
xh 4/3
ãU

xh 2)
�

doesnot haveboundstatesfor any®6¯ 0
K

and the energyE
�

R(
��°

)
�

is not analytic at the point ±² 0.
K

In the strong-coupling case when E
�

R
r (��³ )

��´(µ
nØC¶ nØ (1�·¬¸ )

� nØ ,á the Hamiltonian HR ¹ p¨ 2
º�»

xh 4
¼
/3
ã¾½

(1
�À¿¬Á

)(
�

xh 2
º�Â

xh 4
¼
/3)
ã

becomes
Ã

for 1 Ä¬Å¢Æ 0
K

the Hamiltonian of the double-well
problem_ which hasboundstatesand the energyER

r (��Ç )
�

can
be,
Ã

at the point È¢É 1, analytic.From this point of view, our
derivation
L

of Eq. Ê 28Ë from Eq. Ì 16Í is nothingbut transfor-
mationÎ from the singularpoint Ï6Ð 0

K
to the physicallymore

reasonable? point Ñ6Ò 1. We plan to publish a more detailed
discussion
L

in the future.
The
Ó

large-orderformula Ô 28
��Õ

has
Ö

beenderivedfrom the
formula
×

for the coefficients b
ð

nØ whichü is of semiclassicalØ
JWKB
Ù Ú

character.Ù Thereforeour formula Û 28
��Ü

has
Ö

the same
semiclassical� character.In addition,in Eq. Ý 30

Þ�Þ
weü consider

the
Ö

higher-ordercorrectionsß 17à .
The
Ó

resultsof this papercanbeappliedalsoto moregen-
eral� oscillatorssuchas,for example,to one-dimensionalos-
cillatorsÙ which havein additionto thexh 2 andÐ xh 2mì terms

Ö
other

TABLE
á

III. Asymptotic analysisof the ratio â nã /
�åä

nãLO for
æ

the
groundandfirst excitedstate(K ç 0,1) of the quartic,sextic,octic,
and decadicoscillators(m è 2,3,4,5). The leading term aé 0

ê of the
asymptoticexpansionë 33

�jì
correspondingto n íïî wasobtainedby

meansof the diagonal Padé approximantsbasedon the valuesð
nñ /
�åò

nñLO
ó

for n ô 115, . . . ,125.

Ground
õ

state First excitedstate
m aõ

0
ê a0

ê
2 1.000037 1.003079
3
�

1.000747 1.021083
4 1.008496 0.984731
5
/

0.993720 0.978293

TABLE
á

IV. Summationrules ö 0
êN÷ and ø 0

êN÷Eùûú
0
êLO in
ü

comparison
with the exact value of the summationrule ý 0

êÿþ 2K
���

1 for the
coefficients� nñ of� thestrong-couplingexpansionfor thegroundand
first excitedstate(K � 0,1)

�
of thequartic,sextic,octic, anddecadic

oscillators(m � 2,3,4,5). N
�	�

125. Numbersin squarebracketsare
powersof 10.

Groundstate First excitedstate
m 
 0

êN÷���
0
ê �

0
êN÷����

0
êLO
ó����

0
ê �

0
êN÷����

0
ê �

0
êN÷����

0
êLO
ó����

0
ê

2 0.339�! 14"$# 0.265
� %'&

15( 0.582)'* 12+$, 0.134
� -!.

12/
3 0.1600!1 7

P32 4
0.805
� 5'6

8
798

0.965:'; 6 < = 0.592
� >!?

6
x3@

4 0.142A!B 5
/3C D

0.298
� E'F

6
x9G

0.543H'I 4 J K 0.183
� L!M

4N
5 0.951O!P 5

/3Q R
0.139
� S'T

5
/9U

0.286V'W 3 X Y 0.849
� Z![

4\
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á



even� powersin thepotential ^ 7�`_ asÐ well asfor isotropicmul-
tidimensional
Ö

problemsconsideredin a 18b .
Our
c

resultsshow that the renormalizedstrong-coupling
expansion� d 13e is

O
both from the physicaland mathematical

point_ of view the most advantageousperturbativeapproach
to
Ö

the anharmonicoscillators.Sincethe perturbationtheory
of/ anharmonicoscillators is important not only as model
systems� in quantummechanicsandquantumfield theorybut

alsoÐ in manyapplicationsf 19g ,á we believethatour resultsare
of/ someinterest.
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Weniger,J. ČıÉ́ zÎˇek,Å andF. Vinette,J. Math. Phys.34,» 571Ï
1993Ð .Ñ

11Ò E.J.Weniger,Ann. Phys. Ó N.Y.
Ô Õ

246,» 133 Ö 1996× .¾Ø
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