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Two
�

hundredcoefficientsof the renormalizedstrong-couplingperturbationexpansionfor the groundand
first
�

excitedstatesof thequarticanharmonicoscillatorarecalculatednumerically.The large-orderbehaviorof
the


perturbationcoefficientsis analyzed,a generalandcomparativelysimpleanalyticformuladescribingtheir
large-orderbehavioris proposed,and it is shownthat this formula is consistentwith known resultsfrom the
divergent
�

weak-couplingexpansion.The accuracyof our numericallydeterminedcoefficientsis checkedby
summation� rules.In particular,if thesummationrulesaresupplementedby theleadingtermsof our large-order
formula,we obtainremarkablyaccurateresults.This independentlyconfirmsthecorrectnessof our large-order
analysis.� It is shownthat the renormalizedstrong-couplingexpansionconverges—incontrastto otherpertur-
bation
�

expansions—forall physicallyrelevantcouplingconstants.� S1050-2947� 97� 03712-8
� �

PACSnumber� s��� : 03.65.� w,� 02.30.Lt,02.70.� c�
I. INTRODUCTION

We
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investigatetheSchrödinger
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equationH
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for the quarticanharmonicoscillator,where
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This is one of the old, but nontrivial problemsof quantum
mechanics.As is well known, E(

!#E
)
$

can be expressedas a
weak-couplingF perturbationseriesin powersof G ,= which di-
vergesH for every IAJ 0

BLK
1–4M . Hamiltonian N 1O canP be

transformed
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into an equivalent Hamiltonian
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also
possessesa the strong-couplingexpansion
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This seriesconvergesif s is large t 3,4

^vu
. Unfortunately,the

perturbativea computationof the coefficientsK
w

nj is
x

very diffi-
cultP y 5–9

z {
.

An alternativeperturbativeapproachbasedupon renor-
malization | Wick

�
ordering } 10~ or� scaling � 9–1

�
4��� hascon-

siderable� conceptualandtechnicaladvantages.In thequartic
case,P Wick orderingandscalingarecloselyrelated,andthey
differ
�

by a numericalfactor in the effective coupling con-
stant.� In the scaling approach,�-��� 0,

B��
)
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is replacedby a
renormalized coupling constant ����� 0,1)

B
according to�A���
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,= andHamiltonian � 1� is transformedinto
a� renormalizedHamiltonianH
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In contrastto Eq. Ô 1Õ ,= the perturbationin HR(
!&Ö

)
$

is a differ-
ence� of two terms,which partly compensatefor eachother×
11,12Ø . The renormalizedenergyER(

!&Ù
)
$

can either be ex-
presseda asa divergentweak-couplingexpansionin ÚÜÛ 12Ý , o= r
as� a strong-couplingexpansionin 1 Þ�ßáà 14â ,=
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advantageof the renormalizedapproachis due to the
fact that ER(
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)
$

is finite for þ�ÿ�� 0,1
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ER(0)
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1 and
E
)

R
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0
l� ,= since the troublesomepole (1 ��� )

$�� 1/2 is
x

ex-
plicitlya factorizedout in Eq. � 5z�� .

The
ü

weak-couplingexpansionfor E
)

R
� (!�� )

$
divergesalmost

as� strongly as the correspondingweak-couplingexpansion
for
�

E
)

(
!��

)
$��

10,12� . In contrast,it was shown in theorems1
and� 2 of Ref. � 14� that

Q
the strong-couplingexpansionfor

ER
� (!�� )

$
is analyticat  "! 1, which implies that it convergesif# is closeto 1. Moreover,TableV in Ref. $ 14% indicatesthat

this
Q

strong-couplingexpansionactually convergesfor all
physicallya relevant &('*) 0,1)

B
.

Themainpurposeof this paperis to studythe large-order
behavior
+

of theperturbationseriescoefficientsin thestrong-
couplingP case.We showthat this large-orderbehavioris ex-
ceptionallyP simplein therenormalizedcase.This providesus
withF an interestinginsight which can be usedeven for the
study� of the strong-couplingexpansion, 2- . In contrastto a
large-order
.

analysisof divergentexpansions,our large-order
analysis� canbe useddirectly for numericalpurposes.

II. NUMERICAL CALCULATIONS

In this paper,we computenumerically200coefficients/ nj
for the groundand first excitedstatesof the quartic anhar-
monic0 oscillator,performtheir large-orderanalysis,andpro-
posea ananalyticlarge-orderformulafor 1 nj . With thehelpof
this
Q

formula,we showthat thestrong-couplingexpansionfor
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Such
@

a large-orderanalysiscould not be done before,
since� only a comparativelysmall numberof coefficientsA nj
couldP becomputedB 14C . Herewe usea methodD 15E whichF is
able� to producevery accurateresultsat comparativelylow
computationalP costsevenfor very largeperturbationorders,
and� which canalsobeusedfor thedirectcomputationof the
coefficientsP Knj in Eq. F 2GIH 16J .

We
�

assumethat an eigenfunction K of� the renormalized
HamiltonianHR possessesa a strong-couplingexpansion
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Standard
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perturbativeapproachleadsto the equations
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for
�

nz|{ 0
B

and nz~} 1, respectively.For the techniqueof the
solution� of Eqs. � 8e�� and� � 9��� weF refer to Ref. � 15� . This
methodis combinedwith the Taylor expansionof the wave
functions.As indicatedin Ref. � 15� ,= we replacetheboundary
conditionP at infinity by a boundaryconditionat a sufficiently
largenumberx8 0

l . Our resultsdependon x8 0
l ,= and the highest

powera x8 N
�

occurring� in the Taylor expansion.However,we
obtain� very accurateresultsif x8 0

l and� N
�

are� sufficiently large.
As
�

a test, we calculatedthe energiesof the groundand
first
�

excitedstateof the quartic oscillator with Hamiltonian
H � p4 2 � x8 4 in MAPLE,= using 100 decimal digits, N

���
1300,

and� x8 0
lR� 6.5.
ú

In this way, we obtainedanaccuracyof at least
75
]

decimaldigits, which is muchbetterthanpreviousresults�
6,7
ú��

.
We
�

alsocalculated200coefficients� nj for thegroundand
first excited states in MAPLE,= using 75 decimal digits,
N
���

2000,andx8 0
lR� 8
e

. In Table I, only someselectedcoeffi-
cientsP areshown.For nz|� 2

�
, all � nj are� negative.

If the � nj are� known, the coefficientsKnj of� the strong-
couplingP expansion� 2� canP be computedby usingeitherEq.�
13� of� Ref. � 9��� or� standardseriesmanipulationtechniquesof

MAPLE. In the latter way, we calculated100 coefficientsKnj
for
�

the groundandfirst excitedstate.So far, only relatively
few Knj couldP be computedperturbatively   5–9

z ¡
. Unfortu-

nately,¢ a large-orderanalysisof the K
w

nj seems� to be difficult
since� their signschangequite irregularly. Therefore,we re-
stricted� our attentionto the £ nj .

The accuracyof our coefficients¤ nj canP be checkedby
summation� rules.Thefirst obviousrule follows from thefact
that
Q

Hamiltonian ¥ 1¦ describes
�

for §©¨ 0
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the harmonicoscil-
lator
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Furthersummationrules can be derivedby calculatingthe
derivatives
�

of both theweak-andstrong-couplingexpansion
in Eq. Á 6ú�Â withF respectto Ã . Setting Ä~Å 0

B
thenyields
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MAPLE
à programs,a which computethe ground state coeffi-
cientsP cë j

p exactly,� aredescribedin Refs. á 12,13â .
For our numericallydeterminedcoefficientsã nj ,= we com-

putea the partial sums
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200,
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theexactý j
p as� well asthedifferencesþ j

p (ÿ N� )
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j
p

are� shown in Table II. For j
Ò��

0
B

, 1, and 2, the differences�
j
p (ÿ N� )
����	

j
p are� very small,andshowthe high accuracyof our

numerical¢ results.For j
Ò�


3
^

, 4, and 5, they becomelarger
because
+

of the increasingweight of the coefficients� nj withF
nz� N
�

. Moreover,convergenceis apparentlyslower for the
first excitedstatethanfor thegroundstate.We alsonotethat�

j
p (ÿ N� )
�����

j
p ,= which is a consequenceof the fact that for nz� 2

all���
nj are� negative.

III. LARGE-ORDER BEHAVIOR OF � n� COEFFICIENTS

In
�

order to study the large-orderbehaviorof � nj ,= we in-
vestigateH the ratio � nj /

���
nj�� 1 whichF occursin the d’Alembert

convergenceP criterion. This ratio wasextrapolatedusing the
Richardsonscheme � 17� in the variable 1/nz 1/2. For the
ground� state,we found that the large-orderbehaviorof this
ratio canbe describedby the following truncatedexpansion
in 1/nz 1/2:

!
nj" 0l$# /��% nj�& 1
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1 + 21/2

nz 1/2 , 1

2
�

nz . - 13.

The values of the coefficientsin Eq. / 130 depend
�

on the
interval of indicesnz of�21

nj whichF wereusedin the interpo-
lation. We tried interpolationintervalsof different lengthsin
the
Q

range1813 nz54 200.
�

The valuesof the first two coeffi-
cientsP in Eq. 6 137 are� not very sensitiveto the interval being
used.8 However,the value of the third coefficientis lessac-
curateP and oscillatesaround 1

2
9 . Nevertheless,we are confi-

dent
�

that alsothis coefficientis correct.The large-orderfor-
mula for : nj(0)

;
,= which is consistentwith Eq. < 13= ,= has the

form
�
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HereA (0)
;

is a constant.
Analogouscalculationsfor the first excitedstateshowed

that
Q K

nj(1)
;
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canP be describedby
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This leadsto the large-orderformula
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is a constant.

On
l

thebasisof Eqs. m 14n and� o 16p ,= we conjecturethat the
large-order
.

expansionfor the q nj(; Kr )
s

has
t

the form

u
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Here,
�

K
w��

0
B

correspondsto thegroundstate,andK
w��

1,2, . . .
correspondP to excitedstates.

Next
�

we discussthe analyticalcalculationof the coeffi-
cientsP A

c (
;
K)
s

and� a� m�(; Kr )
s
. Thereare two possibilities:The first

one� is to transformthe known resultsfor the renormalized
weak-couplingF case.Thesecondoneis to considertunnelling

TABLE I. Selectedperturbationcoefficients� n� of thestrong-couplingexpansionfor thegroundandfirst
excited� stateenergyER

� ( �¡ ) of the renormalizedquarticoscillator.
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through
Q

a peakgivenby a negativeharmonictermcombined
withF a positive quartic term. The latter possibility would
havethe advantageof certainvisualizationof the problem.
However,
�

in this casewe would be obligedto startfrom the
beginning,
+

while in thecaseof thefirst techniquewe canuse
the
Q

renormalizedweak-couplingresultsneededfor thecalcu-
lation of the A (

;
K
r

)
s

and� a� m�(; Kr )
s

coefficients.P We shall seethat
even� with this advantagethecalculationof thecoefficientsis
a� nontrivial problem.We shallreturnto thesecondtechnique
in a forthcomingpaper.

For
©

the abovepurposewe usethe summationrule ª 11« ,=
and� assumethat j

¬
is large.If we replacesummationby inte-

gration,� we haveto calculateintegralsof the form
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!
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Here,
�

the d
Ê

l
ñ are� constants.In the next step,we insert this

equation� andthe large-orderformula for cë j
± (; K)
sø÷

10,12ù

cë j
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±��

112K
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whereF the f

�
m are� constants,into Eq. � 11� . In this way, it can

be
+

shownthatEq. � 17� is consistentwith the resultsgiven in
Ref.
� �

10� for
�

all ordersof 1/� 2
�

n� . This indicatesthat our
ansatz� � 17� is

x
justified. Since Eq.  21

�"!
is
x

of semiclassical

character,P the large-orderbehavior in Eq. # 17$ is
x

also of
semiclassical� character.Here,semiclassicalcharacterstands
for the JWKB approximationsupplementedby higher-order
terms.
Q

First, we analytically calculatedthe coefficient A (
;
K)
s

viaH
Eqs.
% &

11' ,=)( 17* and� + 18, ,= yielding
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With
�

the help of Richardsonextrapolation,we estimated
the
Q

higher-ordercoefficientsaG m(; K)
s

in
x

Eq. H 17I from
�

the nu-
merical0 coefficientsJ nj . For the groundstate,we obtained
aG 1

(0)
;LKAM

1.15andaG 2
(0)
;LNAO

0.5.
B

The truncatedexpressionP 17Q
withF thesecoefficientsis a goodapproximationto the actual
valuesH of thecoefficientsR nj(0)

;
. Startingfrom n�TS 85,

U
its rela-

tive
Q

accuracyis betterthan10V 3
�
. Now we cancalculatethe

infinite
x

seriesin the summationrules in sucha way that we
use8 the numerical values of the coefficients W nj(; K)

s
for
�

0
B)X

n�)Y N
Z

and� the large-orderformula [ 17\ for
�

n�T] N
Z

. It fol-
lows from Table II that the useof the truncatedlarge-order
expression� ^ 17_ improves the accuracyof the summation
rules for j

¬�`
0
B
,..., 5 by 3–4 orders,� which independently

confirmsP the correctnessof our large-orderanalysis.The er-
ror of the summationrulessupplementedby our asymptotic
resultslies in therangefrom 10a 21

5
to
Q

10b 10. This showsthat
our� numericallycalculatedcoefficientsc nj(0)

;
withF 0 d n�)e 200

supplemented� by the truncatedlarge-orderformula f 17g for
�

n�)h 200 provideextremelyaccurateresults.
For
©

the first excited state,we obtainedonly one coeffi-
cientP aG 1

(1)
;LiAj

2.99.
�

Startingfrom n�)k 108, the relativeaccu-
racy of thetruncatedexpressionl 17m is

x
betterthan10n 3

�
. We

see� from Table II that the useof the truncatedlarge order
expression� o 17p for

�
n�)q 200
�

improvesthesummationrulesby
2
�

–3 orders.Again, the summationrulesareobeyedwith re-
markableaccuracy.

Finally, we calculatedfour coefficientsaG m(0)
;

analytically.�
These
ü

quantities were calculated from the coefficients
f
�

1 ,= ..., f
�

4
< in
x

Eq. r 21
�"s

. The coefficient f
�

1 is
x

takenfrom the
resultsof Ref. t 10u ,= f

�
2,= f
�

3
� ,= and f

�
4,= werecalculatedwith some

effort� using the results of Ref. v 18w . We obtained
aG 1

(0)
;LxAy

83/72,
U

aG 2
(0)
;Lz|{

5243/10
z

368, aG 3
�(0)
;L}|~

5
z

949823/

TABLE II. Summationrulesfor thecoefficients� n� of thestrong-couplingexpansionfor thegroundandfirst excitedstateenergyER(
���

)
of the quarticanharmonicoscillator. � j

� is the exactvalueof the summationrule for the infinite numberof terms.� j
� (� N� )
�

denotes
�

the partial
sumfor N

���
200. � j

�LO
�

nu� ( � j
�LO
�

an� ) denotesthepartialsum � j
� (� N� )
�

plus� theremainingpartof theseriesin which thetruncatedlarge-orderformula�
17� with� thenumericalestimates� analyticalvalues� of� the a� m�(� K)

�
coefficients� is used.This partof theserieswascalculatedby extendingthe

upperlimit in the sumto 1500.

Groundstate First excitedstate

j
� �

j
� �

j
� (� N� )
�3�.�

j
� �

j
�LO
�

nu�� .¡
j
� ¢

j
�LO
�

an�¤£.¥
j
� ¦

j
� §

j
� (� N� )
�3¨.©

j
� ª

j
�LO
�

nu��«.¬
j
�

0 1 0.803 10® 18 ¯ 0.216
� °

10± 21
² ³

0.133́ 10µ 22
²

3
°

0.178¶ 10· 15 ¸ 0.412
� ¹

10º 18

1 0.25 0.169» 10¼ 15 ½ 0.454
� ¾

10¿ 19 À 0.279Á 10Â 20
²

0.25
�

0.377Ã 10Ä 13 Å 0.865
� Æ

10Ç 16

2 È 0.041
�

6
6

0.356
� É

10Ê 13 Ë 0.951
� Ì

10Í 17 Î 0.584Ï 10Ð 18 Ñ 0.5416 0.795Ò 10Ó 11 Ô 0.181
� Õ

10Ö 13

3 × 0.093
�

75 0.747Ø 10Ù 11 Ú 0.199
� Û

10Ü 14 Ý 0.121Þ 10ß 15 à 2.78125 0.167á 10â 8
ã ä

0.379
� å

10æ 11

4 ç 0.686
�

63194 0.156è 10é 8
ã ê

0.416
� ë

10ì 12 í 0.252î 10ï 13 ð 26.228
©

29861 0.351ñ 10ò 6
ó ô

0.790õ 10ö 9
÷

5 ø 7.891
Ì

7100694 0.327ù 10ú 6
ó û

0.867
� ü

10ý 10 þ 0.524ÿ 10� 11 � 383.510
°

1996527
Ì

0.736
�

10� 4
� �

0.165� 10� 6
ó

4474 56L.
O

SKÁLA,
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11197440,anda� 4
<(0)
;
	��

1 526347139/3224862720which
are� in goodagreementwith estimatedvaluesfor a� 1

(0)
;

and� a� 2
(0)
;

given� above.Using thesecoefficientsit is seenthat Eq.

17�

is
x

qualitatively correctalreadyfor n��� 4
B

, while the relative
accuracy� for n��� 25

�
(n��� 200)

�
is 3 � 10� 3

�
(2
!��

10� 5
�
)
$
, respec-

tively.
Q

If thesecoefficientsareusedin the summationrules,
the
Q

accuracyof the differences� j
±LO ���

j
± improves
x

consider-
ably,� asseenin Table II. Detaileddescriptionof this calcu-
lation as well as the calculationof the coefficientsa� m(; KÇ )

s
for

the
Q

excitedstateswill be publishedseparately.

IV. CONCLUSIONS

The
ü

resultsof this papermay be summarizedas follows.
Using
�

200 numerically calculatedperturbationcoefficients 
nj for
�

thegroundandfirst excitedstateenergyof thequartic
anharmonic� oscillator,we investigatedthelarge-orderbehav-
ior
x

of therenormalizedstrongcouplingexpansionfor E
)

R
� (!"! ).

$
We
�

showedthat the perturbationcoefficients # nj permit—a
unlike8 the coefficientsK

w
nj of� the strong-couplingexpansion$

2% —a relativelyeasylargeorderanalysis,andfoundthatthe
coefficientsP &

nj canP be describedby the analytic largeorder
formula ' 17( ,= which is consistentwith known resultsfrom
the
Q

divergentweak-couplingexpansion) 10* . In this paper,
the
Q

leading term A (
;
K)
s

and� the coefficients a� 1
(0)
;

,= ..., a� 4
<(0)
;

wereF calculated analytically. Further analytic coefficients
a� m(; KÇ )

s
canP be calculatedusingEq. + 21, and� resultsfrom Refs.-

10,18. . Thecoefficienta� 1
(1)
;

wasF estimatednumerically.The
summation� rules / 100 and� 1 112 for

� 3
nj are� obeyedwith re-

markable0 accuracyandshowthat our numericallycomputed
coefficientsP 4

nj supplemented� by the truncatedlarge-order
formula
� 5

176 are� apparentlyvery closeto theexactones.The
convergenceP of thestrong-couplingexpansionfor ER

� (!"7 )
$

for
all�98;:=< 0,1

B?>
follows
�

from the large-orderformula @ 17A . Ex-
pansiona B 17C is expectedto beonly asymptotic.However,the
absolute� value of the leading term in Eq. D 17E is an upper
bound
+

to the absolutevalueof F nj=G see� the negativesignsof
the
Q

differences H j
±LO I�J

j
± in Table II K . Thus the strong-

couplingP expansionfor E
)

R(
!"L

)
$

convergesfor all M;N=O 0,1
BQP

,=
and� theenergyE

)
(
!SR

)
$

of thequarticanharmonicoscillatorcan
for all physically relevantcoupling constantsTVU=W 0,

BYX
) b
$

e

computedP by the convergentë renormalizedstrong-coupling
expansion.�

So
@

far, perturbativecalculationof the energyeigenvalues
of� the anharmonicoscillators involved strongly divergent
perturbationa series Z the

Q
standardand renormalizedweak-

couplingP cases[ or� theseriesconvergingfor sufficiently large\^]
the
Q

standardstrong-couplingcase_ . The results of this
papera showthatthesedifficulties canbeavoidedif therenor-
malized0 strong-couplingperturbation series is used. We
showed� thattheperturbationtheoryis convergentin this case
for
�

all the physicalvaluesof the coupling constant̀ ,= and
that
Q

the large-orderbehaviorof the perturbationcoefficients
canP be describedby a simple analytical formula. A natural
questiona is what is the physical contentof the large-order
behavior
+

describedby Eq. b 17c . It follows from Sec.III that
the
Q

large-order behavior of both the strong- and weak-
couplingP expansionsof ER

� (!"d )
$

is of semiclassicalcharacter.
However,
�

the strong-couplingexpansionis convergentand
structurally� moresimple.Fromthis point of view, the renor-
malizedstrong-couplingexpansionis the most naturalper-
turbative
Q

approachfor the anharmonicoscillators.
The
ü

quartic anharmonicoscillator is a very important
model0 problem in quantummechanicsand quantumfield
theory,
Q

and, consequently,the conclusionsgiven aboveare
of� considerablesignificance.We hopeto do similar investi-
gations� not only for variousanharmonicoscillatorsand the
hydrogen
t

atomin a magneticfield, but alsoin quantumfield
theory.
Q

Concluding,we would like to state that from the
mathematicalpoint of view it would be highly desirableto
puta our resultsinto a completelyrigorousform in thespirit of
Ref.
� e

19f .
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