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A methodfor calculatingthe analyticalsolutionsof the one-dimensionaSchralingerequationis suggested.
A generaldiscussiorof the possibleforms of the potentialsand wave functionsthat are necessaryo get the
analyticalsolutionis presentedin generalthe analyticalsolutionsappearin multiplets correspondingo the
quantumnumbern of the harmonicoscillator As an application,known solutionsfor the anharmoniascilla-
torsarecritically recalculatecanda few additionalresultsarefound.Analytical solutionsarealsofoundfor the

generalizedMorse oscillators.

PACS numbefs): 03.65.Ge,31.15:p

I. INTRODUCTION

The solutionof the one-dimensionabchralingerequation
representsinimportantproblemwith numerousapplications
in many fields of physics. This equation can always be
solvednumerically Despitethis, analyticalsolutionsyield a
more detailedand exact descriptionof the physical reality
and arethereforeof considerablénterest.

The numberof potentialsV(x) for which the analytic so-
lution of the one-dimensionaBchralinger equation,

Hy(x)=E(x), D

with the Hamiltonian

2

d
H=- W+V(x) (2

is knownis ratherlimited. Exceptfor trivial casesgxamples
of analyticallysolvableproblemsincludethe harmonicoscil-

lator, some anharmonic oscillators [1-9], the one-

dimensionalhydrogenatom, the Morse oscillator [10], and

someothersimple cases(see,e.g,[11-14]).

Analyzing theseanalytic solutions,we concludethat the
bound-statewave functions have the same structure.The
wave functions have the form of the exponentialor other
related functions multiplied by a polynomial in a variable
that is a function of x. In otherwords, the wave functions
¢ for all theseproblemscanbe written asa linear combina-
tion of functionsy,= f™g, wheref(x) andg(x) aresuitably
chosenfunctionsandm is aninteger

It is obviousthatthereis a chanceof finding ananalytical
solution if the Hamiltonian transformsthe set of the basis
functions ¢, into itself. Namely if the resultof Hy, is a
finite linear combinationof ¢,,, we canhopethatthe result-
ing finite ordermatrix problemis analytically solvable.As-
suming these propertiesof the wave function and Hamil-
tonian,we discussin this paperconditionsfor the functions
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f andg andthe potential V, which mustbe fulfilled to get
the analyticalsolution of the Schradingerequation.

Using the approachindicatedabovewe first usethe basis
rm to transformthe Schradingerequationto the matrix form
with a non-Hermitianmatrix (Sec.ll). Possibleforms of f,
g, andV thatcanyield analyticalsolutionsare discussedn
Sec.lll. In the next threesections known analyticalresults
for theanharmoni®scillatorsarecritically recalculatedSec-
tion IV is devotedto the problemof the quarticanharmonic
oscillator In Sec.V, a detailedanalysisof the sexticoscilla-
tor is performedand a few new analytical solutions are
found. Discussionof the higherorderanharmonimscillators
is presentedn Sec.VI. Another interestingproblemis the
generalizatiorof the Morseoscillator The quadraticquartic,
sextic,andhigherordergeneralizedVorseoscillatorsarein-
vestigatedn Secs.VII -IX.

Il. TRANSFORMATION OF THE SCHRODINGER
EQUATION INTO THE MATRIX FORM

We assumehe wave function ¢ in the form

¢=§ Crtim>» 3)

where
Im=(F)"g. (4)

The standardapproachto the solution of the Schralinger
equationconsistsin substitutingthe assumption3) into Eq.
(2). Introducingthe matrix elements

Hmnzf YmH atix (5)
and

Sun= f YmintX (6)
2009 © 1996 The AmericanPhysicalSociety
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one getsthe well-known eigenvalueproblem

E Hmncn:EZ SunChn - (7)

In most cases,it appearsimpossibleto calculateH,, and
S.n andsolve Eq. (7) analytically However if the matrices
H andS$ aretruncatedthis methodis suitablefor calculating
approximatesolutions.

Thereis a chanceof finding analytical solutionsof the
Schralingerequationif the HamiltonianH transformsthe set
of the basisfunctions ¢, into itself. We assumetherefore
that the HamiltonianH fulfills the relation

Him= ; Noantn» 8)

wherethe coefficientsh,,, are numbersLet usintroducean
overlap betweenthe basisfunction ¢,, and the exactwave
function ¢

Mmzf kX 9

SubstitutingEgs. (8) and (9) into the Schralinger equation
(1) we get anothermatrix formulation known from the mo-
mentmethod[15—19]

; h: M,=EM,,. (10

We seethatthe vectorof the overlapsM , is theright eigen-
vectorof the matrix h. The advantageof Eq. (10) is that,in

contrastto Eq. (7), thereis no matrix $ in this equation.The
matrix h is usually sparsewhich further simplifiesthe prob-
lem. On the otherhand,the matrix h is non-Hermitian.The
equations

Hmn:%: Smphnp (1)

and

Mm= > SunCn (12)

following from the assumption$8) and (3) give therelation
of the quantitiesappearingn Egs. (7) and(10). Application
of theseequationss usuallycomplicatedoy theinfinite order
of the matrix S.

Thereis also anotherpossibility closeto the approaches
given above.If Egs. (3) and (8) are useddirectly in the
Schralingerequation(1) the following resultis obtained:

2 cmhmnlﬁn:EE Contm - (13

Assuminglinear independencef the functions ¢, we geta
simple matrix problem,

% Camn=ECp . (14)
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The vectorof the coefficientse,, is theleft eigenvectoof the
matrix h.

The coefficientse,, are obtainedfrom Eq. (14) directly
without the necessityof usingthetransformation(12) asthey
arein the momentmethod.

Anotherdisadvantagef the momentmethodis thateven
for the analytically solvable problemsthe overlapsM,, are
usually differentfrom zero and sometimesevendiverge for
m—x [9,15,16. The problem (10) of the infinite order is
difficult to solveanalyticallyandevenwhenit is solved,the
transformation(12) of the usuallyinfinite ordermustbe ap-
plied. On the other hand, the left eigenvectorsof Eq. (14)
with a finite numberof nonzerocoefficientse,, canoftenbe
founddirectly andthe analyticalwavefunction canbe found
in theform of afinite linearcombinationof ¢, . Forthe sake
of simplicity, we discussn this paperone-dimensiongbrob-
lems only. We note, however that the momentmethodhas
successivelypeenappliedto one-dimensionaaswell asmul-
tidimensionalproblems(see,e.qg.[16,17],).

The conditionthat only afinite numberof the coefficients
¢, is differentfrom zerois known, for example,from the
solution of the harmonicoscillator wheree,, are the coeffi-
cientsof the Hermite polynomials.In the standardsolution
of theharmonicoscillatora simplerecurrenceelationfor the
coefficientse,, of the Hermite polynomialsis obtained.In
our approachsucha simple recurrencerelationis replaced
by a generalmatrix equation(14) and canthereforeleadto
analyticalsolutionsthat havenot beenknown until now.

A problemsimilar to Eq. (14) is solvedalsoin the Hill
determinanmethod(see,e.g.[5,20,21,13,1}4). As we show
below our approachis more generalthan this method.We
considergeneralfunctionsf and g and give a generaldis-
cussionof Eqg. (14). We are also interestedin a direct ana-
lytical solutionof Eq. (14) for a finite linear combinationin
(3) insteadof discussinghe infinite-orderproblem.

The wave functions given in this paperare not normal-
ized.

I111. CONDITIONS FOR f AND g

In the previoussection,the validity of Eq. (8) was as-
sumed.Now we derive conditionsfor f,g, andV following
from this assumption.

Applying the Hamiltonian(2) to the basisfunction (4) we
get

V-
(15

12 e ! n
Hip= —m(m—l)?g—m<2f7%+'f?) —%+V

Here,f' denotesdf/dx.

In orderto get Hy,, as a linear combinationof ¢, the
expressionin bracketsmust be a linear combinationof ™.
As differenttermsin Eq. (15) dependonm in a differentway
any of the terms f'2/f2,2(f'/f)(g'/g)+f"/f, and
—g"/g+V mustbe a linear combinationof f*. It follows
from the first and secondtermsthat f' must be a linear
combinationof f™,

fr= % FalH)™, (16)
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where f,, are numbers.Analogously the secondand third
termsleadto

9= —92 Gu(H)™, (17)

where the minus sign on the right-handside is chosenfor
further convenienceFinally, the last term gives

V=% V()™ (18)

We seethatthe potentialsV consideredn this papermust
havetheform givenby Eq. (18). At the sametime, the func-
tion f(x) appearingin this equationmust satisfy Eq. (16).
Thesetwo conditionsrestrictpossibleforms of the potentials
for which our methodis applicable.

We note that thereare a numberof simple functionsful-
filling Eq. (16) such as x,exp(),cothf), and cot(x). How-
ever thereare also more complexfunctionssuchasthe or-
thogonalpolynomialsthat can be usedasthe function f.

The coefficientsf,, 8., andV,, arearbitraryuntil now. If
the coefficientsf,, and g, are known, the functions f and
g canbe obtainedby inverting

_ 1
x=| Sl 19
andcalculating
g(x)=exp(— [= gm<f>""dx)
~ S @)™
—ex p( f SufulD™ ) 20

To getEq. (14), the function g cannotbe arbitraryandis
given by Eq. (20), where g,, are parametersThe way to
determinethe coefficientsg,, is describedbelow

In the momentmethodand the Hill determinantmethod
the function (20) is often replacedby a single Gaussiarex-
ponential.Obviously suchan approximateapproachcannot
be usedif analyticsolutionsareto be found.

As aresultof the integration,the function g(x) canhave
a rathercomplexform. It showsthat the assumptiorabout
the polynomial form of the agument of the exponential
madein the Hill determinantmethodis too restrictive (see
the sectionsdevotedto the generalizedMorse potentials.

Thereis alsoanotherconclusionfollowing from Eq. (20).
Let usassumehatwe searchfor the bound-statevavefunc-
tion in the form of a finite sum (3). Then, investigatingthe
integral in Eq. (20), it is easyto determineg,, for which
g(x) is finite. For example let us assumethat f(x) =X, gm
#0 for m=M andg,=0 for m<0 andm>M. It follows
from Eq. (20) that M must be odd, otherwisethe function
g(x) divergesfor x—oo or x— —oo, In fact, thisis thereason
for which the analyticalsolutionsfor the quarticanharmonic
oscillatorwith M =2 cannothavethis form of g(x) (seeSec.
V).
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SubstitutingEgs. (16)—(18) into Eq. (15) we get

H'lfm:Z —m(m—l); fjfi—j+2_m; (—2fi8i-j+1

+jfjfi_j+2)—; (9j8i-j—Jfi-j+19) +Vi|¥mi -

Therefore the matrix h,,, appearingn Eq. (14) equals

hm,m+i =

—m(m—l); fjfifj-#z_m; (—2fi@i-j+1

+J-fjfifj+2)_; (9;9i-j—Jfi-j+18p) +V
(21

Our methodof finding analyticalsolutionsof the Schre
dingerequationcan be describedasfollows. First we deter
mine the function f(x) from the form of the potentialV(x)
[seeEq. (18)]. Thenwe try to find the coefficientsg,, and
V,, for which the left eigenvector®f the matrix h existwith
a finite numberof nonzerocomponentsThis leadsto a so-
lution of a systemof equationsfor g, and V,, which is
often possibleto solve.If the analyticalsolutionsof Eg. (14)
are found the wave functions are determinedfrom Egs. (3)
and (20).

We note that the boundaryconditionsfor the wave func-
tion havenot beentakeninto consideratioruntil now This
meanghatthis methodcanbe usedfor thediscreteaswell as
continuouspartof the enegy spectrumlt alsomeanghatto
get wave functionsfor the discreteenegies, only the solu-
tions satisfyingthe appropriatdboundaryconditionsmustbe
taken.

In general,solution of Eg. (14) leadsto two linearly in-
dependensolutionsasit shouldbe for the differentialequa-
tion of thesecondrder Forthe boundstatespnly oneof the
solutionsor their suitablelinear combinationmustbe taken.

Now we searchfor the left eigenvectorof the matrix h
with a finite numberof nonzerocomponentsin this paper
we assumee,,=0 for m<0 and m>n, wheren=0 is an
integer It meansthatwe searchfor the wave functionin the
form

w=m2:0 enf™g. (22)

If necessarthe summationin this equationcanbe extended
to m<0.
The correspondingigenvalueproblem(14) becomes

n

20 cml(hnm,nm+i - E5m,m+i) =0,

m=

(23

wherei=...,—2,—1,0,1,2,.... This formula represents
more equationsthan the number of unknown coefficients
¢n and has in general only the trivial solution ¢,=0,

m=0,..., n. To getnonzeroe,,, the numberof equations
must be reducedor they must be madelinearly dependent.
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Our aim is to reducethe problem (23) to a standardeigen-
value problemwith a squarematrix.

Generaldiscussionof this problemis rathercomplex.In
this paper we assumethe potentialin the form

2M

V=2, Vi)' (24)
If necessarynegativepowersi <0 canbealsoincluded.The
potential coefficients Vq, ..., Vo appear in hgpii,
i=1,...2M. Assumingfurther g,=fn,=0 for m<0 and
m>M, the matrix {h;;} hasnonzeroelementsin the rows
i=0,..., n andcolumnsj=0,..., n+2M. To reducethe
numberof columnswe startwith thelastonej=n+2M and
determineg,, in sucha way that the only nonzeroelement
Npp+om N this column becomes zero. This leads to
9%, =V, sothatgy=*\V,y.

Let usassumdor a momentthatthe potentialis quadratic
(M =1). In this casewe calculateg, from the conditionthat
the remainingnonzeroelementh, ., in the (n+1)th row
equalszero.As a result,the eigenvalueproblem(23) with a
squarematrix is obtained.We seethat the problem of the
quadraticoscillatorscan be solvedeasily

For quartic and higherorder potentials(M=2,3,...),
howevey we get more nonzero elementsin the columns
j=n+2M-1,... n+1 thanin the caseof the quadratic
oscillators.In this case,@y_1, ..., 8o Mustbe determined
from the condition that the columns j=n+2M-1n
+2M—-2,..., n+M arelinearly dependentn the columns
j=0,..., n of the matrix h—E. To reducethe numberof
linearly independentolumnsof h, we mustcontinueto in-
troduce some constraintson the potential coefficientsthat
were arbitrary untii now Considering the columns

j=n+M-1,... n+1wecancalculateVy_4, ..., V;asa
functionof Vi, ..., Vo . Solvingthenthe remainingprob-
lem (23) with the squarematrix {h;;}, i,j=0,..., n we can

find the solutionin the form (22). We seethat the analytic
solution in the form (22) existsfor nonquadraticpotentials
only if additionalconstrainton the potentialcoefficientsare
introduced.

We note that, in general,the valuesof g, ..., gy and
Vi, ..., Vy-1 dependontheenegy E andn. Forn=0, we
canfind only one analyticalsolutionwith the corresponding
valuesof gg, ..., gy andVy, ..., Vy_1. Thenwe canget
analytical solutionsfor n=1, etc. Thus, the solutions are
obtainedin certainmultiplets correspondindo differentval-
uesof n. Ourn corresponds$o the quantumnumbern of the
harmonic oscillator for which the matrix h can be easily
diagonalized and the enegies E,=(2n+ 1)g1—g(2,
=hw(n+ 1/2) areobtained.

In generalthe bestchanceto find the analyticalsolution
is for n=0 whenthe matrix h reducesto onerow. The co-
efficients g, are then given by equations hy;=0,
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j=2M, ..., M and the potential constraintsfollow from
hoj=0,j=M—1,... 1. The enegy equalsE=hgy, andthe
correspondingvave function is #(x) =g(x). With increas-
ing n andM, the orderof the problemandcomplexityof the
potentialconstraintancreaseand the chanceto find explicit
analytic expressiondor the enegies and wave functionsis
lower. In generalcase,a numericalsolution of the problem
(23) is necessary

Let usdiscussnow the caseof the anharmoniandMorse
oscillators.For the anharmonicoscillatorswe put f(x) =x,
Fm= 0mo andfor the generalizedMorse oscillatorswe use
f(x)=1—exp(—x), fo=1f1=—-1 and f,=0 otherwise.
The potentialis assumedn the form (24). As follows from
our discussiongiven above,analytical solutionsfor the an-
harmonic oscillators exist only if M is odd, i.e., if
2M =4k+ 2, wherek is aninteger On the otherhand,ana-
lytical solutionsfor the generalizedMorse oscillatorsexist
for anyM. Theway to solvethe problem(23) is the samefor
both typesof oscillators.First, we choosen from the range
n=0,1,.... Thenwe solvethe equationh, ,,,y=0 lead-
ing to g% =V, . After thatwe continuewith the solutionof
the equationsh, ,,;=0, i=2M-1,...,M, which yield
9v-1, ---» gpasafunctionofVy, ..., Vyy. Consequently
all the coefficientsg,, aredeterminedandall columnsof the
matrixh, j=n+2M, ..., n+M areequalto zero.Thenwe
continuewith the columnsj=n+M—-1,... n+1 andde-
terminethe correspondingconstraintson the potential coef-
ficientsVy_4, ... ,V;. Thetotal numberof the nonzeroco-
efficients g, (M+1) plus the number of the potential
constraint{M — 1) equals2M. If the potentialis even,the
numberof the constraintseducedo one-half.

A less generaldiscussionwas performedin [8] for the
anharmonioscillatorswith the evenpotential.

Thediscussiorgivenaboveshowsthatall the analytically
solvableproblemswith the wave function in the form of a
finite linear combination(3) havethe samealgebraicstruc-
ture givenby thematrix (21). If thefunctionf is changedhe
generaldiscussiorregardingh, @, 8., andV,, remainsthe
same. Assuming that the potential coefficients V,,
m=M, ..., 2M remainunchangedor new f we get new
values of g, and potential constraints on V,,,
m=1, ... M—1.However becausef theintegrationin Eq.
(20), the function g and the wave function ¢ can change
considerably

IV. QUARTIC ANHARMONIC OSCILLATOR
The potentialhasthe form
V(X)=Vx+Vx?+Vax3+Vx*, V>0

correspondingo M =2. Assumingg,+ 0 for m=0,1,2and
f(x)=x the matrix h equals

Ay mi= —M(mM—1) 5, _o+2mges; _ 1+ (2mg;—g5+81) 8 o

+(2mg,— 29,80+ 282+ V1) 6 1+ (— 29290_9§+V2)5i,2+ (—28182+V3) 8 3+( —g5+Va) 5, 4
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First we discusghe groundstatecorrespondingo n=0. The
mostsimplewavefunctionwith no nodesis givenby theleft
eigenvectore,,= oy, o SO that #(x)=g(x). To find ¢ it is
sufficient to find g, and the potential constrainton V, for
which hyj=0,j=4,..., 1. Two possiblesolutionsof these
equationsare asfollows. The coefficientsg,, are given by

szi\/V—, 91=V3/(29,), go=(V2—g§)/(Zgz)

and the potential constraint giving V, as a function of
Vo, .., V,is

V1=29:80—28>.
The enegy E equals
E=hgo=8:—05-

It caneasily be verified that both functions

2013

P(x) =g(x) = exp —gox— g:1x°/2—g,x°/3) (25
for g,= =V, satisfy the Schralinger equation(1). How-
ever they diverge for x— o« or x— — o, as concludedn the
previoussection.

For the highermultipletsn>0 the situationis analogous.
We seethereforethat the wave functionsof the quartic an-
harmonic oscillator cannot have the form (22) with g(x)
givenby Eq. (25).

V. SEXTIC ANHARMONIC OSCILLATOR
The potentialis assumedn the form
V(X)=Vyx+---+Vex8, Vg>0.

Assumingfurtherg,#0, m=0,..., 3 the matrixh becomes

Ammsi=—m(m—1)8; _,+2mgyd; 1+ (2mg;—g5+81) 3 0

+(2mg,—28180+ 29>+ V1) 6 1+ (2mg3— 28,80~ 92+3g3+V,) 5, 2

+(—29380— 281921 V3) 6 3+ (— 2918395+ Vs) i 4 (— 282831 Vs) 9 5+ ( —g5+Ve) i

A.n=0
The valuesof g, andthe potentialconstraintsare found
by solving successively;=0, j=6,..., 1.
The coefficientsg,, equal

9:=We  82=V5/(283), 81=(V4—82)/(2g3),

90=(V3—20:82)/(283), (26)
where the + sign before \/\TS follows from the boundary
conditionsat x— * . Theseequationdor g,, arealsovalid
for all the highermultipletsn=1,2,. ...

The coefficients V3, ..., Vg can be arbitrary Two re-
maining coefficientsare given by the potentialconstraints

Vi=29180—28,, Vo=8i+28,80—38s.

The correspondingenegy andwave function equal
E=ho=0;- 05
and
P(X) =exp( — GoX— g1X%/12— g,x313— g3x*/4).

This function hasno nodesandis thereforethe ground-state
wavefunction.We seethatthe analyticsolutionexistsfor the
asymmetric potential with general potential coefficients
Vs, ..., Vg. In [8], the solutionswere found for the even
potentialonly.

In a specialcaseof the evenpotential,

V(x) =V x2+ V x*+ Vgx6,

much more simple formulasare obtained,

V2=V3/(4Ve) ~ 3V,

E=V,/(2\V),

and

P(x)=exd — V., x2/(4Vg) — Vex*/4].

This resulthasone more parametethanthe examplegiven
in [1]. Theseequationsgive the ground stateof the sextic
double-wellpotential.If V,<0, the enegy E lies belowthe
maximumof the potentialat x=0 andthe wavefunction has

two maximaat x=*+—V,/(2Vsg).

B.n=1
In this case we solve successivelthe equations

1
2 C(fimj — ESpmj) =0

m=0

(27)

for j=7,.., 0. First we solve these equations for
j=17,..., 4. This leadsto Egs. (26). Then, Eq. (27) for
j=3 gives

V,=g7+28,80—593-

Assumingfor simplicity ¢;,=1 we get from Eq. (27) for
j=2

Co= —h12/hgy=(V1—28180+482)/(283).
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Then we solve two equationsfollowing from Egq. (27) for
j=0 andj=1 andgetthe cubic equationfor V,

V3+(109,—6g:80)Vi+(3295+49:85+ 129705
—40g:8082) V1 + 3295 — 89%90_ 89?98_ 64919095
—89%908;+169.18,93 + 4087959, =0.

Thus,dependingnthevaluesof V3, ..., Vg, we cangetup
to threerealvaluesof V; for which the analyticalsolutionof
the Schralinger equationexists. The correspondingenegy
obtainedfrom Eq. (27) for j=0,1 equals

E=(Vi+(69,~49:80)V1+40785— 129,909, + 895
+68195— 28593)/(295)
andthe wavefunction is
Y(X) = (Cg+ C1X)eXP — GoX — g1X%/2— gorx313— g3x*14).

This function hasone nodeand representshe first excited-
statewave function.

In a specialcaseey=0 a more simple result with three
potentialconstraintsnsteadof two is obtained.The potential
constraintsare

Vi=-4g,, V,=-5¢3+g], V3=2g.0,.
The last constraintleadsto go=0. The enegy and wave
functionwith onenodecorrespondingdo this potentialequal

E= 391
and

P(X) =xexp( — g1x%12— g,x313— g3x*/4). (29

In [8], a specialanalytic solution correspondingo Eq.
(28) for the evenpotentialwasgiven. In this paper we have
found solutionsfor a more generalasymmetricpotential.

C.n=2

Generaldiscussionleads to rather complicatedexpres-
sionsthatwill not be givenhere.We discussonly the special
caseey#0,c,=0,,#0. Analyzing the equations

2
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we getconditionsg,= g,=0. It follows from theseequations
thatthe potentialV(x) mustbe even,

V=V,x%+Vx*+ Vgx8.

The sameform of the potentialalsowill be assumedor the
higherordermultiplets. Becauseof the symmetryof the po-
tential the numberof potentialconstraintseduceso one,

V,=g1—79s.
Therearetwo enegies,
E.=3g,+2\gi+2g;
andwavefunctions
Yo (X)=[1+(g1— E.)x*/2]exp( — g:1x°/2— g3x"/4)

solving the Schralinger equationin this case.The — sign
denotesthe ground state (the wave function _ has no
nodes. The + sign denotesthe secondexcited state (the
wave function hastwo nodes. We alsoseethatE_<E, .

D.n=3

Now we searchfor a specialsolution of Eq. (14) corre-
spondingto e¢,#0 for m=1,3 (the solution with the odd
parity) andthe evenpotential.We get the following result:

V,= gi_ 993,
E.=5g;+2g7+6g;
and
Yo (X)=x[1+ (39, E. )x2/6]exp — g,x%/2— gsx*14).

The — signdenoteghe first excitedstate(the corresponding
wave function hasone node. The + sign denoteghe third
excitedstate(the wave function hasthreenodes.

E. Higher-order multiplets for n even

The enegies and wave functions correspondingto the
evenpotentialare given by the constraint

V,=g2—(2n+3)g,

. —_ 5 . — --: e
mz'o Cn(fim ~E ) =0, j=0..... 8 @9 and eigenvaluesand eigenvectorof the matrix
g1 —2ng3 0 0 0 0
~2  5g, (-2n+4)g; 0 0 0
0 -12 99, (—2n+8)g; 0
0 0 —-(n—2)(n—3) (2n—3)g, —49;,
0 0 0 -n(n—-1) 2n+1)g,

The left eigenvectorf this matrix with the componentg,,¢,, ..

.. €, give n/2+1 evenwavefunctions
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n/2
Y(X)= D, CopX2Mexp — g1x2/2— gax*14).

m=0
F. Higher-order multiplets for n odd
Again, we assumehe evenpotential. The enegies and wave functionscorrespondindo the potentialconstraint
V,=gi—(2n+3)gs

are given by the eigenvaluesand eigenvectorof the matrix

3g; (—2n+2)g, 0 0 0 0
-6 791 ( 2n+6)g, 0 0 0
0 -20 119, (—2n+10)g; 0
0 0 —-(n—-2)(n—3) (2n—3)9; —4g,
0 0 0 -n(n—-1) 2n+1)g,
The left eigenvectorof this matrix with the components,,e;3, ..., €, give (n+1)/2 odd wave functions:
(n—1)/12

PX)= D Come1X2™ lexp(—gix42—gax*/4).
0

m=

VI. HHGHER-ORDER ANHARMONIC OSCILLATORS

4k+2

As shownin Sec.lll, analyticallysolvableanharmoniascillatorsare only thosewith the highest-ordetermx*" =, where

k is aninteger
The solutionof the problemof the higherorderoscillatorsis analogoudo thatfor the sexticoscillator As an examplewe
considerthe decadicoscillator with

V=Vx+---+V;x% V;>0.
Assuminggp,,#0 for m=0,..., 5 the matrix h hasthe form
Bmi=—M(mM—1)5 ,+2mgod;, 1+ (2mg; —g5+81) 50
+(2mg,— 29180+ 28>+ V1) 8 1+ (2my3— 28280~ 87+ 383+ V2) 5
+(2mg,— 29380~ 2819+ 494+ V3) 5 3+ (2mgs— 28193 29480~ 95+ 585+ V) 5 4
+(—28184— 29283~ 28580+ Vs) 5 51 (— 28185~ 29284~ 93+ V6) 5, 6
+(—20384— 28295+ V7) 5 7+ (— 28385~ 95+ Vg) 5 g+ (— 28485+ Vo) 5 o (— 95+ V10) 5 10-

Solving equationsh, ,.;=0 for i=10, ... 5 the following V1=20:80— 29>, Vo=28,80—393+8%,
valuesof g,, areobtained:

V3=283801 20182~ 484,
9s==\Wio  9.=Vo/(28s), 8s=(Vs—g3)/(28s), Smm TR
V,4=2g:093+ 28480~ 595+ g>.
92=(V7—28384)/(285),  9:= (V03 20,84)/(295) TE TR T
Again, the analyticsolutionexistsfor the asymmetrigpoten-

and tial. The ground-statevave function of the singletn=0 is
80=(Vs— 28,083~ 29194)/(285). given by
6
Similarly to the sextic anharmonic oscillator we take m
. X)=exp — _xX™'m|.
g5= V'V Thesevaluesarethe samefor all the multiplets. vx) p( mz:l m-1 )

Let us considerfor examplen=0. Then, the potential con-
straintsfollowing from hy;=0,i=4,..., 1are The correspondingnegy equals
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E=g,—g;.

Resultsfor the higherorder multiplets are analogousto
thosefor the sexticoscillatorandwill not be given here.

VII. QUADRATIC MORSE OSCILLATOR

The Morse oscillator[10] with the potential

V(r)=D{1—exd — (r—ry)/a]}? (30)
is of considerablénterestin moleculamphysics.In this paper
we use the variable x=(r—ry)/a and discussgeneralized
Morse potentialsin the form

2M

V(x)=i§l Vi[1—exp —x)]'. (31)

Such potentialsare more generalthan the original Morse
potentialandcandescribefor example potentialswith reso-
nanceswhenthebarrierhigherthanthe valueof the potential
atx— oo exists.As we pointedout in Sec.lll, in caseof the
generalizedMorse oscillators we are not limited by the
2M =4k+2 rule valid for the anharmonicoscillators and
M canbe an arbitrary positive integer

We take now f(x)=1—exp(—x) so that fo=1Ff,=—1,
andf,,=0 otherwise.

First we discusshbriefly the quadratic Morse oscillator
with the potential
V=V [l—expg—x)]+V,[1—exp—x)]%, V,>0, (32
which is equivalentto the original Morse potential (30).

For the quadraticMorse oscillator (M=1) thereare no
potential constraintsso that all the multiplets n=0,1, . ..
belongto the samepotential.

Assumingg,=0 for m>1 the matrix h becomes

Npm+i=—m(m—1)6 _,+m(2m—1+2g,)d; 1
+[ —m(m+2gy—2g1) + 81— 8315 o
+[—g1(2m+2gy+1)+ V118 1+(V2—83) 5, 5.

Taking into accountthe expressiorfor g(x),

g(x)=exr<—f [8o+9.f(x)]dx | =exp —(@o+g1)X

—g1exp(—Xx)]

the value

91:\/\72

mustbe taken.Similarly, to geth, ,.. ;=0 for agivenn, the
value

90=V1/(28;)—1/2—n

mustbe used.In contrastto the anharmonimscillators,g, is
a function of n. In orderto get boundstatesthe wave func-
tion ¢ mustbe finite for x— . It follows from
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n
0= 2 el 1-exp—x)]"g(x)
thatto fulfill theseboundaryconditionsthe relation
90+9:>0

mustbevalid. Takinginto accountheform of go=go(n) we
seethatthereis a maximumvalue of n=n,,, for which the
boundaryconditionsare obeyed.We get

Nmax=[V1/(2g,) —1/2+9,],

where[] denotesthe integer part. Therefore,only a finite
numberof boundstatesfor n=0,..., Ny, €Xists.Thereare
no boundstatesfor V,/(29,) — 1/2+g,<0.

To getthe eigenvaluesve assuméeh,, .1 =h, . ,=0 for
a given n and makeuseof the summationrule

Zi hm,m+i:(2ﬂ+ 1)91_9(2)'

This equationshowsthat the enepies

E,=(2n+1)g;—g5=(2n+1)g,—[V1/(2g,) — (n+1/2)]?

(33
are the eigenvaluesof the matrix {h;;}, i,j=0,..., n since
the columnsof the matrix {h;;} —E, i,j=0,..., n arelin-

early dependentlt is worth noting that, exceptfor the ex-
pressiorfor g,, Eq. (33) is the sameasthatfor the enegy of
the harmonicoscillatorwith the potential V=V ,x+ V,x2.

To getcorresponding,,, we solveEqg. (23), leadingto the
following systemof recurrencesquations:

c,=1,
cn—lhn—l,n+cn(hn,n_E):01

cnfzhnfznfl'*'cnfl(hnflnfl_E)+cnhn,n71:01
(34)

Ci—1hi1jtei(hii—E)+¢i11hi 1+ 2h12;=0,

i=n—2,...1,
cO(h0,0_ E) + Clh10+ 62h20: O

It canbe shownthat the resultsof this sectionagreewith

known resultsfor the standardVorse oscillatorwith the po-
tential (30).

VIIl. QUARTIC MORSE OSCILLATOR

Now we discussthe quartic oscillator with the potential
(31) for M =2. For the quarticandhigherorderMorse oscil-
lators, we write the function g as

M
g(x) ZEX% _mE:O gme(x)> ,

where



Gux)= [ [1-5001"dx.

Thesefunctionsequalfor the quartic oscillator
Go(x)=x, Gy(x)=x+exp—x),

Dmsi=—m(m—1)38 _,+(2m*—m+ 2mg,) 5
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G,(x)=x+2exp —x) —exp—2x)/2.

The matrix h for the quartic oscillator is given by the

formula

. —1+ (—m?—2mgy+2mg; — g5 +91) 5

+(—2mg,+2mg,—2g:9o+28,— 9,1+ V1) 5 1+ (—2mg,— 29,80~ 95— 29,+V3)di»

+(— 28185+ Va) 8 s+ (— g5+ V4) 814

Solving successivelh, ,.i=0ji=4,..., 2for agivenn we
getthe coefficientsg,,:

9=+,  81=V3/(28,),

go=(V,—g3)/(2g,)—n—1.

To getboundstateswe take

92:_\/\7,

whereV,>0. A further obviouscondition for the existence
of the boundstatesis

(39

90t9:11t9,>0.

The expressiorfor themaximumn giving the boundstatess
asfollows:

A= (Vo—89)/(28,) — 1+8:+8,].

If the agumentof the integer part is lessthan or equalto
zero,thereare no boundstates.

Assumingthat n is given, the summationrule for the
quarticMorse oscillatorequals

Z Pmsi=2(n+1)g2— 85— 29180+ V; -

Similarly to the caseof the quadraticMorse oscillator this
equationshowsthat the enegies of the quartic Morse oscil-
lator equal

En=2(n+1)g;— 85— 28180+ V1. (36)

A.n=0

For n=0, we solvethe conditionhy;=0 andget the po-
tential constraint

V1=2g9:80—208>+9:.
The enegy and ground-statavave functionsare given by
E=ho=9:1—95 37

and

2
¢<x>=exp( ‘,,,Z:o gme,(x)). (39)
B.n=1

Forn=1 we proceedsimilarly asin the caseof the sextic
anharmonioscillator The systemof equationg27) mustbe
fulfilled for j=5,..., 0. The equationdor j=5,4,3arevalid
becausef (35). Assuminge, =1, we calculatee, from Eq.
(27) for j=2

Co=—(V1—308:1148>—28180)/(28>).
Equation(27) for j=1 givesthe potentialconstraint
Vi=—4g,+2g; + 28180+ V91— 49280~ 29>-

Equation(27) for j=0 is satisfiedsincethe enegy (36) for
n=1

(39

E=49,—-95— 28180+ V1

is the eigenvalueThe correspondingvave function equals

2
y(x)={eo+es[ 1—exp —X)]}EXP( - mE:O InGm(X) ) :

Becauseof Eq. (39), we can get two wave functions.One
function hasno nodesandthe otherhasone node.

There is also a special solution correspondingto ¢,
= 6m1 - Thisassumptioneadsto the additionalpotentialcon-
straint2g,+1=0 or

V,=V2/(4V,) - 3\V,.

The enegy and wave function with one node equalin this
case

E=3g;—g}

and

2
P(x)=[1—exg —x>]exp( —m; ImGm(X)
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C.n=2

Similarly to case n=1, we solve Eq.
j=6,...,
of Eqg. (35. Assumingec,=1 we first solve Eq. (27) for
j=3 andthenfor j=2. This leadsto expressiongor ¢, and
¢o. Substitutingtheseexpressiongo Eq. (23) for j=1, we
getthe cubic equationfor V,. The resultingexpressiongor
V1,61, andegy arecomplexandwill not be given here.The
enegy is givenby Eq. (36) andthe wave function equals

$(x)={co+cal 1—exp(—x)]+ o 1—exp(—x) 1%}

(29) for

2
XEX% - ZO gme(X)

In this case,up to threeanalyticalsolutionscanbe obtained.

Thesesolutionshaveone,two, andthreenodes.

Similarly to casen=1 a special solution with ¢,+#0,
¢,=0, ande,# 0 correspondingo two additional potential
constraints

9:1=92, 280+3=0

exists.Detaileddiscussionwill not be given here.

D. Higher-order multiplets

The solutionof Eq. (23) for highern canbe obtainedin a
similar way as describedabove. However the results are
complexandin generalthe numericalsolutionof Eq. (23) is
necessary

E. Transition to anharmonic oscillator

The transition from the quartic Morse potential to the
quarticanharmonigotentialcanbe madeif the function

f(x)=[1—exp —ax)]/a~x—ax?/2+a’x3/6— - - -,

wherea— 0+ is used.The function g equalsin this case

0. The equationdor j=6,5,4aresatisfiedbecause
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g(x) =exp{— gox—g.[x/a+exp —ax)/a?]
—g,[x/a’+ 2exp( —ax)/a®— exp( — 2ax)/(2a3)]}.
To getfinite g(x) for x— — we use
9= \/V—4-
From the sameconditionat x— o we get
go+9./a+g,/a’>0.
Using the coefficients
g0=(V>—g7)/(2g,) —a(n+1)
and
9:=V3/(28>)
the last conditionbecomes
[V3/(4V4) = V,1I(2\V,) —a(n+1) - V;3/(2a\V,)

>V, /a2

Fora>0, this conditioncanbe fulfilled only for certainval-
ues of n, n=0,..., Ny It is obvious that for a—0+

Nmax IS lessthanzeroandin agreementvith our conclusion
in Sec.IV thereareno boundstatesin the form assumedn

this paper

IX. SEXTIC AND HIGHER-ORDER MORSE OSCILLATOR
For the sexticoscillatorM =3 andthefunction G; equals
G3(x)=j [1—f(x)]3dx=x+3exp —x) — 3exp — 2x)/2

+exp(—3x)/3.

The matrix h for the sexticoscillatoris

A= —m(m—1) 5 _»+(2m*—m+2mg,) 5i,71+(_m2+2m(1‘90)‘95“‘91) Sio

+(—2mg,+2mg,—28:90+28,— 91+ V1) 6 1+ (2m(g3—9,) — 20,80~ 97— 28,+ 383+ Vs) i
+(—2mg3—2918,— 28093~ 393+ V3) 5 3+ (— 208183~ 95+ V) 5 4

+(—2@93+Vs) 8 5+ (— 85+ Ve) b 65

whereg,=0 for m>3 is assumed.
Solvingsuccessivelf, ,.;=0i=6,..., 3 we get the co-
efficientsg,, for a givenn

g:=*=\WVe, 8,=Vs/(2g3),

and

91=(V,—83)/(2g3)

90=(V3—2019,)/(293) —n—3/2.

To getthe boundstateswe take

Q3= \/V—e,

where Vg>0. Further condition for the existenceof the
boundstatesis

01T 9:1+9,1+85>0.

The expressiorfor the maximumn giving the boundstates
equals

Nma=[(V3—2819,)/(293) —3/2+ 9, + 8>+ 93].
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If the agumentof the integerpart is lessthan or equalto
zero,thereare no boundstates.
The summationrule for the sextic Morse oscillator

Zi hpm+i= —gg— gi_ 29180~ 29280 28192~ 28390

+Vi+V,+ V3,
leadsto the enepies
E,=—085—97—28180— 28>80— 28:8>— 28380+ V1 +V,
+V3,

wheregy=go(n) andconstraintson V,,V,,V3 dependalso
onn.
For example,for n=0 we get

V1=20081—2@2+81. V2=0i+20,80+ 202~ 393,
V3=2019,1 283890+ 393,
E:gl_g(z)

and

3
¢<x>=exp( —mE=0 ImGm(X)

The other calculationsfor the sextic and higherorder
Morse oscillators are analogousto that for the quadratic
Morse oscillator They will not be given here.

X. CONCLUSIONS

In this paper a methodfor calculatingthe analytic solu-
tions of the Schralinger equationsimilar to the moment

methodandthe Hill determinanmethodhasbeensuggested.

First, the potential is assumedin the form V(x)
=3 aVf™ where f=f(x) is a function that must satisfy
certain conditionsdescribedbelow In general,the summa-
tion canalsorun over the negativevaluesof m. Then,the
wavefunctionis assumedo be afinite linear combinationof
thefunctionsy,= f™g, whereg=g(x) isaconvenienfunc-
tion. To getanalyticalsolutionsijt is assumedhatthe Hamil-
toniantransformsthis basissetinto itself. From the last as-
sumption,we concludethat the derivative of f must be a
finite linear combinationof f™ with the coefficientsf,,. The
samecondition mustbe valid for the logarithmic derivative
of g, i.e.,g'/g. For a given function f, the functiong can
easily be calculated from the equation @(x)
=exp(—[Z.8af"dx), whereg,, are constantsif the lastex-
pressionand the expressionfor f’ are usedin the Schro
dinger equation,a simple eigenvalueproblem (14) with the
matrix (21) is obtained.To getthe analyticsolution,the con-
stantsg,, mustbe determinedn suchaway thatthe analytic
eigenvaluesndleft eigenvectorsf this matrix exist.In gen-
eral, someconstraintson the potentialcoefficientsalso must
beintroducedlt appearghatthe solutionsexistin multiplets
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correspondingo differentvaluesof the quantumnumbern
of the harmonicoscillator In general differentsolutionscor
respondto differentpotentials.

Let us assumenow that the potential has the form
V=32My fm V,\,>0. It hasbeenshownthat the condi-
tions for g, necessaryor the existenceof boundstatesfol-
low from the form of the function g(x). For f(x)=x, ana-
lytic solutions exist only for 2M =4k+2, where k is an
integer

This methodis a generalizatiorof the approacheg&nown
from the momentmethodand the Hill determinantmethod
andits mainadvantageare (1) known propertiesof f(x) for
which the analytical solution exist, (2) a formula for g(x)
with parametergy,, that can be found from the solution of
the eigenvalueproblem(14), (3) a straightforwarddiscussion
of the conditionsfor the existenceof the boundstates,(4) a
uniqueapproacho all analytically solvableproblemsof this
kind leading to the matrix (21) in which only f,, and g,,
appear In this way, a commonalgebraicrepresentatiorior
all theseproblemshasbeenfound.

As the first applicationof our method,known resultsfor
the anharmonicoscillatorshave beencritically recalculated
andsomenew resultshavebeenobtained It hasbeenshown
that the analytic solution is possibleonly if 2M=4k+ 2,
wherek is an integer For the sextic (k=1) and decadic
(k=2) oscillatorsa few new solutionsfor the asymmetric
potentialV havebeengiven.

Anotherinterestingproblemis the generalizedMorse os-
cillator, which is of interestin molecularphysics.In contrast
to the anharmoniwscillators,the analytic solutionsexist for
any 2M. We havediscussednalytic solutionsfor the qua-
dratic, quartic, sextic, and higherorder oscillators.New re-
sults have beenfound for the quartic and higherorder gen-
eralizedMorseoscillators.For the quarticoscillator analytic
solutionsfor the multipletsn=0,1 andn=2 havebeendis-
cussed.The transition from the quartic Morse oscillator to
the quartic anharmonicoscillator has also beenmade,con-
firming our previousconclusions.For the sextic oscillator
generalformulasfor g, andthe multiplet n=0 havebeen
investigated.

Our methodis applicableto any problemwith the poten-
tial V and function f satisfying assumptionggiven above.
Generalizatiorto more dimensionds alsopossible.
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APPENDIX

It is interestingto notice that the caseof the quadratic
Morse potential,Eq. (30), canbe treatedusingthe algebraic
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methods.This was recognizedby many authorsand it is
describedfor examplejn [22]. However it is convenienfor
experimentalpurposegsee,e.g.,[23], p. 8) to considerthe
potentialin the form (32). For the algebraicapproachesye
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refer to the paper[25], namely to Eq. (45). If we put n=1,
B=V,, D=V;+2V,, byg=1/2+V,—V,—E and
&=V,;+V,—E—1/4into Egs.(42) and(52) of [24], thefor-
mula (33) is obtained.
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