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A methodfor calculatingtheanalyticalsolutionsof theone-dimensionalSchrödingerequationis suggested.

A generaldiscussionof the possibleforms of the potentialsandwavefunctionsthat arenecessaryto get the
analytical� solution is presented.In general,the analyticalsolutionsappearin multipletscorrespondingto the
quantum numbern� of the harmonicoscillator. As an application,known solutionsfor the anharmonicoscilla-
tors
�

arecritically recalculatedanda few additionalresultsarefound.Analytical solutionsarealsofoundfor the
generalized� Morseoscillators.

P
�
ACS number� s� : 03.65.Ge,31.15.� p�

I. INTRODUCTION

The
�

solutionof theone-dimensionalSchrödinger
�

equation
represents� an importantproblemwith numerousapplications
in many fields of physics. This equation can always be
solved� numerically. Despitethis, analyticalsolutionsyield a
more� detailedand exact descriptionof the physical reality
and� arethereforeof considerableinterest.

The
�

numberof potentialsV(
�
x� )
�

for which the analyticso-
lution
�

of the one-dimensionalSchrödinger
�

equation,

H
�! #"

x�%$'& E
(*),+

x�.- ,/ 0 11
with2 the Hamiltonian

H
�4365 d

7 2
8

dx
7 2 9 V : x�%; < 2=?>

is known is ratherlimited. Exceptfor trivial cases,examples
of@ analyticallysolvableproblemsincludetheharmonicoscil-
lator
�

, some anharmonic oscillators A 1–9B ,/ the one-
dimensional
�

hydrogenatom, the Morse oscillator C 10D ,/ and
some� othersimplecasesE see,� e.g, F 11–14GIH .

Analyzing theseanalytic solutions,we concludethat the
bound-state
J

wave functions have the samestructure.The
wave2 functions have the form of the exponentialor other
relatedfunctions multiplied by a polynomial in a variable
that
K

is a function of x� . In other words, the wave functionsL
for
M

all theseproblemscanbe written asa linear combina-
tion
K

of functions N mOQP f
R mO gS ,/ wheref

R
(
�
x� )
�

andgS (
�
x� )
�

aresuitably
chosenT functionsandmU is

V
an integer.

It is obviousthat thereis a chanceof finding ananalytical
solution� if the Hamiltonian transformsthe set of the basis
functions
M W

mO into
V

itself. Namely, if the result of H
�!X

mO is
V

a
finite
Y

linearcombinationof Z mO ,/ we canhopethat theresult-
ing
V

finite ordermatrix problemis analyticallysolvable.As-
suming� thesepropertiesof the wave function and Hamil-
tonian,
K

we discussin this paperconditionsfor the functions

f
R

and� gS and� the potentialV,/ which must be fulfilled to get
the
K

analyticalsolutionof the Schrödinger
�

equation.
Using
[

the approachindicatedabovewe first usethe basis\
mO to
K

transformtheSchrödinger
�

equationto thematrix form
with2 a non-Hermitianmatrix ] Sec.

^
II _ . Possibleforms of f

R
,/

gS ,/ andV that
K

canyield analyticalsolutionsarediscussedin
Sec.
^

III. In the next threesections,known analyticalresults
for theanharmonicoscillatorsarecritically recalculated.Sec-
tion
K

IV is devotedto the problemof the quarticanharmonic
oscillator@ . In Sec.V, a detailedanalysisof the sexticoscilla-
tor
K

is performed and a few new analytical solutions are
found.Discussionof thehigher-orderanharmonicoscillators
is
V

presentedin Sec.VI. Another interestingproblemis the
generalization` of theMorseoscillator. Thequadratic,quartic,
sextic,� andhigher-ordergeneralizedMorseoscillatorsarein-
vestigateda in Secs.VII –IX.

II. TRANSFORMATION OF THE SCHRÖDINGER
b

EQUATION INTO THE MATRIX FORM

W
c

e assumethe wavefunction d in
V

the form

egfih
mO cj mO,k mO ,/ l 3m?n

where2
o

mOQprq fRts mO gS . u 4v?w
The standardapproachto the solutionof the Schrödinger

�
equation� consistsin substitutingthe assumptionx 3m?y into Eq.z
1{ . Introducingthe matrix elements

HmnO}| ~ mO* H � n� dx
7 �

5
�?�

and�

S
�

mnO}� � mO* � n� dx
7 �

6
�?�
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one@ getsthe well-known eigenvalueproblem

�
n� H
�

mnO cj n��� E
(*�

n� S
�

mnO cj n� . � 7�?�

In
�

most cases,it appearsimpossibleto calculateH
�

mnO and�
S
�

mnO and� solveEq. � 7�?� analytically� . However, if the matrices
H
�

and� S
�

are� truncated,this methodis suitablefor calculating
approximate� solutions.

There is a chanceof finding analytical solutionsof the
Schro
^

¨dinger
�

equationif theHamiltonianH transforms
K

theset
of@ the basisfunctions � mO into

V
itself. We assumetherefore

that
K

the HamiltonianH fulfills the relation

H
�!�

mOQ�¡ 
n� h
¢

mnO}£ n� ,/ ¤ 8¥?¦

where2 the coefficientsh
¢

mnO are� numbers.Let us introducean
overlap@ betweenthe basisfunction § mO and� the exactwave
function
M ¨

M mOQ© ª mO* « dx
7

. ¬ 9?®

Substituting
^

Eqs. ¯ 8¥?° and� ± 9?² into
V

the Schrödinger
�

equation³
1́ we2 get anothermatrix formulationknown from the mo-

mentmethod µ 15–19¶
·

n� h
¢

mnO* M
¸

n�º¹ EM
(

mO . » 10¼
W
c

e seethat thevectorof theoverlapsM
¸

mO is
V

the right eigen-
vectora of the matrix h

¢
. The advantageof Eq. ½ 10¾ is that, in

contrastT to Eq. ¿ 7�?À ,/ thereis no matrix S
�

in this equation.The
matrix� h

¢
is
V

usuallysparse,which furthersimplifiestheprob-
lem. On the otherhand,the matrix h

¢
is non-Hermitian.The

equations�

HmnO}ÁiÂ
pÃ S
�

mpO h
¢

np� Ä 11Å
and�

M mOQÆ¡Ç
n� S
�

mnO cj n� È 12É
following
M

from the assumptionsÊ 8¥?Ë and� Ì 3m?Í give` the relation
of@ the quantitiesappearingin Eqs. Î 7�?Ï and� Ð 10Ñ . Application
of@ theseequationsis usuallycomplicatedby theinfinite order
of@ the matrix S

�
.

Thereis also anotherpossibility closeto the approaches
given` above. If Eqs. Ò 3m?Ó and� Ô 8¥ÖÕ are� used directly in the
Schro
^

¨dinger
�

equation× 1Ø the
K

following result is obtained:

Ù
mO ,n� cj mO h

¢
mnOÛÚ n�ºÜ E

(ÞÝ
mO cj mO,ß mO . à 13á

Assuminglinear independenceof the functions â mO we2 get a
simple� matrix problem,

ã
mO cj mO h

¢
mnO}ä Ec

(
n� . å 14æ

The
�

vectorof thecoefficientscj mO is
V

theleft eigenvectorof the
matrix h

¢
.

The
�

coefficientscj mO are� obtainedfrom Eq. ç 14è directly
�

without2 thenecessityof usingthetransformationé 12ê as� they
are� in the momentmethod.

Another
ë

disadvantageof the momentmethodis that even
for the analytically solvableproblemsthe overlapsM mO are�
usuallyì different from zeroandsometimesevendiverge for
mU4íïîñð 9,15,16

 ò
. The problem ó 10ô of@ the infinite order is

difficult
�

to solveanalyticallyandevenwhenit is solved,the
transformation
K õ

12ö of@ the usually infinite ordermustbe ap-
plied.� On the other hand, the left eigenvectorsof Eq. ÷ 14ø
with2 a finite numberof nonzerocoefficientscj mO canT often be
found
M

directly andtheanalyticalwavefunctioncanbefound
in theform of a finite linearcombinationof ù mO . For thesake
of@ simplicity, we discussin this paperone-dimensionalprob-
lems
�

only. We note,however, that the momentmethodhas
successively� beenappliedto one-dimensionalaswell asmul-
tidimensional
K

problemsú see,� e.g. û 16,17ü ,/ ý .
The
�

conditionthatonly a finite numberof thecoefficients
cj mO is different from zero is known, for example,from the
solution� of the harmonicoscillatorwherecj mO are� the coeffi-
cientsT of the Hermite polynomials.In the standardsolution
of@ theharmonicoscillatora simplerecurrencerelationfor the
coefficientsT cj mO of@ the Hermite polynomialsis obtained.In
our@ approach,sucha simple recurrencerelation is replaced
by
J

a generalmatrix equation þ 14ÿ and� can thereforelead to
analytical� solutionsthat havenot beenknown until now.

A
ë

problemsimilar to Eq. � 14� is
V

solvedalso in the Hill
determinant
�

method � see,� e.g. � 5,20,21,13,14
� �

,/ � . As we show
below
J

, our approachis more generalthan this method.We
considerT generalfunctions f

R
and� gS and� give a generaldis-

cussionT of Eq. � 14� . We are also interestedin a direct ana-
lytical
�

solutionof Eq. � 14	 for
M

a finite linear combinationin
(
�
3) insteadof discussingthe infinite-orderproblem.

The wave functionsgiven in this paperare not normal-
ized.
V

III. CONDITIONS FOR f



AND g�
In
�

the previoussection,the validity of Eq. � 8¥� was2 as-
sumed.� Now we deriveconditionsfor f

R
,/ gS ,/ andV following

from
M

this assumption.
Applying
ë

theHamiltonian � 2=�� to
K

thebasisfunction � 4v�� we2
get`

H
���

mO�� � mU�� mU�� 1 � f
R�� 28
f
R 2 � mU 2

= f
R �
f
R gS !

gS#" f
R%$
f
R & gS('

gS*) V + mO .,
15-

Here,
.

f
R /

denotes
�

d f
7

/
0
dx
7

.
In order to get H 1 mO as� a linear combinationof 2 n� the

K
expression� in bracketsmust be a linear combinationof f

R n� .
As differenttermsin Eq. 3 154 depend

�
on mU in a differentway

any� of the terms f
R 5 28 /0 fR 2

8
,2(/ f
R�6

/
0
f
R

)(
�

gS 7 /0 gS )
�98

f
R(:

/
0
f
R

,/ and; gS(< /0 gS>= V must� be a linear combinationof f
R n� . It follows

from the first and secondterms that f
R ?

must be a linear
combinationT of f

R mO ,/

f
R�@BADC

mO f
R

mO>E fR(F mO ,/ G 16H
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K ´ K, AND V. ŠPIRKO
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where2 f
R

mO are� numbers.Analogously, the secondand third
terms
K

leadto

gS LNMPO gS�Q
mO gS mO>R fR(S mO ,/ T 17U

where2 the minus sign on the right-handside is chosenfor
further convenience.Finally, the last term gives

V VDW
mO VmO>X fR(Y mO . Z 18[

W
c

e seethat thepotentialsV consideredT in this papermust
havethe form givenby Eq. \ 18] . At thesametime, the func-
tion
K

f
R

(
�
x� )
�

appearingin this equationmust satisfy Eq. ^ 16_ .
Thesetwo conditionsrestrictpossibleformsof thepotentials
for which our methodis applicable.

W
c

e note that therearea numberof simple functionsful-
filling Eq. ` 16a such� as x� ,/ exp(x� ),coth(

�
x� ),
�

and cot(x� ).
�

How-
ever� , therearealsomorecomplexfunctionssuchas the or-
thogonal
K

polynomialsthat canbe usedasthe function f
R

.
The
�

coefficientsf
R

mO ,/ gS mO ,/ andVmO are� arbitraryuntil now. If
the
K

coefficientsf
R

mO and� gS mO are� known, the functions f
R

and�
gS canT be obtainedby inverting

x��b fR(c9d 1e
mO f
R

mO>f fR(g mO d f
7 h

19i

and� calculating

gSkj x�ml9n exp� o p
mO gS mO>q fR(r mO dx

7

s exp� t u mO gS mO>v fR(w mOx
mO f
R

mOky fR(z mO d f
7

. { 20|

To get Eq. } 14~ ,/ the function gS cannotT be arbitraryandis
given` by Eq. � 20� ,/ where gS mO are� parameters.The way to
determine
�

the coefficientsgS mO is
V

describedbelow.
In
�

the momentmethodand the Hill determinantmethod
the
K

function � 20� is often replacedby a singleGaussianex-
ponential.� Obviously, suchan approximateapproachcannot
be
J

usedif analyticsolutionsareto be found.
As a resultof the integration,the function gS (

�
x� )
�

canhave
a� rathercomplex form. It showsthat the assumptionabout
the
K

polynomial form of the argument of the exponential
madein the Hill determinantmethodis too restrictive � see�
the
K

sectionsdevotedto the generalizedMorsepotentials� .
There
�

is alsoanotherconclusionfollowing from Eq. � 20
=��

.
Let
�

usassumethatwe searchfor thebound-statewavefunc-
tion
K

in the form of a finite sum � 3m9� . Then, investigatingthe
integral
V

in Eq. � 20
=��

,/ it is easyto determinegS mO for
M

which
gS (
�
x� )
�

is finite. For example,let us assumethat f
R

(
�
x� )
�9�

x� ,/ gS mO�
0
�

for mU�� M
¸

and� gS mO�� 0
�

for mU�� 0
�

and mU�� M
¸

. It follows
from Eq. � 20� that

K
M must be odd, otherwisethe function

gS (
�
x� )
�

divergesfor x� �#� or@ x� ����� . In fact, this is thereason
for which theanalyticalsolutionsfor thequarticanharmonic
oscillator@ with M � 2 cannothavethis form of gS (

�
x� )
���

see� Sec.
IV   .

Substituting
^

Eqs. ¡ 16¢ – £ 18¤ into Eq. ¥ 15¦ we2 get

H
�¨§

mO�©«ª
i ¬ mU� mU�® 1 ¯�°

j
± f
R

j
± fR i ² j

±´³
2
8¶µ mU¨·

j
±¹¸»º 2

=
f
R

j
± gS i ¼ j

±´½
1

¾
j f
¿

j
± fR i À j

±»Á
2
8ÃÂ9Ä«Å

j
±¹Æ gS j

± gS i Ç j
±´È j f
¿

i É j
±´Ê

1gS j
±ÌË9Í V i Î mO�Ï i .

Therefore,the matrix h
¢

mnO appearing� in Eq. Ð 14Ñ equals�

h
¢

mO ,mO�Ò i ÓPÔ mU�Õ mU�Ö 1 ×¶Ø
j
± f
R

j
± fR i Ù j

±´Ú
2 Û mU¨Ü

j
±ÞÝ´ß 2

=
f
R

j
± gS i à j

±´á
1

â
j f
¿

j
± fR i ã j

±»ä
2
8Ãå9æ«ç

j
±¹è gS j

± gS i é j
±´ê j f
¿

i ë j
±´ì

1gS j
±Ìí9î V i .

ï
21ð

Our
ñ

methodof finding analyticalsolutionsof the Schrö-
dinger
�

equationcanbe describedasfollows. First we deter-
mine the function f

R
(
�
x� )
�

from the form of the potentialV(
�
x� )
�ò

see� Eq. ó 18ôöõ . Then we try to find the coefficientsgS mO and�
VmO for

M
which the left eigenvectorsof thematrix h

¢
exist� with

a� finite numberof nonzerocomponents.This leadsto a so-
lution
�

of a systemof equationsfor gS mO and� VmO ,/ which is
often@ possibleto solve.If theanalyticalsolutionsof Eq. ÷ 14ø
are� found the wave functionsare determinedfrom Eqs. ù 3m�ú
and� û 20ü .

W
c

e note that the boundaryconditionsfor the wavefunc-
tion
K

havenot beentakeninto considerationuntil now. This
meansthatthis methodcanbeusedfor thediscreteaswell as
continuousT partof theenergy spectrum.It alsomeansthat to
get` wave functionsfor the discreteenergies,only the solu-
tions
K

satisfyingthe appropriateboundaryconditionsmustbe
taken.
K

In general,solution of Eq. ý 14þ leadsto two linearly in-
dependent
�

solutionsasit shouldbe for the differentialequa-
tion
K

of thesecondorder. For theboundstates,only oneof the
solutions� or their suitablelinear combinationmustbe taken.

Now
ÿ

we searchfor the left eigenvectorof the matrix h
¢

with2 a finite numberof nonzerocomponents.In this paper,
we2 assumecj mO�� 0

�
for mU�� 0

�
and mU�� n� ,/ where n��� 0 i

�
s an

integer
V

. It meansthat we searchfor the wavefunction in the
form

�
	��
mO� 0
�

n�
cj mO f
R mO gS . � 22

=��

If necessary, thesummationin this equationcanbeextended
to
K

mU�� 0.
�

The correspondingeigenvalueproblem � 14� becomes
J

�
mO�� 0
�

n�
cj mO�� h¢ mO ,mO�� i � E � mO ,mO�� i ��� 0,

� �
23 

where2 i
!#"

. . . , $ 2,% 1,0,1,2,. . . . This formula represents
more equationsthan the number of unknown coefficients
cj mO and� has in general only the trivial solution cj mO�& 0,

�
mU�' 0

�
,..., n� . To get nonzerocj mO ,/ the numberof equations

must� be reducedor they must be madelinearly dependent.

53 201
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Our
ñ

aim is to reducethe problem ) 23* to
K

a standardeigen-
valuea problemwith a squarematrix.

General
+

discussionof this problemis rathercomplex.In
this
K

paper, we assumethe potentialin the form

V ,.-
i / 1

2M

V i 0 fR21 i. 3 24
=�4

If
�

necessary, negativepowersi
!#5

0
�

canbealsoincluded.The
potential� coefficients V1 ,/ ..., V2M appear� in h

¢
mO ,mO�6 i ,/

i
!87

1, . . . ,2M
¸

. Assumingfurther gS mO�9 f
R

mO�: 0
�

for mU�; 0
�

and
mU�< M

¸
,/ the matrix = h¢ i j > hasnonzeroelementsin the rows

i
?8@

0
�
,..., nA and� columns j

¿2B
0
�
,..., nA�C 2M . To reducethe

numberD of columns,we startwith thelastone j
¿FE

nA�G 2
=

M
¸

and�
determine
�

gS M in sucha way that the only nonzeroelement
h
¢

n� ,n�IH 2M in
V

this column becomes zero. This leads to
gS M

2
8KJ

V2
8

M
L so� that gS M

LNMPOPQ V2
8

M
L .

Let usassumefor a momentthat thepotentialis quadratic
(
�
M
¸�R

1). In this casewe calculategS 0
S from
M

theconditionthat
the
K

remainingnonzeroelementh
¢

n� ,n�IT 1 in the (nAVU 1)th row
equals� zero.As a result,the eigenvalueproblem W 23

=�X
with2 a

square� matrix is obtained.We seethat the problem of the
quadraticY oscillatorscanbe solvedeasily.

For
Z

quartic and higher-order potentials (M
¸�[

2,3,
=

. . . ),
however, we get more nonzero elementsin the columns
j
¿2\

nA�] 2
=

M
¸_^

1, . . . ,nA�` 1 than in the caseof the quadratic
oscillators.@ In this case,gS M a 1 ,/ ..., gS 0

S must be determined
from
M

the condition that the columns j
¿2b

nAVc 2
=

M
¸�d

1,nAe
2
=

M
¸�f

2
=
,..., nA�g M

¸
are� linearly dependenton the columns

j
¿2h

0
�
,..., nA of@ the matrix h

¢�i
E. To reducethe numberof

linearly
�

independentcolumnsof h
¢

,/ we mustcontinueto in-
troduce
K

some constraintson the potential coefficientsthat
were2 arbitrary until now. Considering the columns
j
¿Fj

nA�k M
¸_l

1, . . . ,nA�m 1 we cancalculateVM
Lon

1 ,/ ..., V1 as� a
functionof VM

L ,/ ..., V2
8

M
L . Solvingthentheremainingprob-

lem p 23q with2 the squarematrix r h¢ i j s ,/ i
?
,/ j¿Ft 0

�
,..., nA we2 can

find the solution in the form u 22v . We seethat the analytic
solution� in the form w 22x exists� for nonquadraticpotentials
only@ if additionalconstraintson thepotentialcoefficientsare
introduced.

W
c

e note that, in general,the valuesof gS 0
S ,/ ..., gS M

L and�
V1 ,/ ..., VM y 1 depend

�
on theenergy E and� nA . For nA�z 0,

�
we

canT find only oneanalyticalsolutionwith the corresponding
valuesa of gS 0

S ,/ ..., gS M and� V1 ,/ ..., VM { 1 . Thenwe canget
analytical� solutions for nA�| 1, etc. Thus, the solutions are
obtained@ in certainmultipletscorrespondingto differentval-
uesì of nA . Our nA correspondsT to thequantumnumbernA of@ the
harmonic oscillator for which the matrix h

¢
canT be easily

diagonalized
�

and the energies En�~} (2
�

nA�� 1)gS 1 � gS 0
S2����� (

�
nA�� 1/2) areobtained.

In general,the bestchanceto find the analyticalsolution
is
V

for nA�� 0
�

when the matrix h
¢

reduces� to one row. The co-
efficients� gS mO are� then given by equations h

¢
0
S

j
±#� 0,
�

j
¿2�

2
=

M
¸

,/ ..., M
¸

and� the potential constraintsfollow from
h
¢

0
S

j
±�� 0,
�

j
¿F�

M � 1, . . . ,1. The ener� gy equalsE � h
¢

00
S and� the

correspondingT wave function is � (
�
x� )
���

gS (
�
x� )
�
. With increas-

ing nA and� M ,/ theorderof theproblemandcomplexityof the
potential� constraintsincreaseandthe chanceto find explicit
analytic� expressionsfor the energies and wave functions is
lower. In generalcase,a numericalsolution of the problem�
23� is necessary.

Let
�

usdiscussnow thecaseof theanharmonicandMorse
oscillators.@ For the anharmonicoscillatorswe put f

R
(
�
x� )
���

x� ,/
f
R

mO���� mO ,0 and� for the generalizedMorse oscillatorswe use
f
R

(
�
x� )
���

1 � exp(� � x� ),
�

f
R

0
SI� 1,f

R
1 �P� 1 and f

R
mO�� 0

�
otherwise.

The
�

potentialis assumedin the form � 24
=� 

. As follows from
our@ discussiongiven above,analyticalsolutionsfor the an-
harmonic
¡

oscillators exist only if M
¸

is
V

odd, i.e., if
2M ¢ 4k

£2¤
2, wherek

£
is an integer. On the otherhand,ana-

lytical
�

solutionsfor the generalizedMorse oscillatorsexist
for anyM . Theway to solvetheproblem ¥ 23¦ is thesamefor
both
J

typesof oscillators.First, we choosenA from
M

the range
nA�§ 0,1,

�
. . . . Then

�
we solve the equationh

¢
n� ,n�~¨ 2M © 0

�
lead-

ing to gS M
L28Nª V2M . After thatwe continuewith thesolutionof

the
K

equationsh
¢

n� ,n�I« i ¬ 0,
�

i
?#

2M ® 1, . . . ,M ,/ which yield
gS M ¯ 1 ,/ ..., gS 0

S as� a functionof VM ,/ ..., V2M . Consequently,
all� thecoefficientsgS mO are� determinedandall columnsof the
matrix h

¢
,/ j
¿F°

nA�± 2M ,/ ..., nA�² M are� equalto zero.Thenwe
continueT with the columns j

¿2³
nAV´ M
¸�µ

1, . . . ,nA�¶ 1 and de-
termine
K

the correspondingconstraintson the potentialcoef-
ficients
Y

VM
Lo·

1 , . . . ,/ V1 . The total numberof the nonzeroco-
efficients� gS mO (

�
M ¸ 1) plus the number of the potential

constraintsT (M
¸_¹

1) equals2M
¸

. If the potentialis even,the
numberof the constraintsreducesto one-half.

A less generaldiscussionwas performedin º 8¥�» for the
anharmonic� oscillatorswith the evenpotential.

The
�

discussiongivenaboveshowsthatall theanalytically
solvable� problemswith the wave function in the form of a
finite linear combination ¼ 3m�½ havethe samealgebraicstruc-
ture
K

givenby thematrix ¾ 21
=�¿

. If thefunction f
R

is
V

changedthe
general` discussionregardingh

¢
,/ gS ,/ gS mO ,/ andVmO remains� the

same.� Assuming that the potential coefficients VmO ,/
mU�À M

¸
,/ ..., 2M

¸
remain� unchangedfor new f

R
we2 get new

valuesa of gS mO and� potential constraints on VmO ,/
mU�Á 1, . . . ,M

¸_Â
1. However, becauseof theintegrationin Eq.Ã

20
=�Ä

,/ the function gS and� the wave function Å canT change
considerablyT .

IV. QUARTIC ANHARMONIC OSCILLATOR

The
�

potentialhasthe form

V Æ x�ÈÇ�É V1x�ËÊ V2
8 x� 2 Ì V3

� x� 3
�~Í

V4
Î x� 4,/ V4

Î~Ï 0
�

correspondingT to M
¸�Ð

2.
=

AssuminggS mO�Ñ 0
�

for mU�Ò 0,1,2
�

and
f
R

(
�
x� )
��Ó

x� the
K

matrix h
¢

equals�

h
¢

mO ,mO�Ô i Õ×Ö mUÙØ mU�Ú 1 ÛÝÜ i, Þ 2 ß 2mgU 0
S�à

i, á 1 âäã 2mgU 1 å gS 0
S28~æ gS 1 çÝè i,0é�ê

2
=

mgU 2
8~ë 2
=

gS 1gS 0
SIì 2
=

gS 2
8~í V1 îÝï i,1ðäñ�ò 2

=
gS 2
8 gS 0
SIó gS 1

2 ô V2
8öõÝ÷

i,2øäù#ú 2
=

gS 1gS 2
8~û V3

�öüÝý
i,3þäÿ�� gS 2

2 � V4
Î����

i,4 .
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First
Z

we discussthegroundstatecorrespondingto nA�� 0.
�

The
most� simplewavefunctionwith no nodesis givenby theleft
eigenvector� cj mO
	�� mO ,0 so� that  (

�
x� )
���

gS (
�
x� )
�
. To find � it is

sufficient� to find gS mO and� the potentialconstrainton V1 for
which2 h

¢
0,
S

i � 0,
�

i
?��

4
v
,..., 1. Two possible� solutionsof these

equations� areasfollows. The coefficientsgS mO are� given by

gS 2 ��� � V4,/ gS 1 � V3
� /
���

2gS 2 � ,/ gS 0
S���� V2  gS 1

2 ! /��" 2gS 2 #
and� the potential constraint giving V1 as� a function of
V2 ,/ ..., V4 is

V
V1 $ 2

=
gS 1gS 0

S�% 2
=

gS 2
8 .

The energy E equals�
E
('&

h
¢

00
S)( gS 1 * gS 0

S28 .

It caneasilybe verified that both functions

+-,
x�/.10 gS32 x�54�6 exp�87�9 gS 0

S x�;: gS 1x� 2/2
�=<

gS 2
8 x� 3
�
/3
�?> @

25
=BA

for
M

gS 2
8�C�D�E V4

F satisfy� the Schrödinger
�

equation G 1H . How-
ever� , they diverge for x�;IKJ or@ x�;LNM=O ,/ as concludedin the
previous� section.

For the highermultipletsnAQP 0
�

the situationis analogous.
W
c

e seethereforethat the wave functionsof the quartic an-
harmonic oscillator cannot have the form R 22S with2 gS (

�
x� )
�

given` by Eq. T 25U .
V
V

. SEXTIC ANHARMONIC OSCILLATOR

The potentialis assumedin the form

V W x�/X�Y V1x�-Z\[�[�[�] V6
^ x� 6
^
,/ V6

^�_ 0.
�

Assuming
ë

further gS mO
` 0,
�

mUba 0
�
,..., 3 the matrix� h

¢
becomes
J

h
¢

mO ,mO
c i dfe mUhg mUji 1 k�l i, m 2 n 2mgU 0
Spo

i, q 1 r�s 2mgU 1 t gS 0
S2 u gS 1 v�w i,0x�y

2
=

mgU 2
8�z 2
=

gS 1gS 0
S|{ 2
=

gS 2
8�} V1 ~�� i,1��� 2= mgU 3

��� 2
=

gS 2
8 gS 0
S|� gS 1

2
8��

3
m

gS 3
�|� V2

8����
i,2�����

2gS 3
� gS 0
S|� 2gS 1gS 2 � V3

�����
i,3����� 2gS 1gS 3

�|� gS 2
82 � V4 ��� i,4����� 2gS 2gS 3

��� V5
�����

i,5����� gS 3
�2   V6

^�¡�¢
i,6 .

A. n£Q¤ 0
¥

The valuesof gS mO and� the potentialconstraintsare found
by
J

solving successivelyh
¢

0
S

j
±�¦ 0,
�

j
¿¨§

6
�
,..., 1.

The coefficientsgS mO equal�
gS 3
��©�ª V6

^ ,/ gS 2 « V5
� /
��¬

2gS 3
�� ,/ gS 1 ®�¯ V4 ° gS 2

828�± /��² 2gS 3
��³ ,/

gS 0
S�´�µ V3

�|¶ 2gS 1gS 2
8�· /��¸ 2gS 3

��¹ ,/ º 26»
where2 the ¼ sign� before ½ V6

^ follows from the boundary
conditionsT at x�;¾N¿=À . Theseequationsfor gS mO are� alsovalid
for
M

all the highermultipletsnAQÁ 1,2, . . . .
The coefficients V3

� ,/ ..., V6
^ canT be arbitrary. Two re-

mainingcoefficientsaregiven by the potentialconstraints

V1 Â 2
=

gS 1gS 0
S|Ã 2
=

gS 2
8 ,/ V2

8|Ä gS 1
2
8|Å

2
=

gS 2
8 gS 0
S|Æ 3
m

gS 3
� .

The correspondingenergy andwavefunction equal

E
('Ç

h
¢

00
S)È gS 1 É gS 0

S28
and�

Ê-Ë
x�/Ì�Í exp�8Î�Ï gS 0

S x�;Ð gS 1x� 2
8
/2
�ÒÑ

gS 2x� 3
�
/3
�ÒÓ

gS 3
� x� 4
F
/4
�?Ô

.

This
�

function hasno nodesandis thereforethe ground-state
wave2 function.We seethattheanalyticsolutionexistsfor the
asymmetric� potential with general potential coefficients
V3
� ,/ ..., V6

^ . In Õ 8¥pÖ ,/ the solutionswere found for the even
potential� only.

In a specialcaseof the evenpotential,

V × x�5Ø�Ù V2x� 2
8|Ú

V4x� 4
F|Û

V6
^ x� 6
^
,/

much� moresimpleformulasareobtained,

V2
8�Ü V4

F28 /�ÞÝ 4V6
^�ß1à 3

m�á
V6
^ ,/

E
('â

V4
F /
�Þã

2
=Qä

V6
^�å ,/

and�
æ;ç

x�5è�é exp�ëê�ì V4x� 2
8
/
�Þí

4
vQî

V6
^�ï�ð�ñ V6

^ x� 4
ò
/4
�ôó

.

This result hasonemoreparameterthan the examplegiven
in
Vöõ

1÷ . Theseequationsgive the ground stateof the sextic
double-well
�

potential.If V4 ø 0,
�

the energy E lies below the
maximum� of thepotentialat x�;ù 0

�
andthewavefunctionhas

two
K

maximaat x�;ú�û�ü ý V4
ò /(2
�

V6
þ ).�

B. nÿ�� 1

In this case,we solvesuccessivelythe equations

�
m��� 0
S

1

c� m��� h¢ m j�	� E 
 m j���� 0
� �

27�
for j

¿��
7
�
,..., 0. First we solve these equations for

j
¿��

7
�
,..., 4. This

�
leads to Eqs. � 26

���
. Then, Eq. � 27

���
for
�

j
¿��

3
 

gives

V2
!#" g$ 1

2
!&%

2g$ 2
! g$ 0
S#' 5
(

g$ 3
) .

Assuming
*

for simplicity c� 1 + 1 we get from Eq. , 27
�.-

for
�

j
¿�/

2

c� 0
S&021 h

3
12/
�
h
3

02
S5476 V1 8 2g$ 1g$ 0

S&9 4g$ 2 : /�<; 2g$ 3
)>= .
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Then we solve two equationsfollowing from Eq. ? 27@ for
j
¿�A

0
�

and j
¿�B

1 andget the cubic equationfor V1

V1
3
)#C7D

10g$ 2 E 6
F

g$ 1g$ 0
S>G V1

2 H7I 32
 

g$ 2
!2 J 4g$ 1g$ 3

)#K 12g$ 1
2g$ 0
S2

L 40g$ 1g$ 0
S g$ 2
!>M V1 N 32

 
g$ 2
!3)#O 8
P

g$ 3
)2! g$ 0
S#Q 8
P

g$ 1
3
)
g$ 0
S3)&R 64
F

g$ 1g$ 0
S g$ 2
!2!

S 8
P

g$ 1
2g$ 0
S g$ 3
)#T 16g$ 1g$ 2g$ 3

)#U 40
V

g$ 1
2g$ 0
S2g$ 2 W 0.

�
Thus,dependingon thevaluesof V3

) ,X ..., V6
þ ,X we cangetup

to
Y

threerealvaluesof V1 for
�

which theanalyticalsolutionof
the
Y

Schrödinger
Z

equationexists.The correspondingenergy
obtained[ from Eq. \ 27

�.]
for
�

j
¿�^

0,1
�

equals

E
_a`7b

V1
2 c7d 6F g$ 2

!&e 4
V

g$ 1g$ 0
S>f V1 g 4

V
g$ 1

2g$ 0
S2 h 12g$ 1g$ 0

S g$ 2
!#i 8
P

g$ 2
2

j
6
F

g$ 1g$ 3
)#k 2g$ 0

S2! g$ 3
)ml /�<n 2g$ 3

)>o
andp the wavefunction isqsr

xtvu�w7x c� 0
S#y c� 1xtvz exp{}|m~ g$ 0

S xts� g$ 1xt 2/2
���

g$ 2
! xt 3
)
/3
���

g$ 3
) xt 4/4
���

.

This function hasone nodeand representsthe first excited-
state� wavefunction.

In a specialcasec� 0
S&� 0
�

a more simple result with three
potential� constraintsinsteadof two is obtained.Thepotential
constraints� are

V1 �2� 4
V

g$ 2
! ,X V2

!&�2� 5
(

g$ 3
)#� g$ 1

2 ,X V3
)&� 2
�

g$ 1g$ 2
! .

The
�

last constraint leads to g$ 0
S&� 0.
�

The energy and wave
function with onenodecorrespondingto this potentialequal

E
_��

3
 

g$ 1

andp
�s�

xtv��� xt exp{���� g$ 1xt 2
!
/2
���

g$ 2xt 3
)
/3
���

g$ 3
) xt 4
ò
/4
���

. � 28�
In
 ¢¡

8
P�£

,X a specialanalytic solution correspondingto Eq.¤
28
�.¥

for
�

theevenpotentialwasgiven. In this paper, we have
found solutionsfor a moregeneralasymmetricpotential.

C. nÿ�¦ 2
§

General
+

discussionleads to rather complicatedexpres-
sions� thatwill not begivenhere.We discussonly thespecial
case� c� 0

S#¨ 0,
�

c� 1 © 0,
�

c� 2 ª 0.
�

Analyzing the equations

«
m��¬ 0
S

2

c� m�� h3 m j�	® E
_°¯

m j��±�² 0,
�

j
¿�³

0
�
,..., 8 ´ 29

�.µ

we¶ getconditionsg$ 0
S#· g$ 2

!&¸ 0.
�

It follows from theseequations
that
Y

the potentialV(
¹
xt )
º

mustbe even,

V » V2xt 2
!#¼

V4xt 4
ò&½

V6
þ xt 6
þ
.

The sameform of the potentialalsowill be assumedfor the
higher
¾

-ordermultiplets.Becauseof the symmetryof the po-
tential
Y

the numberof potentialconstraintsreducesto one,

V2 ¿ g$ 1
2
!#À

7
�

g$ 3
) .

There
�

aretwo energies,

E ÁÃÂ 3
 

g$ 1 Ä 2 Å g$ 1
2
!#Æ

2g$ 3
)

andp wavefunctions

ÇÉÈÃÊ
xtvË�Ì7Í 1 Î7Ï g$ 1 Ð E

_�Ñ�Ò
xt 2/2
�ÔÓ

exp{}ÕmÖ g$ 1xt 2/2
��×

g$ 3
) xt 4/4
��Ø

solving� the Schrödinger
Z

equationin this case.The Ù sign�
denotes
Z

the ground state Ú the
Y

wave function ÛÉÜ has no
nodesÝ Þ . The ß sign� denotesthe secondexcited state à the

Y
wave¶ function hastwo nodesá . We alsoseethat E

_�â�ã
E ä .

D. nÿ�å 3
æ

Now
ç

we searchfor a specialsolution of Eq. è 14é corre-�
sponding� to c� m��ê 0

�
for mëíì 1,3 î the

Y
solution with the odd

parity� ï andp the evenpotential.We get the following result:

V2
!&ð g$ 1

2
!#ñ

9
ò

g$ 3
) ,X

E
_�óÃô

5
(

g$ 1 õ 2
�Ãö

g$ 1
2 ÷ 6
F

g$ 3
)

andp
øÉùûú

xtýü�þ xt ÿ 1 ��� 3 g$ 1 � E
_����

xt 2/6
�
	

exp{��� g$ 1xt 2/2
���

g$ 3
) xt 4/4
���

.

The � sign� denotesthefirst excitedstate � the
Y

corresponding
wave¶ function hasonenode� . The � sign� denotesthe third
excited{ state � the

Y
wavefunction hasthreenodes� .

E. Higher-order multiplets for nÿ even�
The energies and wave functions correspondingto the

even{ potentialaregiven by the constraint

V2
!�� g$ 1

2
!����

2
�

nA � 3
 "!

g$ 3
)

andp eigenvaluesandeigenvectorsof the matrix

g$ 1 # 2ngA 3
) 0 0

�
0 0

$ 2 5
�

g$ 1 % � & 2
�

nA ' 4
V�(

g$ 3
) 0 0

�
0

0
� )

12 9g$ 1 *�+ 2nA , 8
P�-

g$ 3
) 0 0

�
././. ././. ././. ././. ././. .�./.
0
� 0/0/0

0
� 1�2

nA 3 2
��465

nA 7 3
 "8:9

2
�

nA ; 3
 "<

g$ 1 = 4
V

g$ 3
)

0
� >/>�>

0 0
� ?

nAA@ nA B 1 C E D2
�

nA F 1 G g$ 1

.

The
�

left eigenvectorsof this matrix with the componentsc� 0
S ,X c� 2
! ,X ..., c� nH giveI nA /2

�KJ
1 evenwavefunctions
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PRQ
xtTSVUXW

m�ZY 0
[

nH /2
\

c� 2
!

m� xt 2m� exp{�]�^ g$ 1xt 2/2
��_

g$ 3
) xt 4/4
��`

.

F. Higher-order multiplets for nÿ odd

Again,
*

we assumethe evenpotential.The energiesandwavefunctionscorrespondingto the potentialconstraint

V2
!�a g$ 1

2 b�c 2� nd e 3
 "f

g$ 3
)

arep given by the eigenvaluesandeigenvectorsof the matrix

3
 

g$ 1 g�h 2nd i 2 j g$ 3
) 0 0

�
0 0

k 6 7
F

g$ 1 l n m 2nd o 6
F�p

g$ 3
) 0 0

�
0

0
� q

20
�

11g$ 1 rns 2
�

nd t 10u g$ 3
) 0 0

�
v�v/v v/v/v v/v/v v/v/v v�v/v v/v/v
0
� w/w/w

0
� x�y

ndAz 2 {}| nd ~ 3
 ����

2nd � 3
 ��

g$ 1 � 4g$ 3
)

0
� �/�/�

0 0
� �

nd�� nd � 1 � � �2
�

nd � 1 � g$ 1

.

The
�

left eigenvectorsof this matrix with the componentsc� 1 ,X c� 3
) ,X ..., c� nH giveI (nd � 1)/2 odd wavefunctions:

���
xt��V� �

m�Z� 0
[

�
nH�� 1 � /2\

c� 2
!

m�Z� 1xt 2m�Z� 1exp{���� g$ 1xt 2/2
�K�

g$ 3
) xt 4/4
���

.

VI. HIGHER-ORDER ANHARMONIC OSCILLATORS

As shownin Sec.III, analyticallysolvableanharmonicoscillatorsareonly thosewith thehighest-orderterm xt 4
ò

k
 6¡

2
!
,X where

k
£

is
¢

an integer.
The
�

solutionof the problemof the higher-orderoscillatorsis analogousto that for the sexticoscillator. As an examplewe
consider� the decadicoscillatorwith

V £ V1xtR¤¦¥�¥�¥n§ V10x
t 10,X V10̈ 0.

�
Assuming
*

g$ m�Z© 0
�

for mª¬« 0
�
,..., 5 the matrix h

3
has
¾

the form

h
3

m� ,m�Z® i ¯±° mª³² mª¬´ 1 µ}¶ i, · 2 ¸ 2
�

mgª 0
[º¹

i, » 1 ¼�½ 2� mgª 1 ¾ g$ 0
[2 ¿ g$ 1 À}Á i,0Â�Ã

2mgª 2
!�Ä 2g$ 1g$ 0

[�Å 2g$ 2
!�Æ V1 Ç}È i,1É�Ê 2mgª 3

)�Ë 2g$ 2
! g$ 0
[�Ì g$ 1

2
!�Í

3
 

g$ 3
)�Î V2

!ÐÏÐÑ
i,2Ò�Ó

2
�

mgª 4 Ô 2
�

g$ 3
) g$ 0
[�Õ 2
�

g$ 1g$ 2 Ö 4
V

g$ 4 × V3
)ÐØ}Ù

i,3Ú�Û 2� mgª 5
Ü�Ý 2
�

g$ 1g$ 3
)�Þ 2
�

g$ 4g$ 0
[�ß g$ 2

2 à 5
(

g$ 5
Ü�á V4 â}ã i,4ä�ånæ

2g$ 1g$ 4 ç 2g$ 2g$ 3
)�è 2g$ 5

Ü g$ 0
[�é V5

ÜÐê}ë
i,5ì�ínî 2g$ 1g$ 5

Ü�ï 2g$ 2g$ 4 ð g$ 3
)2!�ñ V6

þÐòÐó
i,6ô�õnö

2
�

g$ 3
) g$ 4
ò�÷ 2
�

g$ 2
! g$ 5
Ü�ø V7

ùÐú}û
i,7ü�ýnþ 2

�
g$ 3
) g$ 5
Ü�ÿ g$ 4

2 � V8
���

i,8����� 2
�

g$ 4
ò g$ 5
Ü
	 V9

����
i,9����� g$ 5

Ü2 � V10��� i,10.

Solving
�

equationsh
3

n� ,n��� i � 0
�

for i
���

10, . . . ,5 the following
�

values� of g$ m� arep obtained:

g$ 5
Ü�� � ! V10,X g$ 4 " V9

� /
#%$

2g$ 5
Ü�& ,X g$ 3

)
'�( V8 ) g$ 4
ò2 * /#,+ 2g$ 5

Ü- ,X
g$ 2
!�.�/ V7

ù
0 2
�

g$ 3
) g$ 4
ò1 /#,2 2� g$ 5

Ü3 ,X g$ 1 4�5 V6
þ�6 g$ 3

)2 7 2
�

g$ 2
! g$ 4
ò�8 /#,9 2� g$ 5

Ü:
andp

g$ 0
[
;�< V5

Ü�= 2g$ 2g$ 3
)�> 2g$ 1g$ 4 ? /#%@ 2g$ 5

ÜA .
Similarly
�

to the sextic anharmonic oscillator we take
g$ 5
Ü
B C V10. Thesevaluesare the samefor all the multiplets.

Let us considerfor examplendED 0.
�

Then, the potentialcon-
straints� following from h

3
0,
[

i F 0,
�

i
�,G

4
V
,..., 1 are

V1 H 2g$ 1g$ 0
[
I 2g$ 2 ,X V2 J 2g$ 2g$ 0

[
K 3
 

g$ 3
)�L g$ 1

2 ,X
V3
)�M 2g$ 3

) g$ 0
[�N 2g$ 1g$ 2 O 4g$ 4 ,X

V4
ò
P 2g$ 1g$ 3

)�Q 2g$ 4
ò g$ 0
[�R 5
(

g$ 5
Ü
S g$ 2

!2! .

Again, theanalyticsolutionexistsfor theasymmetricpoten-
tial.
Y

The ground-statewave function of the singlet ndET 0 i
�

s
givenI by

UWV
xtYX[Z exp{ \^]

m�`_ 1

6
þ

g$ m�`a 1xt m� /
#
mb .

The
�

correspondingenergy equals
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E
_dc

g$ 1 e g$ 0
[2 .

Results
f

for the higher-order multiplets are analogousto
those
Y

for the sexticoscillatorandwill not be given here.

VII.
g

QUADRATIC MORSE OSCILLATOR

The Morseoscillator h 10i with¶ the potential

V j rk[l[m D
npo

1 q exp{sr�t�u rkwv rk 0
[x /y az|{~} 2! �

30
 ��

is of considerableinterestin molecularphysics.In this paper,
we¶ use the variable xt�� (

�
rk�� rk 0

[ )/� az andp discussgeneralized
Morsepotentialsin the form

V � xtY�����
i � 1

2
!

M
�

V i � 1 � exp{���� xtY�%� i. � 31
 ��

Such
�

potentialsare more generalthan the original Morse
potential� andcandescribe,for example,potentialswith reso-
nanceswhenthebarrierhigherthanthevalueof thepotential
atp xt���� exists.{ As we pointedout in Sec.III, in caseof the
generalizedI Morse oscillators we are not limited by the
2
�

M
�^�

4
V

k
� �

2
�

rule valid for the anharmonicoscillators and
M can� be an arbitrarypositive integer.

W
¡

e take now f
¢

(
�
xt )
�[£

1 ¤ exp({ ¥ xt )� so that f
¢

0
[
¦ 1,f

¢
1 § ¨ 1,

andp f
¢

m�`© 0
�

otherwise.
First
ª

we discussbriefly the quadraticMorse oscillator
with¶ the potential

V « V1 ¬ 1  exp{�®�¯ xt±°,²´³ V2
!
µ 1 ¶ exp{�·�¸ xt±¹%º 2,X V2

!
» 0,
� ¼

32
 �½

which¶ is equivalentto the original Morsepotential ¾ 30
 �¿

.
For
ª

the quadraticMorse oscillator (M
�^À

1) thereare no
potential� constraintsso that all the multiplets ndEÁ 0,1,

�
. . .

belong
Â

to the samepotential.
Assumingg$ m�`Ã 0

�
for mÄÆÅ 1 the matrix h

3
becomes
Â

h
3

m� ,m�`Ç i È É mÄËÊ mÄÆÌ 1 Í�Î i, Ï 2 Ð mÄËÑ 2mÄÆÒ 1 Ó 2g$ 0
[ÔÕ

i, Ö 1

×�Ø�Ù
mÄËÚ mÄÆÛ 2g$ 0

[�Ü 2g$ 1 Ý�Þ g$ 1 ß g$ 0
[2!�à�á

i,0

â�ã�ä
g$ 1 å 2� mÄÆæ 2

�
g$ 0
[
ç 1 è[é V1ê�ë i,1ì�í V2

!
î g$ 1
2 ï�ð

i,2 .

T
�
aking into accountthe expressionfor g$ (

�
xt ),
�

g$òñ xt±ó[ô exp{ õ ö g$ 0
[
÷ g$ 1f

¢ùø
xt±ú,û dx
ü ý

exp{�þ�ÿ�� g$ 0
[�� g$ 1 � xt

� g$ 1exp{��	� xt�
�
the
Y

value

g$ 1 � � V2
!

mustbe taken.Similarly, to geth
3

n� ,n��� 1 � 0
�

for a givennd ,X the
value�

g$ 0
[�� V1 /

y�
2g$ 1 ��� 1/2� nd

mustbeused.In contrastto theanharmonicoscillators,g$ 0
[ is

ap function of nd . In order to get boundstatesthe wavefunc-
tion
Y �

mustbe finite for xt���� � . It follows from

!#"
xt�$�%'&

m�)( 0
[

n�
c� m�)* 1 + exp{�,.- xt0/21 m� g$43 xt05

that
Y

to fulfill theseboundaryconditionsthe relation

g$ 0
[�6 g$ 1 7 0

�
must bevalid. Takinginto accounttheform of g$ 0

[�8 g$ 0
[ (� nd ) w
�

e
see� that thereis a maximumvalueof nd:9 nd max; for which the
boundary
Â

conditionsareobeyed.We get

nd max;=<?> V1 /
y2@

2
�

g$ 1 A�B 1/2C g$ 1D ,X
where¶ EGF denotes

Z
the integer part. Therefore,only a finite

numberÝ of boundstatesfor ndIH 0
�
,..., nd max; exists.{ Thereare

no boundstatesfor V1 /(2
y

g$ 1)
��J

1/2K g$ 1 L 0.
�

T
�
o get the eigenvalueswe assumeh

3
n� ,n��M 1 N h

3
n� ,n��O 2

!�P 0
�

for
ap given nd andp makeuseof the summationrule

Q
i

h
3

m� ,m�)R i S�T 2� ndIU 1 V g$ 1 W g$ 0
[2 .

This
�

equationshowsthat the energies

E
_

n��X�Y 2� ndIZ 1 [ g$ 1 \ g$ 0
[2 ]�^ 2� ndI_ 1 ` g$ 1 a�b V1 /

yc
2
�

g$ 1 d�e�f ndIg 1/2hi 2j
33
 lk

arep the eigenvaluesof the matrix m h3 i j n ,X i
o
,X jprq 0

�
,..., nd since�

the
Y

columnsof the matrix s h3 i j tvu E
_

,X i
o
,X jpxw 0

�
,..., nd arep lin-

early{ dependent.It is worth noting that, exceptfor the ex-
pression� for g$ 0

[ ,X Eq. y 33
 {z

is
¢

thesameasthatfor theenergy of
the
Y

harmonicoscillatorwith the potentialV | V1xt#} V2xt 2
!
.

T
�
o getcorrespondingc� m� we¶ solveEq. ~ 23

�{�
,X leadingto the

following systemof recurrenceequations:

c� n��� 1,

c� n��� 1h
3

n��� 1,n��� c� n��� h3 n� ,n��� E
_����

0,
�

c� n��� 2
! h3 n��� 2,

!
n��� 1 � c� n��� 1 � h3 n��� 1,n��� 1 � E

_����
c� n� h3 n� ,n��� 1 � 0,

���
34
 {�

c� i � 1h
3

i � 1,i � c� i � h3 i,i � E
_��� 

c� i ¡ 1h
3

i ¢ 1,i £ c� i ¤ 2
! h3 i ¥ 2,

!
i ¦ 0,
�

i
o2§

ndI¨ 2, . . . ,1,

c� 0
[ª© h3 0,0

[¬« E �® c� 1h
3

10̄ c� 2h
3

20° 0.
�

It
 

canbe shownthat the resultsof this sectionagreewith
known resultsfor the standardMorseoscillatorwith the po-
tential
Y ±

30
 l²

.

VIII. QUARTIC MORSE OSCILLATOR

Now
³

we discussthe quartic oscillator with the potential´
31
 {µ

for
�

M
��¶

2.
�

For thequarticandhigher-orderMorseoscil-
lators,
·

we write the function g$ asp

g$:¸ xt�¹�º exp{ »'¼
m�)½ 0
[

M
�

g$ m� G
¾

m�I¿ xt0À ,X
where¶
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G
¾

m�IÅ xt�ÆÈÇ É 1 Ê f
¢:Ë

xt�ÌÍ m� dx
ü

.

These
�

functionsequalfor the quarticoscillator

G
¾

0
[ªÎ xt0Ï�Ð xt ,X G

¾
1 Ñ xt�Ò�Ó xt�Ô exp{�Õ	Ö xt0× ,X

G
¾

2
!ªØ xt�Ù�Ú xt�Û 2

�
expÜ.Ý xt0Þ�ß exp{�à.á 2

�
xt0â /2.
y

The
�

matrix h
3

for
�

the quartic oscillator is given by the
formula
�

h
3

m� ,m�)ã i ä?å mÄçæ mÄéè 1 êìë i, í 2 î�ï 2mð 2
!�ñ

mðéò 2mgð 0
[ôóìõ

i, ö 1 ÷�ø	ù mð 2
!�ú

2mgð 0
[�û 2mgð 1 ü g$ 0

[2!�ý g$ 1 þìÿ i,0�����
2
�

mgð 1 � 2
�

mgð 2
!�� 2
�

g$ 1g$ 0
[�� 2
�

g$ 2
!�	 g$ 1 
 V1 �� i,1����� 2

�
mgð 2
!�� 2
�

g$ 2
! g$ 0
[�� g$ 1

2 � 2
�

g$ 2
!�� V2

!���
i,2�����

2g$ 1g$ 2 � V3
)���

i,3 �!�" g$ 2
!2 # V4 $% i,4 .

Solving
�

successivelyh
3

n� ,n��& i ' 0,
�

i
o)(

4
V
,..., 2 for a givenI nd we¶

getI the coefficientsg$ m� :

g$ 2
!�*,+,- V4

. ,X g$ 1 / V3
) /
y)0

2g$ 2
!�1 ,X

g$ 0
[�2�3 V2

!�4 g$ 1
2
!�5

/
y76

2
�

g$ 2
!�8:9 nd<; 1. = 35

 ?>
To get boundstates,we take

g$ 2 @,A,B V4,X
where¶ V4 C 0.

�
A further obviouscondition for the existence

of[ the boundstatesis

g$ 0
[�D g$ 1 E g$ 2 F 0.

�
The
�

expressionfor themaximumnd givingI theboundstatesis
asp follows:

nd maxG�H)I V2 J g$ 1
2
!�K

/
y7L

2g$ 2 M:N 1 O g$ 1 P g$ 2Q .
If the argumentof the integerpart is less than or equal to
zero,thereareno boundstates.

Assuming that nd is given, the summationrule for the
quarticR Morseoscillatorequals

S
i

h
3

m� ,m�UT i V 2
�XW

nd<Y 1 Z g$ 2
!�[ g$ 0

[2 \ 2
�

g$ 1g$ 0
[�] V1 .

Similarly
�

to the caseof the quadraticMorse oscillator, this
equation{ showsthat the energiesof the quarticMorseoscil-
lator
·

equal

En��^ 2 _ nd<` 1 a g$ 2 b g$ 0
[2 c 2g$ 1g$ 0

[�d V1 . e 36
 ?f

A. ng<h 0
i

For
j

nd<k 0,
�

we solve the conditionh
3

01
[ml 0

�
andget the po-

tential
Y

constraint

V1 n 2
�

g$ 1g$ 0
[�o 2
�

g$ 2
!�p g$ 1 .

The energy andground-statewavefunctionsaregiven by

E q h
3

00
[mr g$ 1 s g$ 0

[2! t
37
 ?u

andp

vxw
xtzy:{ exp{ |~}

m�U� 0
[

2
!

g$ m� G
¾

m�<� xtz� . � 38
 ��

B.
�

ng<� 1

For nd<� 1 we proceedsimilarly asin thecaseof thesextic
anharmonicp oscillator. Thesystemof equations� 27

�?�
must be

fulfilled for j
p��

5
(
,..., 0. The equations{ for j

p��
5,4,3
(

arevalid
because
Â

of � 35
 ?�

. Assumingc� 1 � 1, we calculatec� 0
[ from
�

Eq.�
27� for j

���
2

c� 0
[������ V1 � 3

 
g$ 1 � 4g$ 2 � 2g$ 1g$ 0

[�� /y)� 2g$ 2 � .
Equation � 27� for j

�� 
1 givesthe potentialconstraint

V1 ¡,¢ 4g$ 2 £ 2g$ 1 ¤ 2g$ 1g$ 0
[�¥�¦ g$ 1

2
!�§

4g$ 2g$ 0
[�¨ 2g$ 2. © 39

 ?ª
Equation « 27¬ for j

��
0
�

is satisfiedsincethe energy ® 36
 ?¯

for
nd<° 1

E ± 4g$ 2 ² g$ 0
[2!�³ 2g$ 1g$ 0

[�´ V1

is the eigenvalue.The correspondingwavefunction equals

µ·¶
xt¹¸:º¼» c� 0

[�½ c� 1 ¾ 1 ¿ exp{ÁÀ�Â xtzÃ7ÄÆÅ exp{ Ç~È
m�UÉ 0
[

2
!

g$ m� G
¾

m�<Ê xtzË .

Becauseof Eq. Ì 39
 ?Í

,X we can get two wave functions.One
function
�

hasno nodesandthe otherhasonenode.
There is also a special solution correspondingto c� m�ÎÐÏ
m� 1 . This assumptionleadsto theadditionalpotentialcon-

straint� 2g$ 0
[�Ñ 1 Ò 0 o

�
r

V2
!�Ó V3

)2! /y)Ô 4V4
.�Õ×Ö 3

 XØ
V4
. .

The energy and wave function with one nodeequal in this
case�

E
_ÚÙ

3
 

g$ 1 Û g$ 0
[2

andp
ÜxÝ

xtzÞ:ß�à 1 á exp{Áâ�ã xt¹ä7å exp{ æèç
m�Ué 0
[

2

g$ m� G
ê

m�Xë xt¹ì .
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C. ng<í 2

Similarly
�

to case ndXî 1, we solve Eq. ï 29
�?ð

for
�

j
ñóò

6
F
,..., 0. The equations{ for j

ñóô
6,5,4
F

aresatisfiedbecause
of[ Eq. õ 35

 ?ö
. Assuming c� 2 ÷ 1 we first solve Eq. ø 27ù for

j
ñóú

3
 

andthenfor j
ñ�û

2.
�

This leadsto expressionsfor c� 1 andp
c� 0
[ . Substitutingtheseexpressionsto Eq. ü 23ý for j

ñ�þ
1, we

getI the cubic equationfor V1 . The resultingexpressionsfor
V1 ,X c� 1 ,X andc� 0

[ arep complexandwill not be given here.The
ener{ gy is given by Eq. ÿ 36

 ��
andp the wavefunction equals���

xt����
	 c� 0
[�� c� 1  1 � exp{���� xt������ c� 2

!�� 1 � exp{���� xt���� 2�
 

exp{ !#"
m�%$ 0
[

2

g$ m� G
ê

m�'& xt�( .

In
 

this case,up to threeanalyticalsolutionscanbeobtained.
Thesesolutionshaveone,two, andthreenodes.

Similarly
�

to case nd*) 1 a special solution with c� 0
[�+ 0,
�

c� 1 , 0,
�

and c� 2
!.- 0
�

correspondingto two additionalpotential
constraints�

g$ 1 / g$ 2
! , 2X g$ 0

[�0 3
 *1

0
�

exists.{ Detaileddiscussionwill not be given here.

D. Higher-order multiplets

Thesolutionof Eq. 2 233 for highernd can� beobtainedin a
similar� way as describedabove.However, the results are
complex� andin generalthenumericalsolutionof Eq. 4 23

�65
is
¢

necessaryÝ .

E. Transition to anharmonic oscillator

The
�

transition from the quartic Morse potential to the
quarticR anharmonicpotentialcanbe madeif the function

f
7'8

xt�9;:=< 1 > exp{�?�@ axzBA�C /y az'D xtFE axz 2
!
/2
yHG

az 2
!
xt 3
)
/6
yHI6J�J�J

,X
where¶ az'K 0

�*L
is
¢

used.The function g$ equals{ in this case

g$'M xt�N�O exp{QPSR g$ 0
[ xtFT g$ 1 U xt /

y
az'V exp{�W�X axz#Y /y az 2 Z

[ g$ 2
!�\ xt /
y
az 2 ] 2exp̂�_ axzB` /y az 3

).a
exp{�b�c 2axzBd /y�e 2az 3

)gf�hji
.

To get finite g$ (
�
xt )
�

for xtFkmlHn we¶ use

g$ 2 o=p=q V4.

From
r

the sameconditionat xtFsut we¶ get

g$ 0
[.v g$ 1 /

y
az*w g$ 2

! /
y
az 2 x 0.

�
Using
y

the coefficients

g$ 0
[.z|{ V2 } g$ 1

2
!g~

/
y��

2g$ 2 ��� az'� nd*� 1 �
andp

g$ 1 � V3
) /
y��

2
�

g$ 2
!��

the
Y

last conditionbecomes�
V3
)2/
y��

4V4 ��� V2 � /y�� 2 � V4 ��� az'� nd*� 1 ��� V3
) /
y��

2az*� V4 �
�=�

V4/
y
az 2
!
.

For az'� 0,
�

this conditioncanbe fulfilled only for certainval-
ues� of nd ,X nd*� 0

�
,..., nd max� . It is obvious that for az*� 0

�* 
nd max is lessthanzeroandin agreementwith our conclusion
in
¢

Sec.IV thereareno boundstatesin the form assumedin
this
Y

paper.

IX. SEXTIC AND HIGHER-ORDER MORSE OSCILLATOR

For thesexticoscillatorM ¡ 3
 

andthefunctionG
ê

3
) equals{

G
ê

3
)�¢ xt�£�¤ ¥ 1 ¦ f

7¨§
xt�©�ª 3
)
dx
«¬

xt�® 3
 

exp̄�° xt�±;² 3
 

exp³�´ 2
�

xt�µ /2y
¶

exp{�·�¸ 3
 

xt�¹ /3.
y

The
�

matrix h
3

for
�

the sexticoscillator is

h
3

m� ,m�%º i »=¼ m½¿¾ m½ÁÀ 1 ÂÄÃ i, Å 2
!.Æ|Ç 2m½ 2 È m½ÁÉ 2mg½ 0

[gÊgË
i, Ì 1 Í|Î�Ï m½ 2 Ð 2m½¿Ñ g$ 1 Ò g$ 0

[gÓ�Ô g$ 0
[2!.Õ g$ 1 ÖÄ× i,0Ø|Ù�Ú

2
�

mg½ 1 Û 2
�

mg½ 2
!�Ü 2
�

g$ 1g$ 0
[.Ý 2
�

g$ 2
!�Þ g$ 1 ß V1 àÄá i,1â|ã 2� m½¿ä g$ 3

).å g$ 2
!gæ�ç 2

�
g$ 2
! g$ 0
[�è g$ 1

2 é 2
�

g$ 2
!�ê 3
 

g$ 3
).ë V2

!�ìÄí
i,2î|ï�ð

2mgñ 3
).ò 2g$ 1g$ 2 ó 2g$ 0

[ g$ 3
)�ô 3
 

g$ 3
).õ V3

)göÄ÷
i,3ø|ù�ú 2g$ 1g$ 3

).û g$ 2
!2!�ü V4 ýÄþ i,4ÿ����

2
�

g$ 2
! g$ 3
)�� V5

���
	
i,5���� g$ 3

)2 � V6
���
�

i,6 ,X

where¶ g$ m��� 0
�

for mñ�� 3
 

is assumed.
Solving
�

successivelyh
3

n� ,n��� i � 0,
�

i
���

6
F
,..., 3 we get the co-

efficients{ g$ m� for
�

a given nd
g$ 3
)������ V6

� ,X g$ 2
!� V5

� /
y"!

2
�

g$ 3
)�# ,X g$ 1 $�% V4

&�' g$ 2
2
!�(

/
y")

2
�

g$ 3
)�*

andp
g$ 0
[�+�, V3

)�- 2g$ 1g$ 2 . /y0/ 2g$ 3
)�132 nd54 3/2.

 
T
�
o get the boundstates,we take

g$ 3
)76�8 V6

� ,X
where¶ V6

��9 0.
�

Further condition for the existenceof the
bound
Â

statesis

g$ 0
[�: g$ 1 ; g$ 2

!�< g$ 3
)7= 0.
�

The expressionfor the maximumnd givingI the boundstates
equals{

nd max�?>�@0A V3
)�B 2g$ 1g$ 2

!�C /y0D 2g$ 3
)�E3F 3/2

 HG
g$ 1 I g$ 2

!�J g$ 3
)�K .

2018 53L. SKÁLA,
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If the argumentof the integerpart is less than or equal to
zero,P thereareno boundstates.

The
�

summationrule for the sexticMorseoscillator,

Q
i

h
3

m� ,m�SR i T�U g$ 0
[2!7V g$ 1

2
!�W

2g$ 1g$ 0
[7X 2g$ 2g$ 0

[7Y 2g$ 1g$ 2 Z 2g$ 3
) g$ 0
[

[
V1 \ V2 ] V3

) ,X
leads
·

to the energies

E
_

n^�_a` g$ 0
[2 b g$ 1

2 c 2
�

g$ 1g$ 0
[�d 2
�

g$ 2
! g$ 0
[�e 2
�

g$ 1g$ 2
!7f 2
�

g$ 3
) g$ 0
[7g V1 h V2

!
i

V3
) ,X

where¶ g$ 0
[7j g$ 0

[ (� nd )
�

andconstraintson V1 ,X V2
! ,X V3

) depend
Z

also
on[ nd .

For
r

example,for ndlk 0
�

we get

V1 m 2g$ 0
[ g$ 1 n 2g$ 2 o g$ 1 ,X V2 p g$ 1

2 q 2g$ 2g$ 0
[7r 2g$ 2 s 3

 
g$ 3
) ,X

V3
)7t 2g$ 1g$ 2 u 2g$ 3

) g$ 0
[�v 3
 

g$ 3
) ,X

E w g$ 1 x g$ 0
[2!

andp
y�z

xt|{3} exp{ ~��
m�S� 0
[

3
)

g$ m� G
�

m�l� xt�� .

The other calculationsfor the sextic and higher-order
Morse
�

oscillators are analogousto that for the quadratic
Morseoscillator. They will not be given here.

X.
�

CONCLUSIONS

In
 

this paper, a methodfor calculatingthe analytic solu-
tions
Y

of the Schrödinger
Z

equationsimilar to the moment
methodandtheHill determinantmethodhasbeensuggested.

First, the potential is assumed in the form V(
�
xt )
�

���
m� Vm� f

� m� ,X where f
�l�

f
�

(
�
xt )
�

is a function that must satisfy
certain� conditionsdescribedbelow. In general,the summa-
tion
Y

can also run over the negativevaluesof m� . Then, the
wave¶ functionis assumedto bea finite linearcombinationof
the
Y

functions � m�S� f
� m� g$ ,X whereg$l� g$ (

�
xt )
�

is a convenientfunc-
tion.
Y

To getanalyticalsolutions,it is assumedthattheHamil-
tonian
Y

transformsthis basisset into itself. From the last as-
sumption,� we concludethat the derivative of f

�
must be a

finite linearcombinationof f
� m� with¶ thecoefficientsf

�
m� . The

same� conditionmustbe valid for the logarithmicderivative
of[ g$ ,X i.e., g$�� /y g$ . For a given function f

�
,X the function g$ can�

easily{ be calculated from the equation g$ (
�
xt )
�

� exp({ �����
m� g$ m� f
� m� dx
�

),
�

whereg$ m� arep constants.If the last ex-
pression� and the expressionfor f

���
arep used in the Schrö-

dinger
Z

equation,a simple eigenvalueproblem � 14� with¶ the
matrix � 21� is obtained.To get theanalyticsolution,thecon-
stants� g$ m� must bedeterminedin sucha way that theanalytic
eigenvalues{ andleft eigenvectorsof this matrix exist.In gen-
eral,{ someconstraintson the potentialcoefficientsalsomust
be
Â

introduced.It appearsthat thesolutionsexist in multiplets

corresponding� to different valuesof the quantumnumbernd
of[ theharmonicoscillator. In general,differentsolutionscor-
respondto differentpotentials.

Let us assumenow that the potential has the form
V ��� m�2! M

 
Vm� f
� m� ,X V2M ¡ 0.

�
It has beenshown that the condi-

tions
Y

for g$ m� necessaryfor the existenceof boundstatesfol-
low
·

from the form of the function g$ (
�
xt )
�
. For f

�
(
�
xt )
�3¢

xt ,X ana-
lytic
·

solutions exist only for 2M
£¥¤

4
V

k
¦¨§

2,
�

where k
¦

is
¢

an
integer
¢

.
This methodis a generalizationof the approachesknown

from the momentmethodand the Hill determinantmethod
andp its mainadvantagesare © 1ª knownpropertiesof f

�
(
�
xt )
�

for
which¶ the analytical solution exist, « 2�¬ ap formula for g$ (

�
xt )
�

with¶ parametersg$ m� that
Y

can be found from the solution of
the
Y

eigenvalueproblem ® 14̄ ,X±° 3 ² ap straightforwarddiscussion
of[ the conditionsfor the existenceof the boundstates,³ 4V´ ap
unique� approachto all analyticallysolvableproblemsof this
kind leading to the matrix µ 21¶ in which only f

�
m� andp g$ m�

appearp . In this way, a commonalgebraicrepresentationfor
allp theseproblemshasbeenfound.

As the first applicationof our method,known resultsfor
the
Y

anharmonicoscillatorshavebeencritically recalculated
andp somenewresultshavebeenobtained.It hasbeenshown
that
Y

the analytic solution is possibleonly if 2M · 4k
¦¨¸

2,
where¶ k

¦
is an integer. For the sextic (k

¦±¹
1) and decadic

(
�
k
¦±º

2
�

) oscillatorsa few new solutionsfor the asymmetric
potential� V havebeengiven.

Another
*

interestingproblemis the generalizedMorseos-
cillator� , which is of interestin molecularphysics.In contrast
to
Y

the anharmonicoscillators,the analyticsolutionsexist for
anyp 2M

£
. We havediscussedanalytic solutionsfor the qua-

dratic,
Z

quartic, sextic,and higher-order oscillators.New re-
sults� havebeenfound for the quartic and higher-order gen-
eralized{ Morseoscillators.For thequarticoscillator, analytic
solutions� for the multipletsnd5» 0,1

�
andndl¼ 2 havebeendis-

cussed.� The transition from the quartic Morse oscillator to
the
Y

quartic anharmonicoscillator hasalso beenmade,con-
firming
½

our previousconclusions.For the sextic oscillator,
generalI formulas for g$ m� andp the multiplet nd5¾ 0

�
havebeen

investigated.
¢

Our
¿

methodis applicableto any problemwith the poten-
tial
Y

V andp function f
�

satisfying� assumptionsgiven above.
Generalization
À

to moredimensionsis alsopossible.
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APPENDIX
Å

It is interestingto notice that the caseof the quadratic
Morsepotential,Eq. Æ 30

 ÈÇ
,X canbe treatedusingthe algebraic
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methods.This was recognizedby many authorsand it is
described,
Z

for example,in É 22
�ÈÊ

. However, it is convenientfor
experimental{ purposesË see,� e.g., Ì 23

�ÈÍ
, pX . 8Î to

Y
considerthe

potential� in the form Ï 32
 ÈÐ

. For the algebraicapproaches,we

referÑ to the paper Ò 25
�ÈÓ

,X namely, to Eq. Ô 45
VÈÕ

. If we put ndlÖ 1,
B × V2 ,X D Ø V1 Ù 2V2 ,X b

Ú
0
[�Û 1/2Ü�Ý V2 Þ V1 ß E andpàâá

V1 ã V2
!�ä E
_�å

1/4 into Eqs. æ 42
Vèç

andp é 52
(Èê

of[ìë 24
�Èí

,X the for-
mula î 33

 èï
is obtained.
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