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A simpleandstraightforwardWKB approachto calculatingthe lifetime of quasistationarystatesin spheri-

cally� symmetricpotentialwells is suggested.Using this approach,a generalformula for the imaginarypart of
the
�

energyfor potentialsof the form V
	

(


x� )
� 

P(x� ) ��� Q(x� )—whereP(x� )
�

is the radial part of thepotentialfor
a� sphericallysymmetricharmonicoscillatorandQ

�
(


x� )
�

is an evenpolynomial—isderived.Using this formula,
the
�

usualtediousprocedureof the explicit asymptoticmatchingof the WKB andperturbativewavefunctions
is avoided,andcalculationsaresubstantiallysimplified. The leadingterm anda few correctionsof the series
for
�

the imaginarypart of the energyandthe relatedlifetime areanalyticallycalculated.
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I.
�

INTRODUCTION

In this paper,we areinterestedin calculatingthe lifetime
of� quasistationary states in the spherically symmetric
D
�

-dimensionalpotentialwells

V � x� ��� P
� �

x�  �!#" Q
$ %

x� & ,0' (#)+* 1, , 1-
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9

the radial part of thepotentialfor thesphericallysymmet-
ric: harmonicoscillator,

Q
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is
9

an evenpolynomial,andthe coefficient M is
9

equalto N 1O
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Here l
S

denotes
b

the orbital quantumnumberand aD i arec real
coefficients,d aD 0

A e 1. This problemwasstudiedfrom thepoint
of� view of quantumfield theory f 2–5

I g
asc well as a theory

concerningd a nonrelativistic hydrogenatom in a constant
electric� field h 6–9

i j
.

Since
k

thecouplingconstantl is
9

supposedto besmall,the
potentialm hasoneminimum nearthe origin, andgoesto mi-
nus infinity for large x� . From a physicalpoint of view, this
correspondsd to the situation where the particle is localized
insidethepotentialbarrierandthereis a smallprobabilityof
its escapingthrough the barrier to infinity. Therefore,the
energy� E

n o
Re
p

E
n q

i
r
Im
s

E
n

has
t

a small imaginary part Im E
n

u
0.
v
The WKB methodcanbe usedto calculateIm E andc the

related: lifetime as a seriesin w . Thesecalculationswere
performedm in a numberof papersx 2I ,4–12y . Onedisadvantage
of� the techniquesusedin thesepapersis that the correspon-

dence
b

of the termsof the WKB approximationto the terms
of� the seriesfor Im E is not clear.

From
z

a technicalpoint of view, the WKB calculationof
Im E is difficult. First, the calculation of the WKB wave
function
{

caneasilybeperformedonly at the leadingorderof
the
|

WKB method.Further,it is well known that the WKB
methodfails in thevicinity of theclassicalturningpoints.To
avoidc this difficulty, eitherthepotentialin thevicinity of the
turning
|

points is approximatedby a straight line and the
solution} of the Schrödinger

b
equationfor this potential, the

Airy function, is asymptoticallymatchedto the WKB solu-
tion
| ~

see,} e.g.,Refs. � 2,13��� or� theWKB methodis reformu-
lated
�

in sucha way that it candirectly beusedat the turning
pointsm � the

|
so-called Langer formulation; see, e.g., Refs.�

7
�

–10,13��� . However, both these closely related methods
lead
�

to very long and tediouscalculations.It was shownin
Refs.
p �

2,11
I �

that
|

this difficulty canbeavoidedin the leading
order� of the WKB method by taking the integral for the
leadingorder in the complexplane.However,this calcula-
tion
|

hasneverbeenextendedto higherorders.Finally, it is
necessary� to performan explicit asymptoticmatchingof the
WKB
�

andperturbativewave functionsin an overlapregion
of� mutual validity of both approximations.This is a rather
tedious
|

procedure � 2I ,6–12� ,' the complexity of which in-
creasesd with increasingordersof the seriesfor Im E.

Thesedifficulties explain the fact that no generalWKB
formula for Im E is known. Also, the WKB calculationsin
most caseswere restrictedto the leadingorder � 6,9,11,12

i �
.

Corrections
�

to the leadingorder were calculatedin special
casesd only � 2,7,8,10

I �
,' mostlyby meansof numericalanalysis�

2,3,7,11,14� .
WKB
�

calculationswere also performed via the path-
integral
9

approach� 4,5,15
� �

. However,calculationswithin this
approachc arerestrictedto theground-stateenergy,andgoing
beyond
�

the leadingterm is extremelydifficult � 5� � .
The aim of this paper,which is a full versionof the Ref.�

16� ,' is to suggesta WKB approachovercomingthe prob-
lems
�

mentionedabove.First, a simple formulation of the
WKB
�

methodfor potentials � 1  is suggested.This formula-
tion
|

not only substantiallysimplifies the calculationof the
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WKB
�

wave function in leadingand higher orders,but also
providesm an interestingviewpoint on the semiclassicalap-
proximationm in quantummechanics.Second,a simple and
general§ formulafor calculatingIm E for sphericallysymmet-
ric: potentialwells of the form of Eq. ¨ 1© is

9
derived.Using

this
|

formula, the usual difficult procedureof the explicit
asymptoticc matching of the WKB and perturbativewave
functionsis avoided,andcalculationsaresubstantiallysim-
plified.m Moreover,this formulacanbeusedregardlessof the
divergence
b

of the WKB methodat the turning points. The
leadingtermanda few correctionsof theseriesfor Im E for
potentialm ª 1« arec calculatedanalytically.The large-orderbe-
havior
t

of the seriesfor the real part of the energyis calcu-
lated by meansof the dispersionrelation betweenthe real
andc imaginarypartsof the energy ¬ 2–4,7–11,15,14,17–19 .
Our
®

formulasincluderesultsknownfrom previouspapersas
special} cases.

Thepaperis organizedasfollows. In Sec.II, we reformu-
late the WKB methodand derive a generalformula for the
imaginary part of the energy Im E of� the quasistationary
states} in the potentialwells ¯ Eq. ° 1±�² . In Sec.III, the leading
order� of the seriesfor Im E

n
is
9

obtained.In Secs.IV, V, and
VI,
³

first-, second-,andthird-ordercorrectionsto the leading
order� arefound.

II. GENERAL THEORY

In this section,a WKB approachto calculatingquasista-
tionary
|

statesin thepotentialwells ´ 1µ is
9

formulated.We are
interested
9

in calculatingthe lifetime of the quasistationary
states} of the Schrödinger

b
equation

¶¸·
d
¹ 2
5
/
º
dx
¹ 2
5 »

V ¼ x� ½¿¾ÁÀÃÂ x� Ä�Å E ÆÃÇ x� È ,' É 5� Ê

with. the potentialV(
Ë
x� )
Ì

given by Eq. Í 1Î .
Writing
�

the time-dependentwave function Ï (
Ë
x� ,' tÐ )Ì in the

form
{

ÑÃÒ
x� ,' tÐ Ó�Ô eÕ Ö i(R

×
e E
Ø Ù

i Im
Ú

E
Ø

)
F
tÛ ÜÃÝ x� Þ ,' ß 6i à

we. obtain the time dependenceof the probability densityin
the
|

form

áãâÃä
x� ,' tÐ åçæ 2 è eÕ é tÛ /ê ë¿ìãíÃî x� ïçð 2,' ñ 7� ò

where. the lifetime ó is
9

equalto

ôöõø÷ 1

2 ImE
. ù 8ú û

A.
ü

Probability current formula

To
ý

calculateIm E
n

,' we multiply Eq. þ 5� ÿ by
� �

* (
Ë
x� )
Ì
, and

integrateit from 0 to infinity. Further,we takethe complex
conjugated of Eq. � 5� � ,' multiply it by � (

Ë
x� )
Ì
, andintegratefrom

0
v

to infinity. Takingthedifferenceof theresultingtwo equa-
tions
|

andintegratingby partswe obtain � see,} e.g.,Ref. � 2I ���

Im
s

E
n 	 lim

�
x
 �� J

� �
x� �

0
A
�������

x� ����� 25 dx
¹ � ,' � 9�  

where.

J
� !

x� "$# 1

2i
r %�& x� ' d

¹
dx
¹ ( * ) x� *$+-, * . x� / d

¹
dx
¹ 0�1 x� 2 3 104

is
9

the probability current. Here we used the fact that the
probabilitym currentat the origin is equalto zero:

J
� 5

x� 6 0
v 7$8

0.
v 9

11:
Since
k

Eq. ; 5� < is
9

solvedin the interval x� = (0
Ë

,> )
Ì
, this condi-

tion
|

is obeyedfor theproblemconsideredhere.Equation ? 9� @
hasa transparentphysicalmeaning:thedecreaseof theprob-
abilityc to find a particle inside the potentialbarrierper time
unitA is proportionalto the outgoingprobability current.

B. RSPT approximation to the wave function

The
ý

wave function B (
Ë
x� )
Ì

for small x� inside
9

the potential
barrier
�

is calculated in the nC th
|

order of the Rayleigh-
Schro
k ¨dinger

b
perturbationtheory D RSPT

p E
F

RSPT
(
×
nG )
F H

x� I$J-K 0
A L x� M$NPORQ 1 S x� T$UPV 2

5 W
2 X x� Y$Z [P\ nG ]

nG ^ x� _ .`
12a

The
ý

wavefunction b RSPT
(
×
nG )
F

(
Ë
x� )
Ì

is normalizedto a constantdis-
cussedd below.

The
ý

RSPTapproximationof thewavefunctionprovidesa
good§ approximationto the exactwavefunction nearthe ori-
gin§ c for x� satisfying} the inequality x� 2 dPe x� 2mB ,' i.e. for x� 2fPgih 1/(mB j 1)).

Ì

C. Norm of the wave function

The
ý

integral k 0
Ax
 l�m (

Ë
x� n )Ì o 2dx

¹ p
in
9

thedenominatorof Eq. q 9� r
cand be calculatedas follows s 2,7,10t . Since the dominant
contributiond to thenormof thequasistationarywavefunction
is given by small x� ,' we replace u (

Ë
x� )
Ì

in this integral byv
RS
w

PT
(
×
nG )
F

(
Ë
x� )
Ì
. Thuswe obtain

0
A
x�y�z�{

x� |�}�~ 25 dx
¹ ���

0
A
�����

RSPT
(
×
nG )
F �

x� ����� 25 dx
¹ �

. � 13�
Using
� �

RS
w

PT
(
×
nG )
F

(
Ë
x� )
Ì

in the form of Eq. � 12� andc assumingreal�
nG (Ë x� )

Ì
, we canwrite

0
A
�����

RSPT
(
×
nG )
F �

x� ����� 2dx
¹ �����

i � 0
A

nG
W i � i,' � 14 

where.

W0
A ¡

0
A
¢¤£

0
A ¥ x� ¦ 2dx

¹
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W1 ¯
2

0
A
°²±

1 ³ x� ´¶µ 0
A · x� ¸ dx

¹

W0
A ,' ¹ 16º

W2 »
2

0
A
¼¤½

2
5 ¾ x� ¿¶À 0

A Á x� Â dx
¹ Ã

0
A
Ä¤Å

1 Æ x� Ç 2dx
¹

W0
A È 17É

andc so on.

D.
Ê

WKB approximation to the wave function

The probability currentat infinity is calculatedby means
of� theWKB wavefunction Ë WKB

(
×
nÌ )
F

(
Ë
x� )
Ì
. To calculatethis func-

tion
|

we suggesta simpleapproach.The dominantcontribu-
tion
|

to the probability current at infinity comesfrom the
classicallyd forbidden region x� 2 ÍPÎ x� 2mB ,' where V(

Ë
x� )
Ì Ï

Re
p

E
nÐ

2,6,11,12Ñ . Therefore, we perform the substitution x�ÒPÓiÔ 1/[2(mB Õ 1)]uÖ in
9

Eq. × 5� Ø to
|

makethetermsx� 2
5

andc Ù x� 2
5

mB of�
the
|

sameorder in Ú . We obtainthe equation

Û 2/(
5

mB Ü 1)
d
¹ 2
5

du
¹ 2 ÝßÞáà uÖ 2

5 â
uÖ 2
5

mB ãåä En 0
A æ aD 1uÖ 2(

5
mB ç 1) è�é 1/(mB ê 1)

ë ìîí
,' ï 18ð

where. the RSPTexpansionof the real part of the energy

Re
p

E
n ñ

E
n

0
A òPó E

n
1 ôPõ 2

5
E
n

2 ö ÷ 19ø
was. used.Searchingfor thesolutionin theform of theWKB
expansion,�

ù
WKB
(
×
nÌ )
F ú

uÖ û$ü exp� 1ý 1/(mB þ 1) ÿi � 0
A

1
�

nÌ (
×
mB � 1)

���
S
�

i � uÖ �
	 A
�

i �� i/(
ê

mB � 1) ,' � 20
I �

andc comparingthetermsof thesamepowersof � 1/(mB � 1), w' e
obtain� equationsfrom which the S

�
i(
Ë
uÖ )
Ì �

S
�

i(
Ë � 1/[2(mB � 1)]x� )

Ì
terms
|

can be easily calculated.Here A
�

i arec normalization
constantsd discussedbelow.

The first two termsof the expansionareequalto

S
�

0
A � uÖ �
��� uÖ � 1 � uÖ 2(

5
mB � 1) � 1/2du

¹ �
21
I  

andc

S
�

1 ! uÖ "
#�$ 1

4
� ln
� %

uÖ 2 & uÖ 2mB '
( E0
A ) aD 1uÖ 2(

5
mB * 1)

2
I

uÖ + 1 , uÖ 2(mB - 1). 1/2
du
¹

. /
22
I 0

Here integrationconstantsare included into the normaliza-
tion
|

constantsA
�

i . We took the minus sign in Eq. 1 212 to
|

obtain� an exponentiallydecayingsolution correspondingto

the
|

particle moving throughthe potentialbarrier to infinity.
The
ý

S
�

1(
Ë
uÖ )
Ì

term canbe calculatedanalytically:

S
�

1 3 uÖ 4
5�6 1

4
ln 7 uÖ 2

5 8
uÖ 2
5

mB 9
: E
n

0
A

4 ; mG < 1 = ln
1 >@? 1 A uÖ 2(mB B 1) C 1/2

1 D@E 1 F uÖ 2(
5

mB G 1) H 1/2

I aD 1

2
I
J
1 K uÖ 2(

5
mB L 1)M 1/2

mG N 1
. O 23

I P

The
ý

form of our WKB wavefunction Q WKB
(
×
nÌ )
F

is
9

thesameas
that
|

obtainedby taking the first 2 R nS (
Ë
mG T 1) terms of the

usualA semiclassicalexpansion,andexpandingthemup to the
nS th
|

orderof U . However,our approachis muchsimplerand
moreV straightforward.

The WKB method yields a good approximationto the
wave. function for x� satisfying} inequality x� 2

5 W
Re
p

E
n

. The
normof thewavefunctionis calculatedfrom theRSPTwave
functionandtheprobabilitycurrentat infinity from theWKB
wave. function. To obtain meaningful results we have to
guarantee§ that thesefunction have the samenormalization.
This is donevia an asymptoticmatchingof thesefunctionsX
2,6–13Y .

E.
Z

Asymptotic matching

Now
[

we suggesta simplemethodto asymptoticallymatch
the
|

functions \ RS
]

PT
(
×
nÌ )
F

(
Ë
x� )
Ì

and ^ WKB
(
×
nÌ )
F

(
Ë
x� )
Ì
. In an overlapregion

of� mutual validity of both approximationsthe logarithm of
the
|

RSPT and WKB functions _ Eqs. ` 12a andc b 20ced ,' ex-
pandedm up to the nS th

|
order of f ,' must g for

{
large x� ) b

Ì
e

asymptoticallyc equal,

h
i i 0
A

1 j nÌ (
×
mB k 1)

S
�

i lnm 1/[2(mB o 1)]x� prq (
×
i s 1)/(mB t 1) u ln

� v
RSPT
(
×
nÌ )
F w

x� x
y z

i { 0
A

1 | nÌ (
×
mB } 1)

A i ~ (
×
i � 1)/(mB � 1) � O

� �
1/x� 2 � . � 24�

The crucial point of our approachis that the right-hand
side} of Eq. � 24

I �
cand be consideredasthe asymptoticexpan-

sion} of the left-handside.Generally,this expansioncontains
x� -dependentterms, constant terms, and terms negligible
in
9

theoverlapregion.Henceforth,we normalize � RSPT
(
×
nÌ )
F

(
Ë
x� ) i
Ì

n
such} a way that the asymptotic expansionof ln � RS

�
PT

(
×
nÌ )F (

Ë
x� )
Ì

does
b

not containa constantadditiveterm in any orderof � .
Then,
ý

it follows from Eq. � 24
I �

that
| �

A
�

i � (
×
i � 1)/(mB � 1) is

r
a

constant� term of the asymptotic expansion of�
S
�

i(
Ë � 1/[2(mB � 1)]x� )

Ì � (
×
i � 1)/(mB � 1) in

r
the overlap region. It

s
fol-

lows
�

from the requirementthat the asymptoticmatchingcan
be
�

performedfor anarbitrary � that
|

A
�

i is
r

a constant term of
theÐ asymptotic expansion of S i(

Ë � 1/[2(mB � 1)]x� )
Ì

in
r

the overlap
region.

It
s

is seenfrom the way in which the bothapproximations
arec constructed,that the overlapregionis given by inequali-
ties
|

x� 2 ��� x� 2mB andc x� 2   Re
p

E
n

i.e.
9

for ReE
n ¡

x� 2 ¢�£¥¤ 1/(mB ¦ 1).
This interval exists if we take a sufficiently small ReE for
fixed
§ ¨

,' or a sufficiently small © for
{

fixed ReE
n

.
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F. Asymptotics of the wave function and the probability
current at infinity

Taking large uÖ ¬® in Eqs. ¯ 21° andc ± 23² ,' we obtain the
asymptoticsc of the WKB wave function for x� ³®´ identical

9
with. the asymptoticsof the exactwavefunction

µ
WKB
(
×
nÌ )
F ¶

x� ·¹¸»º
¼ exp� ½
i ¾ 0
A

1 ¿ nÌ (
×
mB À 1) Á

C i Â A
�

i ÃÅÄ (
×
i Æ 1)/(mB Ç 1)

È exp� É ir Ê 1/2x� mB Ë 1/
º Ì

mG Í 1 ÎÐÏ 1 Ñ O
Ò Ó

1/x� 2 ÔÅÕrÖ
x� mB /2
ê .

×
25Ø

Here
Ù

the outgoingwave is given by the positivesign in the
second} exponentialwhich leadsto Im E Ú 0.

v
Analogouslyto

A i terms,
|

C i denotes
¹

the constant term of the asymptotic
expansionÕ of S i(

Ë Û 1/[2(mB Ü 1)]x� )
Ì

for
Ý

x going to infinity. Using
Eq.
Þ ß

25
I à

in
9

Eq. á 10â ,' we obtainthe formula for the probabil-
ity currentat infinity:

lim
�
x
 ãåä J

� æ
x� ç
è�é�ê 1/2exp� 2 R

I
e ë

i ì 0
A

1 í nÌ (
×
mB î 1) ï

C i

ð A i ñÅò (
×
i ó 1)/(mB ô 1) . õ 26ö

G. Formula for the imaginary part of the energy

InsertingEqs. ÷ 13ø ,' ù 14ú andc û 26ü into Eq. ý 9� þ ,' we obtaina
simple} final formula for the imaginarypart of the energy

Im
s

E
n ÿ�� � 1/2

exp� 2 Re
�
i � 0
A

1 � nÌ (
×
mB � 1) �

C i � A i 	�
 (
×
i � 1)/(mB  1)

�
i � 0
A

nÌ
W i � i

.

�
27�

The
ý

lifetime � cand be calculatedvia Eq. � 8ú � .
Formula � 27� shows} thatto calculatetheimaginarypartof

the
|

energyit is sufficient to calculatethe differenceof the
real: partsof the constanttermsof the asymptoticexpansion
of� S
�

i(
Ë � 1/[2(mB � 1)]x� )

Ì
in the overlapregionandat infinity, and

to
|

calculatethe norm of the RSPTwavefunction.
Our
®

WKB approximationcannotbe usedat the point uÖ� 1; seeEq. � 23
I �

. However,sincewe needto calculateonly
the
|

constanttermsof theasymptoticexpansionin theoverlap
regionandat infinity, Eq. � 27� cand be usedregardlessof the
divergence
b

of the WKB approximationat this point.

H. Calculation of the constant terms

In
s

this subsection,we discusscalculationof C i andc A
�

i
terms
|

in Eq. � 27 . We distinguishtwo cases.If the integrals
giving§ S

�
i(
Ë
uÖ )
Ì

termscanbecalculatedanalytically,thentheA
�

i
andc C i terms

|
canbe obtaineddirectly from the definition. If

it
9

is not thecase,thedifferenceof therealpartsof C i andc A
�

i
cand be calculatedvia an integral formula derivedbelow.

1. Direct calculation

For
z

thepotentialswith mG ! 2
I

andmG " 3
K

all theintegralsin
S
�

i(
Ë
uÖ )
Ì

terms can be calculatedanalytically. Except for the
logarithmically dependentS

�
1(
Ë
uÖ )
Ì

term, the expansionof
S
�

i(
Ë
uÖ )
Ì

nearuÖ # 0
v

leadsto a powerseriesin uÖ 2. This expan-
sion} generally contains terms proportional to the positive
powersm of uÖ 2,' constantterm and terms proportionalto the
negativepowersof uÖ 2

5
.

Since
k

S
�

i(
Ë $ 1/[2(mB % 1)]x� )

Ì
dependon & andc x� via' thevariable

uÖ (*) 1/[2(mB + 1)]x� andc all thetermsA i ,' i
r ,

1 do not dependon
x� andc - ,' it is seenthat theÐ constants A i for

Ý
i . 1 areD equal to

theÐ constant terms of the expansion of S i(
Ë
uÖ )
Ì

near/ u 0 0
v

andD
i
r 1

1. Similarly, C i termsÐ for i 2 1 areD equal to the constant
termsÐ of the asymptotic expansion of S i(

Ë
uÖ )
Ì

for
Ý

u going to
infinity
r

.
The
ý

S
�

1(
Ë
uÖ )
Ì

term can be calculatedanalytically for all mG ;
see} Eq. 3 234 . The expansionof this term nearuÖ 5 0

v
givesa

logarithmically
�

dependentterm, a constantterm, and terms
proportionalm to the positive powersof uÖ 2

5
. To calculatethe

constantd termof theasymptoticexpansionof the logarithmic
term,
|

we returnto the variablex� ,'

S
�

1 687 1/[2(mB 9 1)]x� :<;>= 1

4
ln x� 2

5 ? ln
� @

4 A mG B 1 C
D E

n
0
A

4
� E

mG F 1 G ln
� 4

�
uÖ 2(mB H 1) I

aD 1

2
I J

mG K 1 L
M

O
Ò N

uÖ 2 O x
 P 1/[2(mQ R 1)]

,' S 28
I T

andc obtain

A
�

1 U>V ln W
4
� X

mG Y 1 Z\[
E0
A

4
� ]

mG ^ 1 _ ln
� 4`ba aD 1

2
I c

mG d 1 e . f 29
I g

Similarly,
k

theexpansionof therealpartof S
�

1(
Ë
uÖ )
Ì

at infin-
ity
9

is equalto

ReS
�

1 h x� ikjml<n o ln
�

uÖ 2mB
4 p O

Ò q
1/uÖ r s 1/[2(mQ t 1)]x


. u 30
K v

Hence,the real part of C1 reads

Re
p

C1 w�x ln
� y mB /(

ê
mB z 1)

4
� . { 31

K |

2. Integral formula

For
z

thepotentialswith mG } 3,
K

the integralsin S
�

i(
Ë
uÖ )
Ì

terms
cannotd be calculatedanalytically. In this case,the termsin
the
|

numeratorin Eq. ~ 27� cand be calculatedas follows. We
split} S

�
i(
Ë
uÖ )
Ì

into two parts,

S
�

i � uÖ �<� b
�

i � uÖ � du
¹ �

D i � uÖ � ,' � 32
K �

where. the first term satisfiesthe condition
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¬

PHYSICAL REVIEW A 63
�

022107
®

022107-4



0
A
1

b
�

i � uÖ � du
¹ ���

. � 33
K �

Since
k

theb
�

i terms
|

arerealfor uÖ � 1 andpurelyimaginaryfor
uÖ � 1, we canwrite

Re � C i � A i �<�
0
A
1

b
�

i � uÖ � du
¹ �

Re� V i � P i   ,' i
r ¡

1, ¢ 34
K £

where. P
�

i andc V i denote
b

constanttermsof the expansionof
D i(
Ë
uÖ )
Ì

nearzeroandinfinity, respectively.If we arenot able
to
|

calculatethe integralsin S
�

i(
Ë
uÖ )
Ì

termsanalytically,we in-
tegrate
|

them by parts until the remaining integral satisfies
conditiond ¤ 33

K ¥
.

I. Dispersion relation

The
ý

RSPTcoefficientsof theenergy¦ Eq.
Þ §

19̈ª© for
«

largen/
can¬ be calculatedfrom the dispersionrelation

EnÌ  1®
0
¯
° Im
±

E
² ³8´¶µ
´ nÌ · 1

d
¹ ¸

. ¹ 35
º »

For
¼

the purposesof this paper,relation ½ 35
º ¾

can¬ be usedfor
the
¿

numericalverification of formula À 27
Á Â

. The large-order
EnÌ coefficients¬ can be calculatednumericallyeither via the
difference
Ã

equationmethodÄ 2,20Å orÆ by meansof theso(2,1)
algebraicÇ formulation of the perturbationtheory È 21É . Thus,
usingÊ Eq. Ë 35

º Ì
and,Ç for example,Thiele-Pade´ orÆ Neville-

Richardson
Í

extrapolationÎ 13,22Ï ,Ð theanalyticalformula Ñ Eq.
ÒÓ

27ÔªÕ can¬ be comparedwith the numerical values of the
large-order
Ö

perturbationcoefficientsE
²

nÌ .

III. LEADING TERM

In
±

this section,we calculatetheleadingtermof theimagi-
nary× part of the energy Ø Eq.

Ò Ù
27
Á ÚÜÛ

. The calculationcan be
separatedÝ into two steps:the RSPTpart Þ the

¿
calculationof

the
¿

denominatorin Eq. ß 27àÜá andÇ the WKB part â the
¿

calcu-
lation
Ö

of the numeratorin Eq. ã 27
Á äªå

.

A. RSPT part of the calculation

The
æ

function ç 0
¯ (è xé )

ê
is equalto the wave function of the

multidimensionalsphericallysymmetricharmonicoscillator

H0
¯ ë

0
¯ ì xé íïî E0

¯ ð
0
¯ ñ xé ò ,Ð ó 36

º ô
whereõ

H
ö

0
¯ ÷>ø d

ù 2

dx
ù 2
ú û�ü xé ý 2

ú þ
xé 2
ú
. ÿ 37

º �
Exceptfor the normalizationconstant,this function is equal
to
¿ �

21
Á �

�
0
¯ � xé ��� e� 	 x
 2

�
/2
�

xé 2b


0
� � 1/2LN

� �
b


0
�(2

�
b


0
� � 1) � xé 2 � ,Ð � 38

º �

whereõ LN
� �

b


0
�(2

�
b


0
� � 1)(

è
xé 2
ú
)
ê

denotesthe associatedLaguerrepolyno-

mial� � 23
Á �

,Ð N
�

is
�

the principal quantumnumberrelatedto the
unperturbedÊ energylevel by the equation

E
²

0
¯ � 4
 

N
�

,Ð ! 39
º "

andÇ the coefficientb
�

0
¯ is
�

equalto

b
�

0
¯ # l

$
2
% D
&
4

. ' 40(
The
æ

normalizationconstantis foundfrom therequirement
that
¿

the asymptoticexpansionof ln ) 0
¯ (è xé )
ê

doesnot containa
constant¬ additive term. The asymptoticsof the polynomials
L
*

N
� +

b


0
�(2

�
b


0
� , 1)(

è
xé 2)
ê

is equalto - 23
Á .

L
*

N
� /

b


0
�(2

�
b


0
� 0 1) 1 xé 2 2436587 1 9 (

�
N
� :

b


0
� );<

N
� =

b
�

0
¯ > ! xé 2(N

� ?
b


0
� ); @ 1 A O

Ò B
1/xé 2 CED . F

41
 G

Hence the normalization constant has to be equal to
(
è H

1)(
�
N
� I

b


0
� ); (è N� J b

�
0
¯ )ê ! . Thus, the unperturbedwave function

readsK
0
¯ L xé M4NPO xé Q N� R

SUTWV 1 X (� N� Y b


0
� ); Z N� [ b

�
0
¯ \ ! e� ] x
 2/2

�
xé 2b


0
� ^ 1/2L

*
N
� _

b


0
�(2

�
b


0
� ` 1) a xé 2 b

c
42
 d

andÇ the norm of this function is e 23f
W0
¯ gihkj N� l b

�
0
¯ m 1 nporq N� s b

�
0
¯ t

2
Á . u 43

 v
B. WKB part of the calculation

Since
w

the integral in Eq. x 21y satisfiesÝ condition z 33
º {

,Ð the
difference
Ã

C0
¯ | A0

¯ can¬ be calculatedasfollows:

Re
Í }

C0
¯ ~ A
�

0
¯ �4���

0
¯
1

u� � 1 � u� 2(m� � 1) � 1/2du
ù

��� 1

2 � m� � 1 �
� 1

m� � 1
� 3
º
2
Á

� 3
º
2 � 1

m� � 1

. � 44
 �

Here
�

we usedthe formula for the � function
« �

23
Á �

:

0
¯
1

t� x
 � 1 � 1 � t  ¡ y¢ £ 1dt
ù ¤¦¥r§ xé ¨p©kª y« ¬r®

xé ¯ y« ° , RÐ exé ± 0,
²

Rey« ³ 0.
²
´
45
 µ

Taking the differenceof the real partsof Eqs. ¶ 29· andÇ ¸ 31
º ¹

,Ð
weõ obtain

Re
Í º

C1 » A
�

1 ¼4½�¾ ln
Ö ¿ 1/4À E0

¯
4
 Á

mÂ Ã 1 Ä ln
Ö 4ÅÇÆ aÈ 1

2
Á É

mÂ Ê 1 Ë .Ì
46Í
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C. Final result

Inserting
±

Eqs. Ñ 43
 Ò

,Ð Ó 44
 Ô

,Ð and Õ 46
 Ö

into
�

Eq. × 27
Á Ø

, wÐ ec an
writeõ the seriesfor Im E,Ð
Im
±

E
² ÙÛÚ 2

Á
e� aÜ 1 /(
�

mÝ Þ 1)ß
N
� à

b
�

0
¯ á ! ârã N� ä b

�
0
¯ å 4

 
æ 2
ú

N
�

/(
�

mÝ ç 1)

è
e� éëêíì 1/(mî ï 1)d

ð ñ
1 ò R1ó 1/(mÝ ô 1) õ R2ö 2/(

ú
mÝ ÷ 1) ø ù ,Ðú

47
 û

whereõ

d
ù ü ý 1

mÂ þ 1
ÿ 3
º
2

�
mÂ � 1 ��� 3

º
mÂ � 1

2
Á �

mÂ � 1 �
. 	 48

 


Coefficients
�

R
�

1 ,Ð R
�

2
ú ,Ð ..., whichõ are neglectedin leading

order,Æ arecalculatedin the following sections.
Substituting
w

Eq.  47� into Eq. � 35
º �

,Ð we obtain the large-
orderÆ behaviorof the RSPTcoefficients

En� ��� 42N
�

/(
�

mÝ � 1)2 � mÂ � 1 ���� N� � b
�

0
¯ � ! � � N� ! b

�
0
¯ " d
ù # 2
ú

N
� $

n� (
�
mÝ % 1)&('*) mÂ + 1 , n- . 2N

� /
0

1 1 R
�

1d
ù

2
mÂ 3 1 4 n- 5 2

Á
N
� 6

1
7 R

�
2d
ù 2
ú

8:9
mÂ ; 1 < n- = 2

Á
N
� >

1 ?A@*B mÂ C 1 D n- E 2
Á

N
� F

2
Á GIH . J 49

 K

The
æ

resultsknown from previouspaperscanbe obtained
asÇ specialcasesof Eqs. L 47

 M
andÇ N 49

 O
. The even and odd

statesÝ of the one-dimensionalpotentialscan be obtainedby
settingÝ l

$ P
0
²

and 1, respectively.Thus, for D
& Q

1, l
$ R

0
²

and
l
$ S

1, Eqs. T 47U andÇ V 49W yieldX the formulasgiven in Ref. Y 2Z .
For
¼

l
$ [

0,
²

K
\ ]

0,
²

and aÈ i ^ 0
²

for i
_ `

0,
²

the formula given in
Ref. a 4b can¬ beobtained.It is well knownthattheproblemof
the
¿

hydrogenatomin theconstantelectricfield canbe trans-
formed
«

to the problemof the two-dimensionalquarticoscil-
lator c 6–8

d e
. Putting E f 4 g 2 ,Ð hji 4 f

k
,Ð l
$ l

mÂ pm ,Ð K n n- 2 ,Ð Do 2,
Á

aÈ p 0,
²

and mÂ q 2,
Á

where mÂ pm is
�

the magneticquantum
number,n- 2

ú is the secondparabolicquantumnumber,r 2
ú is

the
¿

separationconstantof the Schrödinger
Ã

equationfor the
hydrogen
s

atomin the paraboliccoordinates,and f
k

is
�

the in-
tensity
¿

of theelectricfield, from Eq. t 47u weõ obtainthelead-
ing termof theformulafor thelifetime of thequasistationary
statesÝ of the hydrogenatom in a constantelectricfield v Eq.

Òw
44
 x

in
�

Ref. y 7z {|{ .
IV. FIRST-ORDER CALCULATION

In this sectionwe calculatethecoefficientR1 in Eq. } 47~ .
A. RSPT part of the calculation

Since
w

the first-ordercorrectionto the norm of the wave
function
«

is proportionalto ��� seeÝ Eq. � 27
Á �|�

,Ð it hasto betaken
into accountfor the potentialswith mÂ � 2 only. Calculating�

RS
�

PT
(1)
�

(
è
xé )
ê
, we haveto keepin mind that this function must

be
�

normalizedin sucha way that the asymptoticexpansion
ofÆ ln � RSPT

(1)
�

in
�

thefirst orderof � does
Ã

not containa constant
additiveÇ term. Assuming � RS

�
PT

(1)
�

in the form of Eq. � 12� ,Ð its
logarithmin the first orderof � is equalto

ln
Ö �

RSPT
(1)
� �

xé ��� ln
Ö �

0
¯ � xé � 1 ���

�
1 � xé ��
0
¯ � xé �   ln

Ö ¡
0
¯ ¢ xé £�¤�¥§¦ 1 ¨ xé ©ª

0
¯ « xé ¬


O
® ¯±° 2

ú ²
. ³ 50

´ µ

This meansthat ¶ 1(
è
xé )
ê

hasto be normalizedin sucha way
that
¿

the asymptoticexpansionof · 1(
è
xé )/
ê ¸

0
¯ (è xé )

ê
doesnot con-

tain
¿

a constantterm.Therefore,to obtaina first-ordercorrec-
tion
¿

to thenormof thewavefunction,we haveto proceedas
follows.
«

First, we calculate ¹ 1(
è
xé )
ê

from the RSPT.Second,
weõ normalizethis function as describedabove.Finally, we
insert this function into Eq. º 16» .

1.
¼

Calculation of ½ 1
¾ ¿ xÀ Á

To calculate the integrals neededin the perturbation
theory,
¿

it is convenientto introducethe inner product

Â
N
� Ã

M
Ä ÅÇÆ

0
¯
ÈÊÉ

N
� Ë

xé ÌÎÍ xé Ï MÐ Ñ dx
ù

. Ò 51
´ Ó

With
Ô

this definition, the eigenvectorsÕ N� Ö given× by Eq. Ø 42
 Ù

form
«

an orthogonalset Ú 23
Á Û

:

Ü
N
� Ý

M ÞÇßáà N
�

,M

â ã
N
� ä

b
å

0
¯ æ 1 ç�èêé N� ë b

å
0
¯ ì

2
. í 52

´ î

As
ï

usualin theperturbationtheory,we expandtheenergy
andÇ wavefunction in the seriesin the couplingconstantð ,Ð

E ñ E0
¯ ò�ó E1 ô ,Ð õ 53

´ ö
÷ùøûúýüÿþ

N
� �������	�

1 
�� ,Ð  54
´ �

andÇ the perturbationfunction into the unperturbedbasisset

�	�
1 ��� �

n� � N
� �

2

N
� �

2
ú

g� n� � N
�(1)

� �
n� � . � 55

´ �
Here the eigenvectors� n� � areÇ given by Eq.  42! for N

� "
n# .

Inserting
±

theseexpansionsinto Eq. $ 5´ % ,Ð in thefirst orderof &
weõ obtain
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-
n� . N
� /

2
ú

N
� 0

2

g1 n� 2 N
�(1)

� 3
H0
¯ 4 4N

� 576
n# 8�9;: x< 4 = a> 1x< 2 ? E1 @7A N� B . C 56

´ D
To
æ

calculatethe coefficientsg1 n� E N
�(1)

�
andÇ E

F
1 ,Ð we have to

know
G

the matrix elementsof x< 2 andÇ x< 4. The calculationof
these
¿

matrix elementsis greatlysimplifiedby introducingthe
ladderoperatorsH 21I

T
J KML 1

4
 N d

O 2
ú

dx
O 2 PRQ x< S 2 T x< 2 U 1

2
Á x< d

O
dx
O V 1

2
Á . W 57

´ X
Applying
ï

theseoperatorsto the eigenvectorsY Eq.
Ò Z

42
 []\

, wÐ e
obtainÆ

T ^`_ N� a�bdc;e N� f 1 g h 58
´ i

andÇ
T jMk N� l�mdn;o N� p b

q
0
¯ r 1 s7t N� u b

q
0
¯ v7w N� x 1 y . z 59

´ {
Using
|

Eqs. } 37
º ~

andÇ � 57
´ �

weõ expressx< 2
ú

via� theoperatorsH0
¯ ,Ð

T
J �

,Ð andT
J �

:

x< 2
ú � H

�
0
¯

2 �;� T ��� T ��� . � 60
d �

It
±

follows from Eqs. � 36
º �

,Ð � 39
º �

,Ð � 58
´ �

,Ð and � 59
´ �

that
¿

x< 2 � N� ���;� N� � 1 ��� 2N
� �

N
�  �¡;¢

N
� £

b
q

0
¯ ¤ 1 ¥7¦ N§ ¨ b

q
0
¯ ©7ª N§ « 1 ¬

61
d ®

andÇ

x< 4 ¯ N§ °�±;² N§ ³ 2
Á ´�µ;¶

4
 

N
§ ·

2
Á ¸7¹

N
§ º

1 »�¼ 6
d

N
§ 2 ½¿¾

2
Á À 3

º
8
Á Â N§ Ã

Ä;Å
4N
§ Æ

2 Ç7È N§ É b
q

0
¯ Ê 1 Ë7Ì N§ Í b

q
0
¯ Î7Ï N§ Ð 1 ÑÒ;Ó

N
§ Ô

b
q

0
¯ Õ 1 Ö7× N§ Ø b

q
0
¯ Ù 2 Ú7Û N§ Ü b

q
0
¯ Ý7Þ N§ ß b

q
0
¯ à 1 áâ;ã

N
§ ä

2
Á å

. æ 62
d ç

Herethe equality

b
q

0
¯ è bq 0

¯ é 1 êìë¿í
4
 î 3

º
16 ï 63

d ð
following from Eqs. ñ 4ò andÇ ó 40ô wasõ used.

By
õ

insertingEqs. ö 61
d ÷

andÇ ø 62
d ù

into
ú

Eq. û 56
´ ü

,Ð and using
the
¿

orthogonalityrelation ý Eq.
Ò þ

52
´ ÿ��

,Ð we obtainequationsfor
g1 n� � N

�(1)
�

andÇ E
F

1 . After somemanipulationwe obtain

g1 2
(1)
� � 1

8
Á ,Ð � 64

d �

g1 1
(1)
� �

N
§ � 1

2
� a> 1

4
,Ð 	 65

d 


E
F

1 �� 6
d

N
§ 2 ���

2
Á � 3

º
8
Á � 2

Á
Na
§

1 . � 66
d �

We
Ô

do not write the valuesof the coefficientsg1 � 1
(1)
�

andÇ g1 � 2
(1)
�

whichõ will not be neededhere.
The
æ

perturbationtheory doesnot give any value of the
coefficient� g1 0

¯(1)
�

. This coefficient can be usedto normalize���
1 � .

2. Normalization of � 1 � x� �
The
æ

condition that the asymptotic expansion of 
1(
è
x< )/
ê !

0
¯ (è x< )

ê
doesnot containa constantterm reads

"
1 # x< $%
0
¯ & x< ')( d

O
2
(1)
�

x< 4 * d
O

1
(1)
�

x< 2 + O
, -

1/x< 2 . . / 67
d 0

This
æ

equationcontainsthreeunknownsd
O

2
(1)
�

,Ð d
O

1
(1)
�

,Ð andg1 0
¯(1)
�

.
Theseunknownscanbe found by comparingthe termspro-
portional1 to the samenon-negativepowersof x< 2

ú
.

To comparethesetermswe use the asymptoticform of
eigenfunction2 3 42

 465
23
Á 7

,Ð
8
x< 9 N: ;=< e> ? x
 2

�
/2
�

x< 2
ú

N
� @

1/2A 1 B f
C

1 D N: E x< F 2
ú G

f
C

2 H N: I x< J 4
K L

O
, M

x< N 6
O P

Q R
,Ð S 68

d T
whereõ the coefficients f

C
1(
è
N
:

)
ê

and f
C

2(
è
N
:

)
ê

are given by the
recurrencerelationsbetweenthecoefficientsof theLaguerre
polynomialsU V 23W :

f
C

1 X N: Y[Z]\_^ N: ` b
a

0
b c 1 dfe N: g b

a
0
b h i 69

d j
andk

f
C

2 l N: m[npo N: q b
a

0
b r 1 sft N: u b

a
0
b v 2

Á wfx
N
: y

b
a

0
b zf{ N: | b

a
0
b } 1 ~

2
.�
70
z �

By insertingexpansions� 55
� �

andk � 68
d �

for � 1(
�
x< )
�

and � x< � n� �
into
�

Eq. � 67
d �

,� and multiplying this equationby � 0
b (� x< ),

�
we

find

g1 2
ú(1)
� �

x< 4 � f
C

1 � N: � 2 � x< 2 � f
C

2
ú � N: � 2 ����� g1 1

(1)
�

�_ 
x< 2
ú ¡

f
C

1 ¢ N: £ 1 ¤¦¥�§ g1 0
b(1)
� ¨

O
, ©

1/x< 2
ú ª

«_¬ 1  f
C

1 ® N: ¯ x< ° 2 ± f
C

2 ² N: ³ x< ´ 4µ[¶ dO 2
ú(1)
�

x< 4 · d
O

1
(1)
�

x< 2̧

¹
O
, º

1/x< 2 » . ¼ 71
½ ¾

By
¿

insertingEqs. À 64
d Á

,� Â 65
d Ã

,� Ä 69
d Å

,� and Æ 70
½ Ç

into
�

this equation
andk comparingthe termsproportionalto thesamepowersof
x< 2,� we obtain a systemof three linear equationsfor three
unknownsÈ that canbe easilysolved:

d
O

2
(1)
� É 1

8
Á ,� Ê 72

½ Ë

d
O

1
(1)
� Ì N

: Í
2

8
Á ,� Î 73

½ Ï
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g1 0
b(1)
Ó Ô 7

½
4

N
: 2
Õ Ö N

:
2
×
1 Ø a> 1 Ù[Ú

Û
16 Ü

3
Ý
64
Þ . ß 74

½ à

The last equationgivesthe normalizationof á 1(
�
x< ).
�

3.
â

Correction to the norm of the wave function

Using
ã

theinnerproduct ä Eq.
å æ

51
� ç�è

,� Eq. é 16ê canë bewritten
in the form

W1 ì 2
í î

N
: ï�ð

1 ñò
N
: ó

N
: ô . õ 75

½ ö

Taking into accountEqs. ÷ 52
� ø

andk ù 55
� ú

,� we obtain

W1 û 2
í

g1 0
b(1)
Ó

. ü 76
½ ý

By
¿

insertingEq. þ 74
½ ÿ

into
�

the last equation,we obtain the
final
�

expressionfor the first-ordercorrectionto the norm of
the
�

wavefunction:

W1 � 7
½
2
í N
: 2 � N

: �
1 � a> 1 ��� 	8
 � 3

Ý
32
Ý . � 77

½ 
B. WKB part of the calculation

1. Potentials with m � 2

Using
ã

Eqs. � 19� ,� � 20
í �

,� and � 66
Þ �

in
�

Eq. � 18� ,� andcomparing
the
�

termsproportionalto the secondorderof � ,� we obtain

S
�

2
Õ � u� ���

� d
O 2
Õ
S
�

1 � u� �
du
O 2
Õ  dS

O
1 ! u� "

du
O 2

Õ # $ u� % 2
Õ &

6
Þ

N
: 2
Õ ')(

2
í * 3

Ý
8

 + 2

í
Na
:

1

2
dS
O

0
b , u� -
du
O du

O
. . 78

½ /

The integralsin Eq. 0 78
½ 1

canë be calculatedanalytically.Ex-
pandingU the resultingexpressionfor S

�
2(
�
u� ) i
�

n u� 2
Õ

near2 u� 3 0,
4

we5 obtain a term proportionalto u� 6 2,� a constantterm, and
terms
�

proportional to positive powersof u� 2
Õ
. The constant

term
�

A
7

2
Õ is
�

equalto

A
7

2 8:9
;
8

 < 5

�
N
: 2
Õ

2
í = a> 1

2

8

 > N

: ?
1 @ a> 1 A�B a> 1

4
C D 29

96
E . F 79

½ G
The
H

constantterm C2
Õ is
�

equalto zero:

ReC2
Õ I 0.
4 J

80

 K

2.
L

Potentials with m M 2
N

Using
ã

Eq. O 20P in Eq. Q 18R andk comparingthe termspro-
portionalU to S 2/(

Õ
mÝ T 1),� we obtain

S
�

2 U u� V�W
X d
O 2S
�

1 Y u� Z
du
O 2
Õ [ dS

O
1 \ u� ]

du
O 2 ^`_

u� a 2
Õ b

a> 2u� 2(
Õ

mÝ c 2)
Õ

2
í dS
O

0
b d u� e
du
O du

O
.

f
81

 g

To calculatetheconstanttermswe useEq. h 34
Ý i

. After a long
but
j

straightforwardcalculation,we obtain

Re k C2
Õ l A2

Õ m�n o)p q mr s 1 t
4

u
N
: 2 v 1

8

 w mr x 1 y�z mr 2

12

{ mr
16
| 5
�
48
C } Na

:
1

3
Ý ~

mr
mr � 1 �

a> 1
2
Õ �

mr � 2
í �

4
C �

mr � 1 �
� a> 2

2
í I
�
,� � 82


 �

where5 the integral

I �
0
b
1 u� 2m� � 5

�
du
O

�
1 � u� 2(

Õ
m� � 1) � 1/2 � 1

2 � mr � 1 �
� mr � 2

mr � 1
� 1

2
í

� 1

2
� mr � 2

mr � 1 �
83

  

was5 calculatedby meansof Eq. ¡ 45
C ¢

. In this case,only the
first
�

term in Eq. £ 32
Ý ¤

contributesë to the real part of the con-
stant¥ termsof S

�
2
Õ (� u� )

�
nearzeroand infinity. The real part of

the
�

constanttermsof D2(
�
u� )
�

is equalto zero:

Re
¦ §

V2 ¨ P
©

2 ª�« 0.
4 ¬

84

 

C. Final results

Inserting Eqs. ® 77
½ ¯

,� ° 79
½ ±

,� and ² 80

 ³

into Eq. ´ 27µ for mr¶ 2
í

we obtain

R1 · 3
Ý ¸
8

 ¹ 3

Ý
N
: º

1 » a> 1 ¼�½ 17N
: 2

2 ¾ 67
Þ
96
E ¿ a> 1

2 À
a> 1

2

4
. Á 85


 Â
Substituting
Ã

Eq. Ä 82

 Å

into
�

Eq. Æ 27
í Ç

,� for mr È 2
í

we obtain

R
É

1 Ê Ë
ÌÎÍ mr Ï 1 Ð

4
C Ñ N

: 2 Ò 1

8

 Ó mr Ô 1 Õ�Ö mr 2

Õ
12
× mr

16
Ø 5
�
48
C

Ù
Na
:

1 Ú 3Ý Û mr Ü�Ý a> 1
2 Þ mr ß 2

í à
4
C

á a> 2 â mr ã 1 ä
2

1å
mr æ 1 ç 2Õ

è mr é 2
í

mr ê 1
ë 1

2

ì 3
Ý

mr í 5
�

2
í î

mr ï 1 ð
. ñ 86
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Theseformulascontain formulasknown from previouspa-
persU asspecialcases.For D

ù ú
1, l
û ü

0,
4

l
û ý

1, anda> 1 þ`ÿ 3,
Ý

Eq.�
85

 �

yields� the formula found in Ref. � 2� . For l
û �

0,
4

K � 0,
4

andk a> i � 0
4

for i
� 	

0,
4

the formulaconjecturedin Ref. 
 3Ý � from
the
�

numericalanalysisis obtained.Our result is the analytic
derivation
�

of this conjecture.The coefficientR


1 for
�

the hy-
drogen
�

atom in the constantelectric field � 7,8
½ �

canë be ob-
tained
�

from Eq. � 85

 �

in a similar way asthe leadingterm of
this
�

problemfrom Eq. � 47� . SettingK � 0,
4

l
û �

0,
4

D � 2 and4,
mr � 3

Ý
,..., 6, and a> i � 0

4
for i

� �
0
4

in Eq. � 86

 �

afterk somema-
nipulation2 we obtainthenumericalvaluesgivenin TableVII
of� Ref. � 14� .

V. SECOND-ORDER CALCULATION

The secondorder calculation is analogousto the first-
order� one. Here we only describethe calculation of the
second-order¥ correctionto the norm of the wave function.
The
 

WKB partof thecalculationdoesnot requireanyspecial
comments.ë We takeinto accountthe S

!
3
" (� u# )

�
term in Eq. $ 20% ,�

andk calculatethe constanttermsnearinfinity andzero.Pro-
ceedingë similarly to the previoussectionwe first calculate
the
�

coefficientsof the expansion

&('
2 )+* ,

n- . N
/ 0

4

N
/ 1

4
2

g1 n- 3 N
/(2)

Ó 4
n� 5 6 87

7 8
from
�

the RSPT.
Second,
9

the logarithm of : RSPT
(2)
Ó

(
�
x< )
�

equalsin the second
order� of ; :

ln < RS
�

PT
(2)
Ó =

x< >@? ln A 0
b B x< C@DFEHG 1 I x< JK

0
b L x< MONFP 2

Õ Q 2
Õ R x< ST
0
b U x< V

W 1

2

X
1 Y x< Z[
0
b \ x< ]

2 ^
O
, _a` 3

" b
. c 88

7 d
Therefore,
 

we require that the asymptoticexpansionof the
term
�

in thesquarebracketsdoesnot containa constantterm:e
2 f x< gh
0
b i x< jOk 1

2
í l 1 m x< no

0
b p x< q

2
Õ r

d
O

4
(2)
Ó

x< 8 s d
O

3
"(2)
Ó

x< 6
O t

d
O

2
(2)
Ó

x< 4 u d
O

1
(2)
Ó

x< 2

v
O
, w

1/x< 2 x . y 89
7 z

This
 

is theequationfor five unknownsd
O

4
(2)
Ó

,� d
O

3
"(2)
Ó

,� d
O

2
(2)
Ó

,� d
O

1
(2)
Ó

,�
andk g1 0

b(2)
Ó

. On the left-handside,we usethe completeexpan-
sion¥ { Eq. | 55

� }�~
of� �

1(
�
x< )
�
, the coefficientsg1 4

2(2)
Ó

,� g1 3
"(2)
Ó

,� g1 2
Õ(2)
Ó

,�
andk g1 1

(2)
Ó

of� the expansionof � 2
Õ (� x< )

�
, and the coefficients

f
C

1(
�
N
:

),
�

f
C

2
Õ (� N: ),

�
f
C

3
" (� N: )

�
, and f

C
4
2 (� N: )

�
of expansion� 68

� �
. Com-

paringU the termsproportionalto the samepowersof x< 2
Õ
, w� e

obtain� a systemof five linear equationsfor five unknowns.
After
ï

solving this problemandcalculatingthe coefficient
g1 0
b(2)
Ó

,� we calculateW2
Õ from
�

Eq. � 17� ,�
W2
Õ � 2��� 2 � N: �+����� 1 �(� 1 ��

N
: �

N
: � � 2

í
g1 0
b(2)
Ó � �

n- � N
/ �

2
Õ

N
/ �

2
Õ �

g1 n- � N
/(1)

Ó �
2   n� ¡ n� ¢£

N
: ¤

N
: ¥ ,�¦

90
E §

where5 the products̈ n� © n� ª arek given by Eq. « 52
� ¬

for
�

M
 ®

N
:¯ n� .

In
°

this way, for m± ² 2
í

and a> 1 ³ 0
4

we also derived the
second-order¥ correctioncoefficient

R


2
Õ ´ 1

16
578
�

N
: 4 µ 92

E
N
: 3
" ¶ 442
C
3
Ý N
: 2 · 90

E
N
: ¸

18¹ 2 º¼»+½ 204
í

N
: 2

¾
100N

: ¿
26ÀÂÁÄÃ 155

18
,� Å 91

E Æ
where5

ÇÉÈËÊ
4 Ì 3

Ý
16

. Í 92
E Î

For
Ï

D
ù Ð

2,
í

from Eq. Ñ 91
E Ò

we5 obtain the result given in Ref.Ó
7
½ Ô

. The formula conjecturedin Ref. Õ 14Ö canë be obtained
from
�

Eq. × 91
E Ø

for
�

l
û Ù

0
4

andK
Ú Û

0.
4

By taking into accountthe S
!

3
" term
�

in Eq. Ü 20Ý andk the
first-order
�

correctionto the norm of the wave function, for
m± Þ 3

Ý
anda> i ß 0,

4
for i

� à
0,
4

we obtain

R


2
Õ áãâ 68

�
3
Ý N
: 3
" ä

15N
: 2 å æ 22

3
Ý ç 10è N

: é
1 ê 3

Ý ë
. ì 93
E í

By
¿

performing the WKB part of the calculation,for m± î 4
C

andk a> i ï 0,
4

for i
� ð

0,
4

we obtain
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2
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í
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ò 2

3
Ý 2
Õ ó

5
�
6
� 2
Õ

ô N
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"

3
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Ý ø 5

�
6
� N
: 3
"
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�
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3
Ý 2
Õ û

5
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Õ
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"

3
Ý 1/2

� 2

3
Ý � 5

�
6
�

���
2 �
	 1 � N: � 1
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 2
í
3
Ý 2� 5

�
6
� 2

� � 1 � 12��� 36
Ý � 2

Õ �
.

�
94
E �

For K � 0,
4

l
û �

0,
4

D � 2, andD � 4 this equationleadsto nu-
merical� valuesgiven in TableVII of Ref. � 14� .

VI.
 

THIRD-ORDER CALCULATION

By
¿

performing the WKB part of the calculation,for m±! 3
Ý

anda" i # 0,
4

for i
� $

0,
4

we obtain

R3
" % 0.
4 &

95
E '

By taking into accountthe S
!

4 term
�

in Eq. ( 20) andk W1 ,�
for
�

m± * 4
C

anda" i + 0,
4
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VII.
p

CONCLUSIONS

In this paper,we haveusedtheWKB methodto calculate
the
�

lifetime of quasistationarystatesin sphericallysymmetric
potentialU wells of the form of Eq. q 1r . A straightforward
method� of calculating the WKB wave functions was sug-
gested.s Furthermore,we showedthat the usualtediouspro-
cedureë of explicit asymptoticmatching of the WKB and
RSPT
t

wavefunctionscanbe avoided.
A
u

generalformula v Eq.
å w

27
í xzy

for
�

the lifetime wasderived.
In comparisonwith previousapproaches,the useof this for-
mula hasthe following advantages.First, to our knowledge,
ak generalformulasimilar to Eq. { 27

í |
has
}

not beenknowntill

now, andanyproblemhadto besolvedfrom thevery begin-
ning. Second,this formula offers a systematicway of per-
forming
�

calculationsto high ordersof the couplingconstant~ . Finally, this equationusesonly minimal informationnec-
essary� for calculatingIm E

F
.

The leadingorderof the WKB methodanda few correc-
tions
�

were explicitly calculated,and analytical results ob-
tained.
�

Resultsknown from the literature follow from our
results� as specialcases.Our resultswere also verified nu-
merically.

With
�

only a slight modification,our methodcan be ap-
pliedU to the problem of a hydrogenatom in a spherically
symmetric¥ polynomialperturbation� 11,14,21� ,� andto a har-
monic oscillator in cubic perturbation� 24� . Theseproblems
will5 be discussedelsewhere.

Since
�

theapproachdiscussedin this paperis basedon the
scaling¥ property of potential � 1� ,� this methodseemsto be
restrictedto polynomialpotentials � or� potentialsthat canbe
well5 approximatedby polynomial potentials� . On the other
hand,
}

this methodis not restrictedto separablemultidimen-
sional¥ problems.The extensionof our methodto nonsepa-
rablemultidimensionalproblemswill bediscussedin a forth-
comingë paper.

The
�

RSPTand WKB calculationsprovide seriesfor the
real� and imaginarypartsof the energy � Eqs.

å �
19� andk � 27

í �z�
,�

respectively.The greaterthe numberof termsof series� 19�
andk � 27� that

�
is known, the greaterthe amountof detailed

information
�

about the quasistationarystates is available.
Since
�

the methodoutlined in this paperoffers a systematic
andk straightforwardway to obtain this informationfrom the
Schro
�

¨dinger
�

equation,we believe that it is of considerable
interest.
�
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Also seeB. G. Adams,J. Čı́žek,< andJ. Paldus,Adv. Quantum
Chem.
D

19
E

, 1 F 1988G . Reprinted in Dynamical
H

Groups and
Spectrum
I

Generating Algebras, edited by A. O. Barut, A.
Böhm, and Y. Neeman J World

K
Scientific, Singapore,1988L ,0
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