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ı́� žek� andJ Zamastil
Facultyof MathematicsandPhysics,CharlesUniversity, KeKarlovu 3, 12116Prague2, Czech
Republic
	
Departmentof AppliedMathematics,Universityof Waterloo,Waterloo,Ontario,Canada
N2L



3G1

Recei
	

ved 15 December1998,in final form 21December1998

Abstract.
�

A
�

new formuladescribingthelarge-orderbehaviourof thestrongcouplingperturbation
coefficientsfor the anharmonicoscillatorswith the Hamiltonian ���� d2 � d� 2 + � 2 + ��� 2� is
suggested.A new methodfor theaccuratecalculationof thesquarerootbranchpointsof theenergy
from thenumericalvaluesof thecoefficientsis alsosuggested.Thebranchpointsandtherelated
minimal valuesof the couplingconstant� for which the expansionconvergesarecalculatedfor
the
�

groundstateof thequartic,sextic, octicanddecadicoscillators.

In
�

this letter, we investigatetheSchr̈odinger� equation���! #"%$'&)(+*
(1)
,

for
-

theanharmonicoscillators,where.0/21 2 + 3 2 + 465 27 8:9 0
;=<?>A@

2 (2)

and� BDCFEHG dIKJ dIKL . As is well known, theenergy MON'P6Q canR beexpressedasa strongcoupling
perturbationS seriesin powersof T6U 2VXWZY +1[ (see

,
e.g.[1–3])

\O]'^6_a`2b 1cXdZe +1fhg
ikj 0
l
monqp6r 2sktXuZv +1wyx (3)

,

The
z

numericalvaluesof the {o| coefR ficientswereinvestigated,for example,in [4–11]. To the
best
}

of ourknowledge,thelarge-orderbehaviour of the ~o� coefR ficientswas investigatedonly
in [5], wherethelarge-orderformulafor the �o� coefR ficients

�o���2� cosR��'��� + ���� �
0
l�� �q� 3

�y�
2
� (4)

,

where� ��� ar� g � 0
l w� asderived. Here,� and� � are� constants,� 0

l denotes
I

thesquarerootbranch
pointS of theenergy  ¢¡'£¥¤ with� thesmallestdistanceto theorigin [1,2,12,13]

¦¢§'¨¥©aª#«6¬ 1X®Z¯ +1°o±³²O´'µ)¶)·?¸
¹kº 0
l
»½¼¿¾ ¼

(5)
,

and� ÀhÁAÂ6Ã 2ÄÆÅZÇ +1È . Thevalueof É 0
lËÊÍÌ 4

Î=Ï
193684+ 2 Ð 169740 Ñ for

-
thegroundstateof the

quarticÒ oscillatoranda few otherstatesof thisoscillatoris known from [14]. Theimportance
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of� thebranchpoint Ô 0
l follo
-

wsfrom thefactthatit determinestheminimalvalueof Õ for
-

which
the
Ö

series(3) converges.It follows from equations(3), (4) that

×
min Ø 1Ù Ú

0
l�Û ÜZÝ +1ÞZß 2 à (6)

,

The
z

valuesof theconstantsá and� â are� not known.
Theaimof this letteris (i) to generalizeequation(4), (ii) to suggestanew generalmethod

of� calculatingã 0
l and� (iii) to calculateä 0

l and� å
minæ for

-
thegroundstateof thequartic,sextic,

octic� anddecadicoscillators.
First
ç

we generalizeequation(4). The energy è¢éëê¥ì canR be in the neighbourhoodof the
pointsS í

0
l and� î¥ï

0
l described
I

by theseries[1,12,15]
ð¢ñ'òôó)õ#ö

1[ ÷'øúùüû 0lþýôÿ��������0l	� ]
 1� 2
�

+�� 2
� [ ������� 0

l������������
0
l	� ]
 3��� 2� +�! � � 

+" 0
l + # 1 $�%�&�' 0l�(�)�*�+�,	-0l	. + / 2[ 0�1�2�3 0

l�4�5�6�7�8�9
0
l	: ]
 2 + ;�;�;

<>=
1 ? @ 0
lBA�C�D 2�FE 2

GIH
cosR J + 1�LK 1M 2� +��N 2

�BO P
0
lBQ 3�BR�S 2��T 2

GIU
cosR V + 1�LW 3��X 2� +�!Y�Y�Y

+Z 0
l + [ 1 \ ] 0

l_^ 2 `�a 2 b 2c cosRed + 1f + g 2 h i 0
lBj 4 k�l 2 m 2n cosReo + 1p 2 + q�q�q (7)

,
where� r�s and� tvu are� constantsand w�xzy�{|y 0

l . The termswith the }�~ coefR ficients do not
contribR utetothelarge-orderbehaviourof the��� coefR ficients.Now weobservethatthefunction��� 2��� 2

GI�
cosRe� +1������� is

�
thegeneratingfunctionof theGegenbauerpolynomials���������� cosRe��� [16]:

��� 2�F� 2� cosR � + 1 �¡�¢�£
¤
¥§¦ 0
l
¨�©«ªF¬�«®©°¯ cosRe±�² (8)

,

where� ³µ´°¶ 1
2
�¸·v¹ 3

�
2
�»º�¼ 5

½
2
�»¾�¿�¿�¿�¿ Therefore,agenerallarge-orderformulafor the ÀÂÁ coefR ficients

follo
-

wing from equations(5), (7) and(8) equals

ÃÂÄÆÅ 1Ç È
0
lBÉ Ê§Ë 1

[ Ì 1 Í�Î�Ï 1Ð 2��ÑÒ Ó cosR Ô�Õ +��Ö 2
�B× Ø

0
lBÙ 2��Ú�Û�Ü 3

��Ý
2
��Þß à cosReá�â +�!ã�ã�ã ]
�ä (9)

,

T
z
ofind therelationof thisformulatoequation(4)weproceedasfollows. TheGegenbauer

polynomialsS canbeexpressedas[16]

å�æ�ç�èé�ê cosR ë�ìîí ïðòñ
0
lôó
õ�ö�÷ø cosRúù�ù�ûýü 2

GBþ ÿ � ÿ (10)
,

where�
�������	�
��������������

�����
+������ �!�" +��#%$'&)(*

! +�,%-/.�0 ![ 1�2�354 ]
 2�76 (11)
,

It follows from equation(10) thatequation(9) canalsobewritten in theform

8:9<; 1= >
0
l@? A�B 1

cosR7C�DFEHGIJ�K
0
l
L�M

1 N O�P 1Q 2�SRT +��U 2 V W 0
lYX 2 Z�[�\ 3

��]
2
�S^_ +�a`b`c` d cosR7e 2Ggf�h5i

+� sinj�kFl5m
n
o�p

0
l
q�r

1 s t�u 1v 2wx +��y 2
�Yz {

0
l@| 2�b}F~�� 3

�S�
2�� +�a�c�b� � sin��� 2GY�)�5� � (12)

,

Thelarge-orderbehaviour of thecoefficients �������� equals�
����� 1� 2�

0
l ��� 1

2� ��� 3
�S�

2
[1 + 3�F  8¡g¢�£ + 25¤F¥ 128¦ 2 § + ¨b¨b¨ ]
 (13)

©�ª�« 1¬ 2
1 ® 1

4
Îg¯ °�± 3

�S²
2
[1 + 15³�´ 8¡¶µF· +� 385̧F¹ 128º 2

�b»
+�a¼c¼b¼ ]
 (14)

½�¾�¿ 1À 2�SÁ
2
� Â 1

16Ã ÄÆÅ 3
�SÇ

2
� [1 + 27ÈFÉ 8¡gÊ�Ë +� 1225ÌFÍ 128Î 2 Ï +�ÑÐbÐbÐ ]
 (15)
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ÒcÒbÒ
Ó�Ô�Õ 3
��Ö

2×
0
l Ø 3

Ù
4Ú Û�Ü 5

ÝSÞ
2
[1 + 15ß�à 8¡¶áFâ + 385ãFä 128å 2

�bæèçbçbç
]



(16)

é�ê�ë 3
��ì

2
�Sí

1 î�ï 9
ð

8
¡gñ òÆó 5

ÝSô
2
� [1 + 35õFö 8¡g÷�ø +� 1785ùFú 128û 2

�büèýbýcý
]



(17)

þ�ÿ�� 3
���

2
���

2 ��� 9
ð

32
Ù
	 �� 5

Ý��
2
� [1 + 55��� 8¡���� + 4305��� 128� 2 ������� ]
 (18)

�����
First
ç

werestrictourselvesto the � �"! 1
2 term
Ö

in equation(12). If we take theleading1#%$ 3
��&

2
�

term
Ö

in equations(13)–(15)wegetfrom equation(12)')(+* 1, -
0
l%. /�0 1 1 3

��2
2
[ 3 1 cosR547698;: + < 1 sin�>=7?9@;A ]
 (19)

where� B
1 and� C

1 are� constants. Introducing further cosDFE5G 1 H I 21 +�KJ 2
1 and� sin LFM

NPO
1 Q R 2

�
1 +�TS 2

�
1 we� seethat this equationcanbere-writtenin theform of equation(4). Thus,

equation� (4) correspondsto theleading1U%V 3
��W

2
�

term
Ö

of equations(9) and(12). Correctionsto
equation� (19) canbe found analogously. It is obvious that the large-orderformula (12) can
also� bewritten in theformX)Y+Z 1[ \

0
l^] _�` 1 a 3

��b
2
� [ c7d 1 +�Te 2��f%g +�Kh 3��i%j 2

�
+�lk�k�k m cosR5n7o�prq +�ls7t 1 +�Tu 2

��v%w +�Kx 3
��y%z 2

�
+�l{�{�{ | sin�>}7~9�;� ]


(20)
,

where� ��� and� �^� are� constants.
W
�

enow suggestageneralmethodof calculatingthevalueof thebranchpoint � 0l from the
numerical� valuesof the �)� coefR ficients. To calculate� � 0l%� and� � we� canuseequation(9) and
the
Ö

recurrencerelationfor theGegenbauerpolynomials[16]�7�
+ 2����� 1������������ 1 � 2

G �7¡
+�T¢;£ cosR5¤7¥;¦�§�¨�©�ª« +�¬7® + 1�°¯�±³²�´¶µ· +1°F¸ 0

; ¹
(21)
,

Takingonly thefirst º »"¼ 1
2
� term
Ö

in equation(9) wegetfrom equation(21)theequationused
in
�

[6] ½7¾À¿
2Á�Â)Ã�Ä 1 ÅÇÆ 2ÈÀÉ 1Ê Re Ë7Ì 0l�Í�ÎTÏ + Ð7Ñ + 1Ò�Ó Ô 0l%Õ 2 Ö)× +1 Ø 0

;rÙ
(22)
,

If
�

wetake ÚÜÛÞÝ 0
l and� ßÜàÞá

0
l +� 1, whereâ 0

l is
�

alargeinteger, weobtaintwo equationsfor two
unknoã wnsfrom whichRe ä7å 0l�æ and� ç è

0
l^é 2 canR becalculated.It is seenfrom equations(12)–(18)

that
Ö

equation(22)correctlyrespectsonly thetermsdependingon1ê^ë 3
��ì

2
�
.

Considering
�

the í î"ï 1
2 and� ðñ"ò 3

�
2 terms
Ö

in equation(9) weanalogouslygetó7ôöõ
2
G%÷�øúù�û

1 üÇý 2þÀÿ 1� Re ��� 0
l����	� + 
�� + 1�� � 0

l�� 2 �	�
+1 � 0

; �����
0
l���������� �

0
l + 3 (23)!�"$#

4
Î&%('	)(*

1 +-, 2G&.$/
3
Ù&0

Re
132�4

0
l�5�6	7 +�98�: + 1�<;�= >

0
l�? 2��@	A

+1°CB 0
; D�E�F

0
l�G�H�H�H�GJI

0
l +� 3 (24)KMLON�P	Q

+ R	S T�UWV 0
lYX 1 Z	[�[�[�Z \ 0

l + 4 (25)

where�
]	^`_ a 1b c

0
l�d e(f 1

gYhji 1k 2lm n cosRporq (26)
,

s	t`u v 2w x
0
l�y z({ 3

�}|Y~j� 3
���

2�� � cosRp�r��� (27)
,

Equations
�

(23)–(25)area systemof 14 nonlinearequationsfor 14 unknowns �	� ,�}�	� , R� e�� � 0
l��

and� � �
0
l�� 2� which� canbesolvednumerically. If �	� ,���	� , R� e��� 0

l�� and� � �
0
l�� 2� are� known wecanreturn

to
Ö

equations(26),(27)for �� W¡ 0
l and� calculatethecoefficients¢ 1 and� £

2
� . Equations(23)–(25)

correctlyR respectall thetermsdependingon1¤�¥ 3
��¦

2 and� 1§�¨ 5
Ý�©

2.
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It
�

is obviousthatequations(23)–(25)canbegeneralizedto anarbitrarynumberof terms
in equation(9). Taking

DFE
1 termsin equation(9) with thecoefficients G 1 HJIKIKIKHMLKN we� haveto

solv� e2 OQP 2
�
+�SR +1�UT equations� for thesamenumberof unknowns. In general,theseequationscan

be
}

reducedto two nonlinearequationsfor ReVQW 0
lKX and� Y Z

0
l\[ 2. Thecoefficients ]K^ ,�\_a` 1 bdcKcKcKbMe

canR becalculatedanalogouslyto thecasefhg 2.
In
�

numericalcalculations,weusedthe ikj coefR ficientsfor thegroundstateof thequartic,
se� xtic, octic anddecadicoscillatorscomputedby themethoddescribedin [17,18] andfound
the
Ö

valuesof thebranchpoint l 0
l ,�nm minæ and� theconstantsoKp (see

,
table1). It isseenthatthevalues

of�rq
0
l ,�ts min and� uKv coefR ficientsstabilizewith increasingw . We alsonotethat thevaluesof the

coefR ficientsxKy ,�{z}| 1 go down with increasing~ so� thatwecanrestrictourselvesto afew terms
in equation(9). Thevalueof thebranchpoint � 0

l}��� 4 � 1936841+2 � 1697397� for thequartic
oscillator� following from table1 is moreexactthanthevalue � 0

l��U� 4
Î��

193684+ 2 � 169740 �
foundin [14]. A moredetaileddiscussionwill bepublishedelsewhere.

Summarizing,
�

we suggestedthegenerallarge-orderformula (9) for the �k� coefR ficients,
sho� wed that equation(4) is equivalent to the leadingterm (19) of equation(9) andderived
equation� (20)describingthelarge-ordercorrectionsto equation(19). Further, wesuggesteda
ne� w moregeneralmethodof calculatingthebranchpoint � 0

l and� theexpansioncoefficients �n�
from thenumericalvaluesof the �k� coefR ficients.Thevaluesof thebranchpoint � 0

l ,��� min,� and
the
Ö

constants�K� were� computedfor thegroundstateof thequartic,sextic, octic anddecadic
oscillators.�

Our
�

discussionisbasedontheexistenceof theexpansion(7). It isobviousthatourmethod
canR beappliednot only to theanharmonicoscillatorsbut alsoto moregeneralproblemswith
the
Ö

samecharacterof thebranchpoints.Extensionto amoregeneralfraction-likecharacterof
the
Ö

branchpointsalsoseemsto bepossible.For this reason,webelieve thattheresultsof this
lettercontributeto betterunderstandingof thelarge-orderperturbationexpansionsin general.
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