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Abstract. Thestrongcouplingexpansioncoefficientsfor theordinaryandrenormalizedenergies
of thegroundandfirst excitedstatesof thequartic,sextic, octicanddecadicanharmonicoscillators
with the Hamiltonian 
 � � 2 +  2 + � � 2� , � � 2� 3� 4� 5 are computed. The expansion
coefficientsarealsocomputedfor higherexcitedstatesof thequarticoscillator. The large-order
beha

�
viour of thecoefficients,theradii of convergenceof theseriesandthesummationrulesfor the

coefficientsarediscussed.It is shown that,in contrastto thedivergentweakcouplingexpansions,
the

�
renormalizedstrongcouplingperturbationwavefunctionshavesimpleformandstraightforward

physical� interpretation.Finally, boththestrongcouplingperturbationapproachesarecompared.

1.
�

Introduction

In thispaper, we investigatetheSchr̈odinger� equation� � � � �  ! "
(1)

#
for theanharmonicoscillators,where$ % & 2

'
+( ) 2

'
+( * + 2

' , - .
0
/ 0 1

2
2

(2)

and� 3 4 5 id 6 d
7 8

.
As
9

is well known, the ordinary energy : ; < = can> be expressedas a weak coupling
perturbation? seriesin powersof @ ,A

B C D E F G
H I 0

J
K L M L

(3)
#

whichN divergesfor every O P 0
/

(see,e.g.,[1–7]). Theenergy Q R S T also� possessesthestrong
coupling> expansion(see,e.g.,[2,3,6])

U V W X Y Z 1[ \ ] +1̂ _
` a 0

J
b c d e 2f g h i +1j (4)

#

corresponding> to anequivalentHamiltoniank l m 1n o p +1q r s 2 +( t u 2v w x +1y z 2 +( { 2| } (5)
#

whichN can be obtainedfrom equation(2) by meansof the scaling transformation~ �� � 1� [2 � � +1� ]
� �

. The series(4) converges if � is
�

sufficiently large i.e. if � � � � � � ,A where� � � � �
0.

/
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Alternati
9

ve perturbative approachesbaseduponrenormalization(Wick ordering[8] or
scaling� [5, 9–12]) have considerableadvantages.The renormalizationcanbe introducedby
means� of anew couplingconstant� related� to � by

�
theequation[9–12]

� � �  ¡ ¢
1 £ ¤ ¥ ¦ § +1̈ © 2

(6)
#

whereN
ª « ¬  ®

2̄ ° 1± !! ² 2³ ´ 1 µ (7)
#

This
¶

transformationmapsthe original unboundedinterval · ¸ [0 ¹ º » onto� the bounded
interval ¼ ½ [0 ¾ 1¿ (see

#
also[13–16]). With thehelpof equation(6), theHamiltonian(2) can

be
�

expressedin termsof a renormalizedHamiltonianÀ Á
À Â

Ã Ä
Å
1 Æ Ç È 1É 2

(8)
#

whereN
Ê Ë Ì Í 2 + Î 2 + Ï Ð Ñ 2Ò Ó Ô Ò Õ Ö 2 × Ø Ù 2 + Ú 2Û Ü Ý Û + Þ 1 ß à á â ã 2 ä å 2æ ç è æ é ê (9)

#
The
¶

renormalizedenergyë ì í î ï ð ñ
1 ò ó ô 1õ 2 ö ÷ ø ù (10)

#
can> eitherbeexpressedasa renormalizedweakcouplingexpansionin ú

û ü ý ú þ ÿ
�

� � 0
J � � � �

(11)
#

or� asa renormalizedstrongcouplingexpansionin 1 � �
� 	 
 � � �


� � 0

J
� � �

1 � � � � � (12)
#

The
¶

weak coupling expansion (11) diverges almost as strongly as the weak coupling
e� xpansion(3) [8,11,17]. However, thestrongcouplingexpansion(12) hassomevery useful
properties? [12,18–20].

F
�
or thegroundandfirstexcitedstatesof thequarticanharmonicoscillator, wenumerically

computed> 200coefficients � � [18]. Fromthesedata,we obtainedthelarge-orderformulafor
the

� � �
coef> ficientsof thequarticoscillator

�  ! " 12#$
!

4
% &

6
'

( ) 2 * 2+ , - . / 10 1 2e� 2 23 24 (13)
#

whereN 5 6 0
/ 7

1 8 2 9 : : : is theindex of excitation.
This

¶
formulawas generalizedto anarbitrary ; and� < = in

�
[19]

> ? @ A 2
2 B +3C D 2

' E F
+1C G 2

' H
I J ! K L

M N O P Q R +1S T 1U e� V [ WX Y 1 Z [ \ ] 1̂ _ ]
� ` a

3
b

(14)

whereN
c d e f 2g h i g j 1k kl 2 m n o m n p 1q q (15)

#

and�
r s

4 t u v 1w x y z 1{ | } (16)
#

Fo
�

r ~ � 2,
2

theright-handsideof equation(14)hasto bedividedby � 2. For � � 2
2 �

3
b �

4
% �

5
�

and� �
0

/ �
1, we comparedequation(14) with thecomputedcoefficients � � and� performedthe
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asymptotic� analysisof theratio of thenumericalvaluesof � � and� thevaluesfollowing from
equation� (14) (see[19]). Thelarge-orderformula(14)was alsousedin thesummationrule

�
0

J � �� � 0
J

� � �
2� + 1 (17)

v� alid for arbitrary � � 2 � 3
b � � � � �

It was shown in [19] that: (1) Equation(14) canbe used
at� leastqualitatively from � of� theorderof ten; (2) theabsolutevalueof equation(14) is an
upper� boundto theabsolutevaluesof theactual�   coef> ficients;(3) theasymptoticbehaviour
of� thenumericalcoefficients ¡ ¢ is

�
given by equation(14); (4) theuseof equation(14) in the

summation� rule (17) improves its accuracy, (5) finally, the resultsof [12,18–20]show that,
in contrastto thestrongcouplingexpansion(4), therenormalizedstrongcouplingexpansion
(12)

#
convergesfor arbitrary £ ¤ 2,

2 ¥ ¦
0

/
and § ¨ © 0/ ª

2
2 «

.
Thelarge-orderbehaviour of the ¬  coef> ficientswasinvestigatedin [21], wherethelarge-

order� formulafor the ® ¯ coef> ficients

° ± ² ³ cos> ´ µ ¶ +( · ¸¹ º » ¼ ½ ¾ 3
¿ À

2
' (18)

#

whereN Á Â ar� g Ã Ä wN as derived. Here, Å and� Æ are� constants,Ç È denotes
7

thecomplex square-
root branchpoint of the energy É Ê Ë Ì of� a given state Í withN the smallestdistanceto the
origin� [1–3,22]

Î Ï Ð Ñ Ò Ó Ô 1Õ Ö × +1Ø Ù Ú Û Ü Ý Þß à 0
J

á â ã â
(19)

#

and� ä å æ ç 2è é ê +1ë . Thevaluesof ì 0
J í î

2 and� ï
4 of� thequarticoscillatorareknown from [23].

The
¶

valueof thebranchpoint ð 0
J is

�
alsoknown for thesextic, octicanddecadicoscillators[24].

The importanceof thebranchpoint ñ ò follows from the fact that it determinestheminimal
v� alueof ó for

ô
which theseries(4) converges.It follows from equations(4) and(18) that

õ ö ÷ ø ù 1ú û ü ý þ ÿ +1C � � 2
' � (20)

#

It
�

was shown in [24] thatthegenerallarge-orderformulafor the � � coef> ficientsreads

� � � 1	 
 � �  � 1
[ � 1 � � � 1� 2�� � cos> � � +( �

2 � � � � 2 � �  3
¿ !

2"# $ cos> % & +( ' ' ' ]( (21)

whereN ) * + ,- . / 0 are� theGegenbauerpolynomials.Further, it wasshownin [24] thatequation(21)
can> alsobewritten in theform1 2 3 14 5 6 7 8 9 1 : 3

¿ ;
2
[ < = 1 + > 2 ? @ + A 3

¿ B C 2
'

+ D D D E cos> F G H I + J K 1 + L 2 M N + O 3
¿ P Q 2

'
+ R R R S sin� T U V W ]

(
(22)

#
whereN X Y and� Z [ are� constants.Takingonlytheleadingtermproportionalto1\ ] 3

¿ ^
2,A thisequation

yields_ (18) with ` a b c d e f 2
1 +( g 2

1 and� cosh i j 1 k l 2
1 +( m 2

1 . A generalaccuratemethodof
calculating> thevalueof thebranchpoint n o from thenumericalvaluesof the p q coef> ficients
wN as suggestedin [24].

Themainpurposeof thispaperis toperformdetailednumericalanalysisof theconvergent
strong� couplingexpansions(4) and(12)andthecorrespondingwavefunctionswhichhavenot
been
�

investigateduntil now. First, we describethe numericalmethodusedfor computing
the
�

expansioncoefficients(section2). The large-orderbehaviour of therenormalizedstrong
coupling> coefficients r s ,A the radii of convergenceof the series(12), the sign patternof the
coef> ficients,thesummationrulesfor thecoefficientsandtheperturbationwavefunctionsare
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discussed
7

in section3. In section4, we discussthe large-orderbehaviour of the ordinary
strong� couplingexpansioncoefficients t u ,A calculatev w and� x y z { for the final excited state
and� investigatethe perturbationwavefunctions. In the conclusion,both the strongcoupling
perturbati? veapproachesarecompared.

2.
|

Numerical method

W
}

eassumetheusualformulationof theperturbationtheory~ � � � �
(23)

#
whereN

� � �
0

J +( � �
1 (24)

#
� � �

0
J + � � 1 + � 2 �

2 + � � � (25)
#

and�
� � �

0
J +( � �

1 +( � 2 �
2

' +( � � � � (26)
#

Thewell known equationsfor theperturbationenergies � � and� wavefunctions� � read�
0

J �
0

J �  
0

J ¡
0

J (27)
#

and�
¢

0
J £ ¤ + ¥ 1 ¦ § ¨ 1 ©

ª
« ¬

0
J

 ® ¯ ° ± ² ³ ´
1 µ 2 ¶ · · · · (28)

#

Our
¸

numericalmethodwasformulatedin [25,26] andcommentedin [27–30]. Weassume
that

�
equations(27)and(28)arenumericallyintegratedfrom thepoint ¹ º 0

J to
�

thepoint » 0
J withN

the
�

boundaryconditions¼
½ ¾ ¿ À 0

J Á Â Ã Ä Å Æ Ç
0

J È É 0
/ Ê Ë

0
/ Ì

1 Í Î Î Î Î (29)
#

Here,
Ï Ð

0
J is

�
a sufficiently large numberand Ñ is

�
a constantdifferent from zero. We also

assume� that thewavefunctionsÒ Ó and� perturbationcorrectionsÔ Õ are� alreadycalculatedforÖ ×
0
/ Ø Ù Ù Ù Ø Ú Û

1. Then,it follows from equation(28) thatthewavefunctionÜ Ý depends
7

not
only� on thecoordinateÞ b

�
ut alsoon theperturbationenergy ß à tak

�
enasaparameterá â ã ä å æ ç å è é ê ë

(30)
#

It
�

was shown in [25,26] thatthefunction ì í î ï í ð ñ 0
J ò is

�
a linearfunctionof theparameteró ôõ ô ö ó ô ÷ ø 0

J ù ú û ü ý þ ÿ� � � 0
J � + � � � � � 	
 � �  � 0

J � � (31)
#

Taking � �� � 0
/

andassumingin agreementwith equation(29) � � � � � � � 0
J � � 0

/
we get the

equation� for thesoughtvalueof � � for
ô

which theboundarycondition �  ! " 0
J # $ 0

/
is obeyed:

% & ' ( ) * + 0/ , -
0

J ./ 0 1
0

J 2 3 4 1 5 (32)
#

To compute6 7 ,A only thevaluesof thefunctions8 9 : 0/ ; <
0

J = and� > ? @
0

J A are� needed.Thevalue
of� B C D

0
J E ,A which is independentof F ,A can easily be calculatedfrom equation(31) for two

arbitrarily� chosenvaluesof G H and� I JK ,A L M NO P QR and� S T 1.
Equation(28)canbesolvedwith theusualorthogonalizationcondition(seeourdiscussion

in
�

[26]): U V
0

J W X Y Z [ \ ]
0

J ^ (33)
#
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wever, it is obviousthatthismodificationof thealgorithmusedin [30] hasnoeffecton the
v� aluesof theenergies _ ` . Thus,asfar as theperturbationenergiesareconcerned,theuseof
equation� (33) is not necessaryandonly increasesthecomputationaltime. As we show in the
following section,theapplicationof equation(33)maynotbeconvenientevenfrom thepoint
of� view of thewavefunctionswhensimplephysicalinterpretationof thewavefunctionsa b can>
be
�

lost.
The renormalizedstrong coupling caseis obtainedfor c 0

J d e 2
'

+ f 2
' g h i g ,A j 1 kl 2 m n 2o p q o and� r s 1 t u . Analogously, the ordinarystrongcouplingcaseis obtained

for v 0
J w x 2 + y 2z ,A { 1 | } 2 and� ~ � � � 2� � � +1� .

3.
�

Renormalized strong coupling case

3.1.
�

Coefficients� �
3.1.1.

�
Groundand first excitedstates. Calculation

�
of the coefficients � � is

�
difficult and,

e� xcept for the quarticoscillator [18], only a limited numberof thesecoefficientshasbeen
computed> [12,19]. Usingthemethoddescribedin section2, we areableto computea large
numberof the � � coef> ficients for an arbitrary oscillator with the Hamiltonian(9). Since
the

�
quarticcasewas investigatedin detail in [18] we limit ourselvesto thediscussionof the

coef> ficients� � for thegroundandfirstexcitedstates( � � 0
/ �

1)of thesextic, octicanddecadic
oscillators� ( � � 3

b �
4

% �
5).
�

According
9

to our experience,the usualcomputationalaccuracy doesnot yield reliable
resultsat largeordersof theperturbationtheory(� about� 100andlarger). For this reason,we
used� the languageMaple with an adjustablenumberof decimaldigits. We used100 digits
accurac� y for thesextic oscillator, 125digitsfor theocticoscillatorand175digitsfor thedecadic
oscillator� . Thevaluesof � 0

J wereN taken � 0
J � 6

' �
2
2

for thesextic oscillator, � 0
J � 5

� �
9
�

for theoctic
oscillator� and  0

J ¡ 5
� ¢

4 for thedecadicoscillator. Theresultingaccuracy of the £ ¤ coef> ficients
is
�

at least50digitswhich is necessaryfor thereliablecomputationof the ¥ ¦ coef> ficientsfrom
the
� § ¨

coef> ficients(seesection4.1.1).
Selected

©
coefficients ª « for

ô
the groundandfirst excited statesof the sextic, octic and

decadic
7

oscillatorsare shown in tables1 and 2. Similarly to the ¬  coef> ficients for the
quartic® oscillator[18], the first two coefficientsfor the groundstateof the sextic, octic and
decadic

7
oscillatorsarepositive. However, in contrastto thequarticoscillator, thegroundstate

coef> ficient ¯ 3
¿ is positive for theseoscillators.In caseof thefirst excitedstate,thesignpattern

of� the ° ± coef> ficientsfor thesextic, octicanddecadicoscillatorsis thesameasfor thequartic
oscillator� . We notethat beginning with ² ³ 4 for the groundstateand ´ µ 2 for the first
e� xcited state,all the coefficients ¶ · are� negative in agreementwith the large-orderformula
(14).

#
The

¶
accuracy of thecomputedcoefficients ¸ ¹ can> betestedby meansof thesummation

rules[12,18]

º » ¼ ½
¾ ¿ 0

J [ À Á À Â 1Ã Ä Ä Ä Å Æ Ç È + 1( É Ê Ë ]
( Ì Í Î

1Ï Ð Ñ ! Ò Ó Ô (34)
#

Fromthenumericallycomputedcoefficients Õ Ö ,A wecancalculateonly thepartialsums

× Ø Ù ÚÛ Ü
Ý

Þ ß 0
J [ à á à â 1ã ä ä ä å æ ç è + 1( é ê ë ]

( ì
(35)

#

In tables3 and4, thevaluesof í î ï ðñ for ò ó 125and ô õ 0
/ ö

1 arecomparedwith theexact
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Table 1. Selectedvaluesof thecoefficients÷ ø for thegroundstate(ù ú 0) of thesextic, octicand
decadicoscillators(û ü 3ý 4þ 5).ÿ � 3 � � 4 � � 5� � � � � � �

0 0.6250898125 0.5551302360 0.5033189176
1 0.4076591806 0.5008987617 0.5784069954
2 � 0.3151647679e	 1 
 0.5803753396e� 1 � 0.9066695182e 1
3 0.6429296807e� 3 0.4575662071e� 2 0.1203727649e� 1
4

� �
0.5534053670e� 3 � 0.5712626540e� 3 � 0.7944499387e� 3

5 � 0.3929217186e� 3 � 0.5258289771e� 3 � 0.7696184716e� 3
6 � 0.2440974167e� 3  0.2721731611e! 3 " 0.1453710122e# 3
7 $ 0.1677666667e% 3 & 0.2141870167e' 3 ( 0.2003378857e) 3
8 * 0.1187679167e+ 3 , 0.1646495230e- 3 . 0.1635840630e/ 3
9 0 0.8620062776e1 4

� 2
0.1275570165e3 3 4 0.1250369864e5 3

10 6 0.6398299520e7 4 8 0.1013005835e9 3 : 0.1040245073e; 3
20 < 0.6726918325e= 5 > 0.1848128698e? 4

� @
0.2469621379eA 4

�
40 B 0.3979361444eC 6 D 0.2434674741eE 5 F 0.4662624417eG 5
60 H 0.5552344203eI 7 J 0.6319487479eK 6 L 0.1581408038eM 5
80 N 0.1167648421eO 7 P 0.2242828751eQ 6 R 0.6992502138eS 6

100 T 0.3147670494eU 8 V 0.9573805746eW 7 X 0.3607688672eY 6
125 Z 0.7711741190e[ 9 \ 0.3911521130e] 7 ^ 0.1813824820e_ 6

Table 2. Selectedvaluesof thecoefficients̀ a for thefirst excitedstate( b c 1) of thesextic, octic
anddecadicoscillators(d e 3f 4

� g
5).

h i 3 j k 4 l m 5n o p o p o p
0 2.3689797714 2.1537660021 1.9754938148
1 0.7231183110 0.9544295125 1.1463806319
2 q 0.4310815291er 1 s 0.5406868231et 1 u 0.7239533963ev 1
3 w 0.1582814757ex 1 y 0.1378596641ez 1 { 0.1077167390e| 1
4 } 0.9343233523e~ 2 � 0.8593116466e� 2 � 0.6544300772e� 2
5 � 0.6048782495e� 2 � 0.6060393067e� 2 � 0.4999393936e� 2
6 � 0.4128132415e� 2 � 0.4438896853e� 2 � 0.3813944631e� 2
7 � 0.2933016648e� 2 � 0.3362914351e� 2 � 0.2984781188e� 2
8 � 0.2150434213e� 2 � 0.2618477891e� 2 � 0.2395800733e� 2
9 � 0.1616873909e� 2 � 0.2084144850e� 2 � 0.1961865182e  2

10 ¡ 0.1241082096e¢ 2 £ 0.1689049873e¤ 2 ¥ 0.1632929554e¦ 2
20 § 0.1698259056ë 3 © 0.3653828229eª 3 « 0.4373334554e¬ 3
40

� 
0.1366227904e® 4

� ¯
0.5928269084e° 4

� ±
0.9627018577e² 4

�
60 ³ 0.2288710008é 5 µ 0.1750771335e¶ 4

� ·
0.3600103214ȩ 4

�
80 ¹ 0.5460090675eº 6 » 0.6810958588e¼ 5 ½ 0.1708446123e¾ 4

100 ¿ 0.1618033067eÀ 6 Á 0.3119569878eÂ 5 Ã 0.9312902354eÄ 5
125 Å 0.4344404508eÆ 7 Ç 0.1366117659eÈ 5 É 0.4946040374eÊ 5

v� aluesof thesumsË 0
J and� Ì

1 giÍ ven by equation(17)andby theequation

Î
1 Ï

Ð

Ñ Ò 0
J Ó Ô Õ Ö × Ø

1 Ù (36)
#

Fo
�

r Ú Û 0
/

and Ü Ý 1, thecoefficient Þ 1 is
ß

given by theequation

à
1 á

â ã
0

ä å æ 2ç è é ç ê ë 2 ì í
0

ä î
ï ð

0
ä ñ ò

0
ä ó ô õ

ö ÷ 1

2ø (37)
ù
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Table 3. Summationrulesfor thecoefficients ü ý for thegroundstateof thequartic,sextic, octic
anddecadicoscillators( þ ÿ 2� 3� 4� 5).

� �
is theexactvalueof thesummationrulefor theinfinite

number� of terms,� � � 	
 denotesthepartialsumfor � � 0 � � �  � and � � �� equals� � � �� plus� the
rest� of thesumin which the large-orderformula (14) for � � � + 1� � � � � 5000was used.Here, !

125.

" # 2 $ % 3 & ' 4 ( ) 5

* + , + - . /, 0 1 2 1 3 42 5 6 7 6 8 9 :7 ; < = < > ?= @ A B A C D EB F G H G I J
H K L M L

N O P
M Q

R S R T US V W X
0 1 0Y 339eZ 14 [ 0\ 265e] 15 0̂ 160e_ 7 ` 0a 805eb 8 0c 142ed 5 e 0f 298eg 6 0h 951ei 5 j 0k 139el 5
1 m n 1

2o 0p 453e
q r

12 s 0t 354eu 13 0v 239ew 5 x 0y 119ez 5 0{ 245e| 3 } 0~ 493e
q �

4 0
q �

191e� 2 � 0� 258e� 3

Table 4. Summationrulesfor thecoefficients � � for thefirst excitedstateof thequartic,sextic,
octic anddecadicoscillators(� � 2� 3� 4� 5). � � is theexactvalueof thesummationrule for the

infinite numberof terms, � � � �� denotesthepartial sumfor � � 0� � � � � � and � � �� equals� � � � 
plus� therestof thesumin which thelarge-orderformula(14) for ¡ ¢ £ + 1¤ ¥ ¥ ¥ ¤ 5000was used.
Here, ¦ § 125.

¨ © 2 ª « 3 ¬  4
q ® ¯

5

° ± ² ± ³ ´ µ² ¶ · ¸ · ¹ º¸ » ¼ ½ ¼ ¾ ¿ À½ Á Â Ã Â Ä ÅÃ Æ Ç È Ç É Ê ËÈ Ì Í Î Í Ï Ð
Î Ñ Ò Ó Ò

Ô Õ Ö
Ó ×

Ø Ù Ø Ú ÛÙ Ü Ý Þ
0 1 0ß 582eà 12 á 0â 134eã 12 0ä 965eå 6 æ 0ç 592eè 6 0é 543eê 4

q ë
0ì 183eí 4 0

q î
286eï 3 ð 0ñ 849eò 4

q
1 ó ô 1

2õ 0ö 780e ÷ 10 ø 0ù 180e ú 10 0û 145eü 3 ý 0þ 881eÿ 4 0
q �

958e� 2 � 0� 308e� 2 0� 603e� 1 � 0� 164e	 1

where
 � �
0

ä  is
�

the unperturbedgroundor first excited statewavefunctionof the harmonic
oscillator� . It is seenfrom tables3 and4 that thedifference� � � �� � � � is alwayspositive in

agreement� with the negative sign of the coefficients � � for
�

large � . The agreementof � � �  !
and� " # is excellentfor thegroundstateof thequarticoscillator( $ % 0

&
and ' ( 2). This

agreement� goesdownwith increasing) and� * as� canbeseenfromequation(14)whichshows
that

+
theseries(12)convergeslessrapidlywith increasing, and� - . Comparingthe . / 0

&
and0 1

1 resultsweseethatthe 2 3 0
&

caseleadsto betteragreementthanthe 4 5 1 case.Again,
this

+
resultcanbeexpectedbecauseof the increasedcontribution of thetermswith large 6 in

equation7 (36) in comparisonwith equation(17). Similarly to [18,19], we alsocalculatedthe
sums8

9 : ;< =
>

? @ 0
ä [ A B A C 1D E E E F G H I + 1J K L M ] +

N O
P Q R +1S [ T U T V 1W X X X Y Z [ \ + 1J ] ^ _ ]

N
(38)

where
 weusedthenumericalvaluesof the ` a coefb ficientsin thefirst sumandthelarge-order
formula
�

(14) in the secondsum. The infinite upperboundin the secondsumwas replaced
by
c

5000. It is seenthat if the secondsumis includedinto the summationrule its accuracy
increases
�

aboutoneorder. At thesametime,thedifferenced e fg h i j is
�

negativewhichshows
that

+
theabsolutevalueof thelarge-orderformula(14) is anupperboundto theactualvalues

of� thecoefficients k l .
It follows from this discussionthat truncatingtheseries(12) at somelarge m ,n we getan

uppero boundto theexactenergy p q r s t . If weusethelarge-orderformula(14)in theremainder
of� theseriesandaddit to thetruncatedserieswegetthelowerbound.

W
u

ealsocalculatedtheradiusof convergencev of� theseries(12)(seealso[19]). Theratiow x y z
1 { | } ~ appearing� in thed’Alembert convergencecriterionwas computedfor theground

and� firstexcitedstatesof thequartic,sextic, octicanddecadicoscillatorsfor � � 109� � � � � 125.
These

�
valueswereextrapolatedto � � � by

c
meansof theThieleextrapolationbuilt in Maple

(see
�

table5). In theextrapolation,thevariable1� � 1� � appearing� in equation(14)wasused.It is
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Table 5. Theradiusof convergenceof therenormalizedstrongcouplingexpansion(12) obtained
from thed’Alembertconvergencecriterionfor thegroundandfirst excitedstates( � � 0� 1) of the
quartic,sextic, octicanddecadicoscillators(� � 2� 3� 4� 5).

� � 2 � � 3 � � 4
q � �

5�        
0 1.000006 1.00002 0.99998 0.9998
1 1.00002 1.00003 1.001 0.9995

seen8 fromtable5 thatthisdirectcomputationyieldsthevaluesof ¡ which
 areveryclosetoone.
This

�
test independentof the large-orderformula (14) confirmsthat the renormalizedstrong

couplingb expansion(12)convergesfor ¢ £ ¤ 0& ¥
2¦ . It agreeswith ourconclusionsin [18–20].

3.1.2.
�

Excitedstatesof thequarticoscillator. W
§

e investigatedthecoefficients ¨ © for higher
e7 xcited statesof the quarticoscillator for ª « 2

¬  ® ® ® 
10 (seetable6). It is seenthat the

coefb ficients ¯ ° are,� exceptfor the ± ² 0,
& ³ ´

2 µ ¶ ¶ ¶ µ 10 and · ¸ 1, ¹ º 2 cases,negative.
W

§
ith increasing» ,n theirbehaviourcanapproximatelybedescribedbyequation(14). However,

the
+

relative differenceof thenumericalvaluesof ¼ ½ and� equation(14) increasesrapidly with
increasing

� ¾
. To achieve betteragreementof thevaluesof ¿ À and� equation(14) it would be

necessaryto take into accountcorrectionsto theleadingtermasit was donein [18,19] or to
goÁ to very large Â . The absolutevalueof the Ã Ä coefÅ ficientsfor Æ Ç 100 is still relatively
lar

È
ge. To getlowerabsolutevaluesof thecoefficientsfor large É it

Ê
wouldbenecessaryto take

anotherË valueof theconstantÌ Í Î 3
Ï

whichwas optimizedfor thegroundstate[10].
W

§
e also verified that thesecoefficients Ð Ñ obeÒ y the summationrule (17) and that the

eÓ xpansion(12)convergesfor Ô Õ Ö 0× Ø
2Ù (see

Ú
also[19,20]).

3.2.
�

WavefunctionsÛ Ü
T

Ý
othebestof ourknowledge,thewavefunctionsof theanharmonicoscillatorwereinvestigated

in [31] only, where the ground state wavefunctions for the quartic oscillator with the
Hamiltonian

Þ ß
wereà investigatedby meansof the optimized á eÓ xpansion. For this reason,

weà decidedto performdetailedanalysisof the wavefunctionshere. Our approachis more
straightforwâ ardandtransparentthanthatusedin [31].

First
ã

we notethat the form of the wavefunctionsä å depends
æ

on the form of the initial
conditionsÅ andon thefactof whetheror not theorthogonalitycondition(33) is applied. We
found

ç
that the functions è é ha

ê
ve a simplerform with a straightforward interpretationif this

conditionÅ is notapplied.
In

ë
our calculations, we used the following initial conditions for the unperturbed

wà avefunctionì 0
í :î

0
í ï ð ñ 0

× ò ó
1 dô 0

í õ d
æ ö ÷ ö ø

0
× ù ú

0
×

(39)

for
ç

evenparity states(û ü 0
× ý

2
þ ÿ � � �

)
�

and�
0

í � � � 0
× � �

0 d
× �

0
í 	 d

æ 
 � 
 �
0

×  �
1 (40)

for
ç

oddparity states(� � 1 � 3
Ï � � � �

).
�

For theperturbationcorrections� � to
� �

0
í weà usedthe

conditionsÅ
� � � � �

0
× � �

0 d
× �  !

d
æ " # " $

0
× % &

0
× ' (

1 ) (41)
Ú

The
Ý

wavefunctions* + for
ç

thegroundstateof thequarticoscillatorareshown in figure1.
Becauseof thesymmetryof thewavefunctions,only the , - 0

×
partof thefunctionsis shown.
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Neither
/

thefunctions0 1 nor2 theresultingwavefunction3 areË normalized.Thefirst few overlap
integrals 4 0

í 5 6 7 8
0

í 9 : ; < for thegroundstateequal= 00
í > 1 ? 13, @ 01

í A B 0
× C

046,
× D

02
í E 0

× F
0038,

×G
03

í H 0
× I

000
×

31, J 04
í K 0

× L
000

×
18, M 05

í N 0
× O

000
×

092. We seethat thefunctions P Q areË ‘almost
orthogonal’Ò andtheoverlapintegralsare,exceptfor R 01

í ,S positive.
It is seenfrom figure1 thattheperturbationseriesfor therenormalizedwavefunction

T U V W
X Y 0

í
Z
1 [ \ ] ^ _ ^ (42)

Ú

hasa very simplephysicalinterpretation.The function ` 0
í correspondsÅ to the Hamiltoniana

0
í ,S where b 0

í c d 2
e

+f g 4
h i

3.
Ï

The wavefunction j k correspondingÅ to the Hamiltonianl m n o
0

í +f p 1 q r s t 1,S whereu 1 v w 2 x y 4 z 3
Ï

hasto decaylessslowly thanthefunction { 0
í .

Therefore,thefunction | 1 is first negative andthenpositive. Then,thefunction } 2 correctsÅ
the
�

behaviour of the function ~ 0
í in

Ê
moredetail. It is seenfrom figures1(a� )

�
and(b

�
)
�

that the
ground� statefunction � 2 hasa minimumat thepoint where � 1 changesÅ its sign. Beginning
from

ç � �
3

Ï
(seefigures1(b

�
)–(
�

d
�

)),
�

thefunctions� � ha
ê

veverysimpleform. They arepositive
for all � ,S their maximumshiftswith increasing� to

�
largervaluesof � andË thevalueof their

maximum� goesdown. With increasing� ,S smallercorrections� 1 � � � � � � to
� � �

in
Ê

theregion
moredistantfrom theorigin areobtained.Therefore,truncatingtheperturbationseries(42)
oneÒ canmake theerrorcausedby thetruncationarbitrarily small.

From
ã

theform of thefunctions� � ,S wecanunderstandthesignsof the � � coefÅ ficientsfor
the

�
groundstateof thequarticoscillator.
The

Ý
function � 0

í shoâ wn in figure 1(a� )
�

is the groundstatesolution of the Schr̈odingerÒ
equationÓ with theHamiltonian � 0

í . Thecorrespondingeigenvalue � 0
í � 0

× �
735
�

21 [18] must
lie

È
above theminimumof thepotentialand,therefore,mustbepositive.
Thefirst energy correctionis given by thewell known equation

�
1  

¡
00

í¢
00

í (43)
Ú

whereà £
0

í ¤ ¥ ¦ §
0

í ¨ ©
1 ª « ¬  . Takingintoaccountthatthepotential® 1 is

Ê
positivefor ¯ ° ± 0× ² ³

3
Ï ´

andË thefunction µ 0
í decays

æ
rapidlyfor ¶ · ¸ 3

Ï
weseethatthecoefficient ¹ 1 hasto bepositive

in agreementwith º 1 » 0
× ¼

27705 [18].
Further

ã
coefficients ½ ¾ areË given by theequationfollowing from equation(28):

¿ À Á Â 0
í Ã Ä Å

1 Æ Ç È 1É Ê
1 Ë Ì Í 0

í Î Ï Ð ÑÒ
00

í Ó (44)
Ú

For Ô Õ 2, the function Ö 1 is negative for small × Ø 0
×

(seefigure 1(b
�
))
�

so thatÙ
01

í Ú Û 0
× Ü

025
×

is also negative. Taking into accountthe valuesof Ý 01
í ,S Þ 00

í ,S ß 01
í andË à

1

in equation(44)for á â 2 wegetthenegativevalueof ã 2 in agreementwith ä 2 å æ 0
× ç

011
×

178
[18].

Becauseof the form of the wavefunctionsè é (see
Ú

figure 1(b
�
)–(

�
d
�

)
�

and the discussion
aboË ve) andtheform of thepotentialê 1 the

�
matrixelementsë 0

í ì í î
1 areË positive for ï ð 3

Ï
and

ne2 gative for ñ ò 3.
Ï

At thesametime, thesum ó ô 1õ ö
1 ÷ ø ù 0

í ú û ü ý is
Ê

positive for þ ÿ 3.
Ï

Thus,the
signâ of thecoefficient � 3

� depends
æ

on theabsolutevaluesof theseterms.It is negative for the
ground� andfirst excitedstatesof thequarticoscillatorandthefirst excitedstateof thesextic,
octicÒ anddecadicoscillators(see[18] andtable2). However, it is positivefor thegroundstate
ofÒ thesextic, octicanddecadicoscillators(seetable1).

Fo
ã

r � � 4,
�

the term � 0
í � � �

1 is
Ê

negative. It is consequenceof the fact that the functions	
0

í andË 
 � ,S �  2 have positive valuesandthe functions � � ,S � � 2 have maximumin the
re� gionwheretheperturbationpotential� 1 becomes

�
negative(seeabove). Sinceboththeterms�

0
í � � �

1 andË � � � 1� �
1 � �  0

í ! " # $ areË negative thecoefficients % & areË for ' ( 4 negative.



5724
.

L S
�
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Figur
)

e 1. The
*

perturbationwavefunctions+ , for thegroundstateof thequarticoscillatorwith the
renormalized� Hamiltonian- . / 0 0

1 + 2 1 3 4 5 6 1, where7 0
1 8 9 2

:
+ ; 4

< =
3 and > 1 ? @ 2

: A B
4

< C
3.

Becauseof thesymmetryof thefunctions D E , only the F G 0 partof thefunctionsis shown. (a)H I 0J 1, (b) K L 2M N N N M 5, (c) O P 6Q R R R Q 10, (d
S

) T U 21V W W W V 25.
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e 1. (Continued)
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The
Ý

mainargumentsof thisdiscussionalsoapplyfor theexcitedstatesandfor thehigher-
orderÒ oscillatorswith X Y 3

Ï Z
4 [ 5

.
wheretheperturbationpotential \ 1 ] ^ 2 _ ` 2a b c a andË

the
�

wavefunctionsd e ha
ê

veanalogousform.

4.
f

Ordinary strong coupling case

4.1.
g

Coefficientsh i
4.1.1.

g
Groundandfirst excitedstates. The

Ý
coefficients j k canÅ becomputedby themethod

described
æ

in section2. They canalsobecomputedfrom the l m coefÅ ficientsvia theequations
[32]

n
0

í o p 1q +1r s t 0
í (45)

Ú
andË

u v w 2x y 1z +1{ | } ~ �
� � 1

� �
0

í
� � � 2� � 1� +1�� � � � �

!

� 2� � 1� +1� + � � �� 2� � 1� +1� (46)
Ú

following from the comparisonof the series(4) and(12). We note that the coefficient � �
depends

æ
on thecoefficients � 0

í �       � ¡ ¢ andË viceversa.With increasing£ ,S the ¤ ¥ coefÅ ficients
go� tozeromorequickly thanthe ¦ § coefÅ ficientsandcancellationof largetermsin equation(46)
requires� very high computationalaccuracy. In our calculations,we used250decimaldigits
accuracË y. Theaccuracy of theenergy ¨ © ª « gi� ven by equation(4) is similar to thatachieved
in

Ê
[33,34] by meansof thenumericalintegrationof theBloch equation(about70 digits for¬ 

1).
Until

®
now, only a small numberof the ¯ ° coefÅ ficients have beencomputed(seee.g.

[12,21,30,32,35–38]). For this reason,we calculatedthe ± ² coefÅ ficientsfor thegroundand
first excitedstatesof thequartic,sextic, octicanddecadicoscillators(seetables7 and8). We
note2 thattheabsolutevaluesof thesecoefficientsgodown with increasing³ more� rapidlythan
in caseof the ´ µ coefÅ ficients(cf tables7 and8 with tables1 and2 and[18]). With increasing¶ andË · ,S thecoefficients ¸ ¹ go� down morequickly thanfor thegroundstateof thequartic
oscillatorÒ ( º » 2 and¼ ½ 0

×
). It isseenthatabout20first termsof theseries(4) aresufficient

to
�

achieveveryhighaccuracy of theenergy (4) for ¾ ¿ 1.
The
Ý

large-orderanalysisof thegroundstateÀ Á coefÅ ficients(table7)wasperformedin [24].
Here,alsoweperformasimilaranalysisfor thefirst excitedstate(table8). Thecorresponding
vÂ aluesof thebranchpoints Ã 0

í ,S Ä Å Æ Ç andË theconstantsÈ 1 É Ê Ê Ê É Ë 4
Ì in

Ê
equation(21) aregiven in

table
�

9. It is seenthat thevaluesof thecoefficients Í Î go� down with increasingÏ soâ thatour
restriction� toafew termsin theexpansion(21)is justified.ThecoefficientsÐ Ñ depend

æ
slightlyonÒ

0
í soâ thattheirvaluesarelessreliablethanthevaluesof Ó Ô andË Õ Ö × Ø . Becauseof theprefactorÙ 1Ú Û Ü +1� Ý

in
Ê

equation(4) which goesto zerofor Þ ß 0
×
, theexpansion à á à â ã 2

ä å æ ç è
+1� é

must�
di
æ

verge for ê ë 0
×

when ì í 0× î ï
2ð + 1. It is seenfrom table9 that ñ ò ó ô goes� down with

increasing
Ê õ

in
Ê

agreementwith the behaviour of the prefactor ö 1÷ ø ù +1� ú
whichà goesto zero

moreslowly if û is increased.

4.1.2.Excitedstatesof thequarticoscillator. In contrastto the ü ý coefÅ ficients,dependenceof
the
�

coefficientsþ ÿ onÒ � andË � is
Ê

morecomplex. Toclarify their � -dependence,wecomputed
100 � � coefÅ ficientsfor higherexcited states(� � 2 � � � � � 10) of the quarticoscillator(see
table

�
10). It is seenthatthecoefficients	 
 for

ç
large � go� downwith increasing� more� rapidly

than
�

thecoefficients  � shoâ wn in table6.
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Table 7. Selectedvaluesof thecoefficients ÿ � for thegroundstate(
� �

0) of thequartic,sextic,
octicanddecadicoscillators(� � 2� 3� 4

q �
5).

� 	 2 
 � 3 �  4 � � 5� � � � � � � � �
0 1.0603620904 1.1448024537 1.2258201138 1.2988437006
1 0.3620226487 0.3079203037 0.2771189343 0.2566473843
2 � 0.3451026272e� 1 � 0.1854166431e� 1 � 0.1263228426e� 1 � 0.9665393858e� 2
3 0.5195302710e� 2 0.1559742195e� 2 0.7504415704e� 3 0.4548848568e� 3
4

q �
0.8308344463e 3 ! 0.1239011743e" 3 # 0.3859781595e$ 4

q %
0.1740230664e& 4

q
5 0.1291119077e' 3 0.7971948825e( 5 0.1270805942e) 5 0.3206040931e* 6
6 + 0.1848946344e, 4

q -
0.2676728489e. 6 0.2476288899e/ 7 0.2075773961e0 7

7 0.2263664760e1 5 2 0.2512175149e3 7 4 0.8246486303e5 8 6 0.2629182176e 7 8
8 8 0.1887720148e9 6 0.6322514340e: 8 0.7529426350e; 9 0.1486934211e< 9
9 = 0.6523871072e> 8 ? 0.7625884227e@ 9 A 0.3812762727eB 10 C 0.3242587715eD 11

10 0.7775509229eE 8 0.5897329727eF 10 0.4403710838eG 14 H 0.2801398143eI 12
20 J 0.7280303380eK 15 0.1019170099eL 19 M 0.4795196447eN 22 O 0.8381787951eP 24
40 0.7539834269eQ 29 R 0.4594454261eS 39 0.1082376477eT 43 0.5349293367eU 47
60 V 0.1196524848eW 42

q X
0.8860450273eY 57 0.3670320228eZ 65 [ 0.4495293327e\ 70

80 0.2203712224e] 56 ^ 0.4765810021e_ 75 ` 0.1120614650ea 85 0.2921886792eb 93
100 c 0.4287943761ed 70 e 0.1745624729ef 93 0.1301178039eg 106 0.1893973467eh 116

Table 8. Selectedvaluesof thecoefficients i j for thefirst excitedstate( k l 1) of thequartic,
sextic, octicanddecadicoscillators( m n 2o 3p 4q 5).

r s 2 t u 3 v w 4
q x y

5z { | { | { | { |
0 3.7996730298 4.3385987115 4.7558744139 5.0978765292
1 0.9016058958 0.7182201323 0.6272998768 0.5718257657
2 } 0.5748308973e~ 1 � 0.2439568231e� 1 � 0.1474910624e� 1 � 0.1054117731e� 1
3 0.5492746102e� 2 0.9994795256e� 3 0.3553379614e� 3 0.1762897307e� 3
4

q �
0.5138969770e� 3 � 0.2628559641e� 4

q �
0.2156361602e� 5 0.4529723965e� 6

8 0.3979701588e� 4 � 0.5224694020e� 6 � 0.3194016861e� 6 � 0.1386451693e� 6
6 � 0.1646638974e� 5 0.1106728351e� 6 0.1507363751e� 7 0.3027267367e� 8
7 � 0.1797066135e� 6 � 0.5941434194e� 8   0.2281506859e¡ 10 0.8019214286e¢ 10
8 0.5599643861e£ 7 ¤ 0.4410057347e¥ 13 ¦ 0.2928626959e§ 10 ¨ 0.6147661426e© 11
9 ª 0.8175744334e« 8 0.2553936812e¬ 10 0.1302473173e 11 0.6546707701e® 13

10 0.7336219766ē 9 ° 0.2002881199e± 11 0.9892931730e² 14 0.7096585943e³ 14
20 0.7151330925é 18 0.8033232037eµ 23 ¶ 0.1015361758e· 25 0.1765976904ȩ 28
40 ¹ 0.4842654530eº 34 0.3669148844e» 45 0.5723841233e¼ 51 ½ 0.8366185030e¾ 55
60 ¿ 0.2740888287eÀ 50 0.1996793448eÁ 67 Â 0.5064575597eÃ 76 Ä 0.1920959777eÅ 82
80 Æ 0.4800060566eÇ 67 0.3475757362eÈ 90 0.5370539191eÉ 101 0.1016736486eÊ 108

100 0.4123502513eË 83 Ì 0.2009987458eÍ 111 Î 0.6283712401eÏ 126 0.4363739422eÐ 136

W
§

e investigatedalso the large-orderbehaviour of the Ñ Ò coefÅ ficients. Our numerical
calculationsÅ (seetables7 and10) show that the large-ordercoefficients Ó Ô for

ç Õ Ö
0

×
and× Ø

2 obey with ahighaccuracy therelation
Ù Ú Û 0

íÜ Ý Þ ß à á
2â ã (47)

Ú
W

§
e verifiedthat, in agreementwith [23], thevaluesof thebranchpoints ä å andË æ ç è é areË the

sameâ for ê ë 0
×

and ì í 2.
þ

At the sametime, the coefficients î ï ð 2ñ in
Ê

equation(21) forò ó
2 obey theequation

ô õ ö 2÷ ø ù ú û ü 0
íý þ ÿ 1 � � � � � 4 � (48)

Ú
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Table 9. Thesquare-rootbranchpoint �
1,

� � � �
andthecoefficients � 1 	 
 
 
 	 � 4 in the large-order

formula(21) describingthelarge-orderbehaviour of thecoefficients �  for thefirst excitedstate
(� � 1) of the quartic,sextic, octic anddecadicoscillators(� � 2� 3� 4

q �
5). The valuesof the

coefficients � � werecalculatedby themethoddescribedin [24] for � � � 0
1 .

� �
0

1 �
1 � � �  ! 1 " 2

: #
3

$ %
4

&
2 106 ' 4( 9872837 + 4) 0231543i 0.061651769 * 0.79690 0.144e+ 1 0.1e, 3 0.5e- 6
3 85 . 7/ 0291039 + 100 0212583i 0.0066740561 1 0.507007 0.7e2 3 3 0.1e4 5 5 0 .2e6 8
4 88 7 78 86381032+ 159 4613231i 0.00079797016 : 0.386025 0.882e; 4 0.1e< 7 0.2e= 9
5 85 > 8? 25547446+ 20@ 0562683i 0.000098014351 A 0.352687 0.592eB 4 0.5eC 8 0.6eD 10

For E F 3,
Ï

thelarge-orderbehaviourof the G H coefÅ ficientscanbedescribedbyequations(18)
orÒ (21) only approximately. To suppressthe contribution of the otherbranchpoints[23] it
wà ould be necessaryto considerI muchlarger than100 or to generalizeequation(21) to a
lar

È
gernumberof thebranchpoints.

4.2. WavefunctionsJ K
The

Ý
wavefunctionsL M for

ç
the groundstateof the quarticoscillatorcorrespondingto N 0

í OP 2 + Q 4,S R 1 S T 2 andË U V W X 2Y Z [ +1\ areË shown in figure2.
First

ã
we notethat,in contrastto thefunctions] ^ in

Ê
therenormalizedcase(figure1), the

functions_ ` in figure2 changetheirsign. It is seenthatmaximaor minimaof thesefunctions
shiftâ with increasinga to

�
largervaluesof b ,S however, this shift is lesssignificantthanin the

renormalized� case.Finally, we seethat thenormof thefunctionsc d in
Ê

figure2 goesto zero
withà increasinge morerapidly thanfor thefunctionsin figure1.

Thus,
Ý

the resultingsituationis morecomplex thanin the renormalizedcase. Termsin
the

�
equationfor the f g coefÅ ficientsanalogousto equation(44) have differentsignsandtheir

cancellationÅ canbe expected.As a result,differentsignsof the h i coefÅ ficientsandrapidly
decreasing
æ

absolutevaluesof thecoefficientswith increasingj areË obtained(seetables7 and
8).
k

5.
l

Conclusions

In
ë

this paper, we performeddetailednumericalanalysisof the convergentstrongcoupling
eÓ xpansions(4)and(12)of theenergiesm n o p andË q r s t u for theanharmonicoscillators.Except
for

ç
the expansioncoefficients v w andË x y ,S we alsodiscussedthe correspondingperturbation

wà avefunctions.
Thegroundandfirst excitedstatesof thequartic,sextic, octicanddecadicoscillatorswere

in
Ê

vestigated.Thehigherexcitedstatesof thequarticoscillatorwerealsodiscussed.
For thesecases,the expansioncoefficients z { andË | } ,S the large-orderformulaefor the

coefÅ ficients,theradii of convergenceof theperturbationseries,theperturbationwavefunctions
andË thesummationruleswereinvestigated.

The
Ý

propertiesof therenormalizedstrongcouplingexpansion(12)canbesummarizedas
follows:

~ Thisexpansionconvergesfor all � � � 0× �
2� ; it meansthatit convergesfor all � � � 0× � � �

correspondingÅ to � � � 0× �
1� andË for thedouble-wellpotentials� � � � � � � 2� � � � � � � �

1� � 2
ä

in therenormalizedHamiltonian�   correspondingÅ to ¡ ¢ £ 1 ¤ 2¥ .¦ The
Ý

large-orderformula (14) is analytic. It is at leastqualitatively applicablefrom § ofÒ
the

�
orderof ten.
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Figure 2. The perturbationwavefunctionsv w multiplied by x y 1z { for the groundstateof the
quarticoscillatorwith theordinaryHamiltonian| } ~ 1� 3

$
[ � 0

1 + � � 2
: �

3
$ �

1], where� 0
1 � � 2

:
+ � 4

&
and � 1 � � 2. Becauseof thesymmetryof thefunctions� � , only the � � 0 partof thefunctions
is shown. (a) � � 0� 1, (b) � � 2� � � � � 4, (c) � � 5� � � � � 7, (d

�
) � � 21� � � � � 23. In case(d

�
), the

functionsaremultipliedby 1010.
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¢ T
Ý

runcationof the series(12) yields the upperboundsto the exact valueof the energy£ ¤ ¥ ¦ §
.¨ Thesumof thetruncatedseriesplustheremainderof theseriesin whichequation(14) is

used© gives thelowerboundsto theenergy ª « ¬  ® .¯ The
Ý

perturbationwavefunctions° ± ha
ê

veasimpleform whichclarifiesthesignpatternof
the

� ² ³
coefÅ ficients.Truncatingtheperturbationseries(42)onecanmaketheerrorcaused

by
�

thetruncationarbitrarily small.´ The
Ý

transformation(6) and the large-orderformula (14) dependon the constantµ ¶ .
Thevalue(7) of this constantwhich was optimizedfor thegroundstateleadsto slower
conÅ vergenceof theseries(12) for higherexcitedstates.For thesestates,anothervalueof
the

�
constant· ¸ canÅ betakento improve theconvergenceof theseries(12).

In
ë

comparisonwith therenormalizedstrongcouplingexpansion(12), theordinarystrong
couplingÅ expansion(4) hasthefollowing properties:

¹ The
Ý

expansionconverges for all º » ¼ ½ ¾ ¿ À Á Â Ã correspondingÅ to Ä Å Æ 0× Ç È É Ê Ë Ì
in
Ê

equationÓ (19). Thisseriesconvergesalsofor Í Î Ï Ð Ñ Ò Ó Ô Õ 0
× Ö

correspondingÅ to thedouble-
wellà potential × Ø Ù Ú Û Ü 2

ä Ý Þ ß à á â
2

ä
. Thevalueof ã ä å æ decreases

æ
with increasingç andèé

.ê The
Ý

large-orderformula (21) dependson thebranchpoint ë ì andè coefficients í î whichà
areè not known analytically.ï Theapplicationof this formulato higherexcitedstatesis possiblefor very large ð only;ñ
for

ò
smaller ó ,ô the extensionof equation(21) to larger numberof the branchpoints is

necessary.õ Truncationof theseries(4) doesnotgive theupperor lowerboundsto theenergy ö ÷ ø ù .ú Theperturbationwavefunctionshaveamorecomplex form thanin therenormalizedcase
andè havea lessstraightforwardinterpretation.û W

ü
ith increasingý ,ô the perturbationcoefficients þ ÿ go� to zero more rapidly than the

coef� ficients � � . However, it doesnot necessarilymeanmorerapid convergenceof the
series� (4)with respectto theseries(12)sinceit alsodependsonthevaluesof theexpansion
v� ariables� � 2� 	 
 +1� andè 1 �  .

Our
�

resultsshow that the renormalizedstrong coupling expansion(12) is the most
advè antageousperturbative approachto the anharmonicoscillators. At the sametime, it
representsa non-trivial exampleof the perturbationtheory which convergesfor all values
ofñ thecouplingconstant� � 0

�
andhassomeotherusefulproperties.Sincetheanharmonic

oscillatorsñ are importantmodelsystemsnot only in quantummechanicsandquantumfield
theory
�

but alsoin many applications(seee.g.[39–42]),we believe thatour resultscontribute
to
�

adeeperunderstandingof thelarge-orderperturbationtheoriesin general.
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