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Abstract.
�

A
�

new general non-perturbativemethod for the solution of the generalized
masterequationfor a simple two-level model of the electron–phononsystemcoupled to a
thermodynamic
�

reservoir is suggested. The model includes a two-level systeminteracting
linearly with thesingle-modephononscoupledto thethermodynamicbath. For theinteractionof
the
�

bathwith thevibrationalmodewe usea stochasticmodelgeneralizedto finite temperatures.
The resultsarecomparedwith a direct numericalsolution.

1. Introduction

Electron–phonon
�

coupling is oneof the basicphenomenaencounteredin the investigation
of� the dynamicsof the electronicstatesin moleculesand solids. In the usual approach
to
�

the descriptionof the transferphenomena,the two-level model systeminteractswith a
Gaussian
�

stochasticbath,modelling the influenceof a large numberof phononmodes[1],
or� is divided into a single mode coupledto the model systemand the remainingmodes
[2–4]. Similar modelsalso play an important role in the descriptionof relaxationof the
excited� statesdue to the electron–phononcoupling. Here, a two-level three-modemodel
[5, 6] or a two-level onemodemodel [7] havebeensuccessfullyused.

The dynamics in such systemsis usually studied by meansof the time-dependent
Schr
�

ödinger� equation[4–6] or a masterequationfor the reduceddensitymatrix elements
[2, 7, 8]. A powerful tool in this respectis the so-calledgeneralizedmasterequation
(GME)
�

(seee.g. [9–11]). In this work, we extenda specialmethodfor the solution of
GME
�

suggestedin [12] andfirst usedin [7]. This methodis basedon theuseof interesting
properties� of somegeneralizedFourierexpansionsenablingusto convertintegro-differential
equations� into algebraicones. In [7], the methodallowedus to computethe non-radiative
relaxationof the localizedexciton in solids in the short time region. The main aim of this
paper� is to developa generaland accuratemethodfor the solution of the GME and to
investigatethe time behaviourof the systemfor both the shortandlong times.

As
�

a suitablebasisfor the developmentof sucha methodwe considerthe samemodel
Hamiltonian
�

asin [7]. This choicemakesit possibleto compareour resultsin theshorttime
regionwith thoseobtainedin [7]. Moreover,the relativesimplicity of the modelallows us
to
�

solve the correspondingLiouville equationby a direct numericalmethod.Theseresults
are
 usedto test the accuracyof our method.

In
�

section 2, we introduce the model system. It consistsof the above-mentioned
electron� systemmodelledby two energy levels, which are subjectto the interactionwith
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one� internal optical vibrational mode (phononmode). This model simulatesa diatomic
moleculeoscillating in the harmonicapproximation.We supposethat it can be excitedto
the
�

first excited level, without changingthe vibrational mode. This mode interactswith
the
�

thermodynamicreservoir(bath) representingvery fast electronicstatesand remaining
acoustic
 modesin a solid or surroundingmoleculesin a liquid or a gas. In both cases,the
interaction
"

with the bath can be takenas stochasticif the processesin the bath are much
faster than the relaxationof the first excitedstate. To describethe stochasticinteraction
we# usethe generalizedHaken–Strobl–Reinekermodel [11]. We generalizethis model to
includefinite-temperatureeffectsanalogouslyto [13, 14]. The direct interactionof the fast
modes$ andthe above-mentionedelectronlevels is not considered.

In section3, we formulate the GME for our systemand obtain a systemof coupled
integro-dif
"

ferentialequationsin which thefirst time derivativeof thedensitymatrix depends
on� theconvolutionof theso-calledmemoryfunctionswith thedensitymatrix of thesystem.
To solve this systemof equationswe use some interestingpropertiesof the Laguerre
functions
%

(sections4 and5), which enableus,usingtheexpansionof thememoryfunctions
and
 densitymatrix into this orthonormalset,not only to transformtheseintegro-differential
equations� into algebraicones,but alsoto deriveinterestinganalyticalresultsfor thememory
functions. From known memoryfunctionswe canthencalculatethe time evolutionof the
reduced& densitymatrix.

The probability of finding the system at the first excited level is given by the
corresponding� diagonal elementof the electron density matrix. Its time dependenceis
investigatedfor severaldifferent temperaturesof the bathandfor a few differentvaluesof
the
�

parametersof the interactionamongthe componentsof the system.
One
'

very important feature of our approachis that our treatmentdoes not have
perturbative� characterandall approximationsarenumericalonly. In practicalapplications,
one� hasto truncatethe infinite expansionsof the memoryfunctionsand densitymatrix to
a
 finite numberof terms. However,the accuracycanbe easilycheckedby controlling the
contribution� of newtermswhentheexpansionis enlarged. Anotherimportantaspectis that
our� methoddoesnot rely eitheron anyconcreteform of themodelHamiltonianor the type
of� the stochasticinteractionwith the bath. Therefore,this methodcaneasilybe appliedto
other� problemswheresolutionof GME is required.

2. Model Hamiltonian and stochastic interaction with the bath

Our
'

Hamiltonian consistsof two parts: the most interestingis the two electron levels
describing
(

the groundand first excitedstatesof a molecule. The secondis the harmonic
oscillator� describingthe vibrational optical phononinteractinglinearly with thesestates.
These
�

two parts can, for example, representan isolated two-state diatomic molecule
oscillating� in the harmonicapproximation.To describethe interactionof this systemwith
the
�

surroundings,we introduce the thermodynamicbath. We supposethat there is an
interaction
"

betweenthe optical phononand thermodynamicbath, which can be described
by
)

a generalizedstochasticmodel,andthat the bathdoesnot influencethe electronlevels.
Thus,
�

the interactionbetweenthe electronlevels and the bath is realizedvia the phonon
mode.

Following
*

[7], we assumethat our two level systemis excited at time +-, 0.
.

We
assume
 that / 10 and
 1 22 are
 the first excitedand groundstateswith the energies ¯

35476
and


8 ¯
9;:=<

,� respectively. Here, ¯
>

is
"

the Planck constantand ? is
"

the single phononmode
frequency. The Hamiltonianof the two-level electronsystemand the optical vibrational
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mode$ is assumedin the formA
exBDC phEGF ¯

H5IKJMLONQPSRUTWVSXWY
(1)
�

where# Z and
 [W\ are
 optical phononanihilation and creationoperatorsand ]Q^ denotes
(

the
Pauli
_

matrix. The interactionHamiltonianhasthe form

`
int a ¯

b5cedMfWgihUjWkl
2
m nMo-pQqSrtsvuQwyx (2)

�
where# z and
 { are
 relative coupling constantsof the two-level systemwith the optical
mode.$ Theinteractionis linearin thephonondisplacement.Thus,thecompleteHamiltonian
assumed
 in this paperreads

|~}
¯
�;� �M�W�����U�O�����������U�W��

2

�M�-�Q�S�t�v�Q�y� �¡ 
exBD¢ phE¤£U¥ int ¦ (3)

�
To describetheinteractionwith thebathwe usethegeneralizedHaken–Strobl–Reineker

model$ [11]. Henceforth,weassumethat §D¨ denotes
(

theLiouville superoperatorof oursystem
without# the interactionwith the bath

©Dª¬«y«y«¬ 1

¯
® [ ¯K°O±y±y±]²´³ (4)

�
W
µ

e assumefurther that ¶ s denotes
(

the Liouville superoperatordescribingthe interaction
with# the phononbath. Accordingto [15], the stochasticcontributionreads

· ş�¹»º ¼¾½¿º ÀÂÁ´º Ã»ÄÆÅ i Ç¿ÈÊÉËÇ¿ÌÎÍ 2Ï¿ÐÎÑ ÒËÓ¿ÔiÕ×Ö¿Ø´Ù Ú¡Û ÚÝÜ ÞUß
1 à×á¿âäãËåäá¿â´æçá¿ãyè éëêMì éÝíDîUïËðMñOò ó (5)

�
Here,the phononeigenstatesaredenotedby the Greeklettersandthe energy statesby the
Latin
ô

ones.The õËöÎ÷ coef� ficients( øùGúËûyü owing� to the finite temperatureeffect) aretakenin
the
�

form [16]

ýËþäÿ�� �� �����
1	�
��� �� 1 ��� exp� � ¯

���
����� ��� !" 1 # (6)

�

The
�

detailedequilibriumconditionsareobeyedby this choice.Thecoefficient $% determines
(

the
�

strengthof the interactionbetweenthe harmonicoscillatorand the bath. We note that&'
need( not be small. The total Liouville superoperatorof our systemequals)+*-,/.10�24315

(7)
�

3.
6

Generalized master equation

To calculatethe densitymatrix we haveto solvethe Liouville equation7
8:9�;=< 9�>@?BA

i CED=F�G�H (8)
�

with# the initial condition
I=J 0.LK@MBN

1OQP 1 R�SUTWV@X (9)
�

Here,
� YWZ\[

exp� ]�^=_a`
phEcb�dfe is

"
thecanonicalequilibriumphonondensitymatrix. This initial

condition� meansthat the systemis excitedat gch 0.
.

Since we are not interestedin the
complete� informationdescribedby the densitymatrix we usethe so-calledArgyres–Kelley
projection� superoperator[17]i/jlk

m�n o
p qsr1tvuaw�xUyWz

TrphE|{�}\~ ��� ���1� (10)
�
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This
�

superoperatorperformsan averageover the phononstatesandselectsthe elementsof
the
�

densitymatrix describingthe two level system. The masterequationfor the relevant
information
" �E�������

follows
%

from the Nakajima–Zwanzigidentity [10]�
�������=� ���@�B�

i �=�����������4� i  =¡�  e�1¢ i £ 1¤�¥�¦¨§ª©¬«®�¯0 °²± 1 ³�´=µ�¶=·�¸ 0¹Qº
»

¼
¼
0

½/¾
e�1¿ i À 1Á�Â�Ã¨ÄªÅ¨Æ¨Ç�È²É²Ê1 Ë�Ì/ÍÏÎ�Ì�Ð=ÑÓÒ�Í d(ÕÔ×Ö (11)

�
This equationis calledthe GME. Taking the Argyres–Kelleyprojectionsuperoperator(10)
and
 the initial conditions(9), the secondterm on the right-handsideof (11) disappearsand
we# get a systemof equationsØ

Ù:Ú�Û�Ü�ÝLÞ Ú�ßáàãâ
ä1å

æ�ç�èêé1ë1ìÕé1ë:í�î�ïñð ò
0
¹ôóöõ�÷êø1ù

ú�ûýüÿþ�������þ��
d
(�� �

(12)
�

Here,
�

we introducethe reduceddensitymatrix operator
	�
��������� Tr

�
phE������ ������� � !#" (13)

�
the
�

time local term
$�%�&('*),+ Tr

�
phE�-�.0/ 132�4 5�687�9�:<;>=@?BA*C D�E (14)

�
and
 the so-calledmemoryfunctions

F,G�H(I*JLK�M�N�O TrphE0P�Q0R S exp�UT i V 1 WYX�Z�[]\�^*_ 1 `Ya�b�c3d�e f�g8h�i�j<k>l@mBn*o p�q*r (15)
�

4.
s

Use of the Laguerre functions for the solution of the GME

As
�

seenin section2, our problemleadsto the solutionof the systemof integro-differential
equations.� We caneasilyverify that the first derivativeof the Laguerrepolynomialandthe
convolution� of the two Laguerrepolynomialscanbe expressedasa linear combinationof
the
�

Laguerrepolynomials[18]. In this section,we usetheseinterestingpropertiesof the
Laguerrepolynomialsto convertthe GME into algebraicequations.

First
*

we introducethe Laguerrefunctionsast]uwvyx�z�{}|�~������
e�*����� (16)

�
where# ��� 0

.��������
and
 ��� 0

.��
1 �w�8�8�8�L�����y��� is the Laguerrepolynomialof the � th

�
order

�]�w�y �¡�¢ 1£ !
e�*¤ d
(�¥
d
(�¦�§�¨ e� ©�ª¬«�¯®*° (17)

�
Thee±�²�³ factormaybeusefulto reducethemagnitudeof ´�µ�¶y·�¸ for very largetime ¹ . These
functions
%

areorthonormalwith respectto the scalarproductwith the integrationº
0
¹ e� »�¼ 1½ 2

¾À¿�ÁÃÂ�Ä8Ä*Ä
d
(�Å

(18)
�

and
 have similar propertieswith respectto the first derivative and convolution as the
Laguerre
ô

polynomials.
The GME (11) is the convolution integro-differential equation. To simplify the

convolution� we usethe following propertyof Æ]Ç�È�É�Ê [18]Ë
0
¹ Ì]Í Î�ÏÑÐÓÒ�Ô Õ]ÖÑ×�Ø�Ù

d
(�ÚÜÛ Ý]Þ�ß�à�á�â�ãÑä å]æ�ç�è�é

1 ê�ë�ì í (19)
�
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�
o transformthe time derivativein equation(12) we usethe equation

d
(
d
(�î ï]ð�ñ�ò�ó�ôöõ

÷�ø 1

ù�ú 0
¹
û�ü�ý�þ�ÿ

e��� �������
	������� e������������� 1

��� 0
� �! !"�#�$&%�' (�)�*�+�,�- (20)

�

Supposing
�

that we canexpand.�/�021�354 and
 687�9;:�<2=�>�? into the powerseriesin @�A�B�C�D
EGF�H B�C�DJI KML

K
N�O P�QSR�T5U (21)

�

and

V8W
XZY�[2\�]�^J_ `Ma

`
b
cZd�e f�gSh�i5j (22)

�

where# k�lm�n and
 oqpr
sZt�u are
 expansioncoefficients, we can transformequation(12) into an
algebraic
 form. We usethe fact that v�wSx�y{z 0

.�|{}
1 for all ~ . This enablesus to introduce

the
�

initial conditioninto the equation,because ���� 0
��������8�M������� 0.G� . In a specialcase��� 0

.
we# get

���
1 ��� 1 ��� 1 ���
��� 0

����¡  2

¢�£ [ ¤�¥�¦;§�¨&©�ª 0
� «�¬;�®

]
²°¯ 0
�±�² (23)

�

which# canbe transformedinto

³ 0
�´
µ·¶M¸�¹ 1 º�» 1 ¼ 2

½�¾
¿ÁÀ
Â ½�¾�Ã 0

�Ä�Å (24)
�

where#
ÆÁÇ
ÈZÉ�Ê8ËMÌ�Í�Î;Ï�Ð&Ñ�Ò 0

� Ó�Ô;Õ�Ö&×ÙØ
1 Ú�Û
Ü�ÝßÞáàGÝ�â�ã�ä (25)

�
For åçæ 0

.
we obtain

èêéë
ì·íMî�ï 1 ð�ñ 1 ò
ó5ô

1

õ�ö
0
� ÷�øù�ú8û 2

¾
ü�ý
þ�ÿ���������	��
��� ������� 1���	������������ � 2

¾
�� 
!#"�$ �� �%�&�� (' (26)

�

Introducingthe transformationof the indices
)+*

2
m-,/./021

2
m

(27)

we# canrewrite equations(26) and(24) as

354657 4

8�9
0
� :#; <>=�?< @BA 0

.DC
1 E 2mGFIHJHJH (28)

�

with# the solution in the form

K�LM5N 4
O
PRQ

1

SUTWV 1 X�Y Z\[]Z_^ (29)
�

Thus, for given coefficients of the memory function `bacedgf�h ,� we can calculate i�jk�l . The
factor m>n 1 o>p 1 in q5rs�t plays� the role of the initial conditionandmustbe alwaysreplacedby
the
�

correspondingu�vew-x 0.-y in
"

otherapplications.To solveour problemcompletely,we must
determine
(

the expansioncoefficients z�{|e}g~�� .
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5.
�

Expansion of the memory functions in terms of the Laguerre functions

In this section, we find the expansioncoefficients of the exponentialappearingin the
definition
(

of the memoryfunction (15) into the Laguerrefunctions. In this way we obtain
a
 new analyticalexpressionfor the expansioncoefficients ������g��� . Resultscanbe written in
a
 very simplealgebraicform.

Using
�

the scalarproduct(18) we get for the expansioncoefficients �b��e�g���
� ����	����� Tr

�
phE������ �

�
0
� exp����� i

"��
1 �/�¡ �¢¤£�¥�¦¤§©¨Uª�« e��¬�R® e��¯e° 1± 2²R³µ´ d(I¶ · 1 ¸/¹¡º�»b¼ ½¿¾JÀUÁ¿Â\ÃÅÄÇÆ+È ÉeÊ�Ë

(30)
�

It
�

canbe seenfrom equation(30) that we haveto calculatethe following integralÌ
0
� exp� Í�Î¡Ï�Ð�Ñ�ÒÔÓÖÕUÐ�Ñ d

(-×
(31)
�

where#
Ø/Ù

i
"�Ú

1 Û/Ü¡Ý�Þàßâá 1 ã�äeå (32)
�

and
 æ is the exponentin the Laguerrefunction (16). Using anotherinterestingpropertyof
the
�

functions ç¤è©éUê�ë [18]ì
0
�îí¤ï ðUñ�ò d

(-óõô÷ö¤ø©ùUú�ûýü�þ¤ÿ��
1
�����

(33)
�

and
 with integrationby partsin equation(31) we get�
0
� exp� �
	���
�
������
� d

(����������
1�
 "!$#&%('�) 1*,+ (34)

�
This integrationis valid not only if - is a number,but alsoif . is a positivedefinitematrix
defined
(

above.We caneasilyverify that thecommutator[ /1032 1 465�7
8 ]
²

equalszero. It also
implies
"

that [ 9$: 1 ;�< 1 =?>�@
A ]
²CB

0
.

so we cannow rewrite equation(30) into the form
DFEG&HJILK$M Tr

�
phEON�POQ RTS 1 U?V�W
X�Y�Z 1 [ 1 \^]$_ 1 `ba�c d�egf�h�ikjmlon�p qsrgt (35)

�
This
�

expressionis suitablefor numericalcalculations.To obtain the coefficient uTv�w 0
�x&yJzL{ we#

perform� the traceover the phononstatesof the operator|F} 1 ~m���
���$� 1 in equation(35).
For
* �O�

0
.

this operatormustbe multiplied by � 1 ���$� 1 �
� .
At this point we have the �F��&�J�L� coef� ficients necessaryfor the evaluationof the ����&�

coef� ficients. Thelastremainingstepis to write downthematrixelementsof � and
 � 1 �����
� .
The matrix elementsof ��  are
 given in equation(5). For the matrix elementsof ¡ we# get

¢�£¥¤"¦ §©¨k¦ ª�«¬¦  ®�¯ 1

¯
°²±�³µ´¥¶"· ¸�¹»º¬¼ ½©· ¾©¿ÁÀ�ÂTÃ Ä©Å Æ©Ç3È¬É�ÊkÅ Ë(Ì�Í (36)

�
where#
ÎTÏ(Ð"Ñ Ò�ÓÁÔ

¯
Õ×Ö

[ Ø�ÙkÚ¬Û$Ü?ÝßÞ�à¬á 1 âkã 1 ä^å¬æ 2 ç¬è 2 é ]²×ê ¯
ësì í îðï¬ñ¬ò

1ó ô$õ öø÷ 1ù¬ú¬û 1ü ý
þ ÿ�

2
m������ 1 ��� 1 	�
�� 2 �� 2 ���

�
�

2
m������ 1 ��� 2 ����� 2  �! 1 " # (37)

�
The
�

projectionsuperoperator$ is
"

given,accordingto (10), by its matrix elements%'&)(+* ,.-�* /10�* 2 35476�8:9+6<;>=1?�@BA CEDGF HJILK�MONOP
(38)
�

The elementsof Q 1 R�SBT>U can� be obtainedby a matrix multiplication.
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Figure 1. Dependenceof the probability V 11W�X�Y of finding the systemat the excitedstateon
different valuesof the reciprocaltemperatureZ for the parameters[�\ 3]_^`�a 1bdcfe 1 andgih

1.

The
�

method suggestedabove transformsthe Liouville equation into the systemof
algebraic
 equationsfor the reduceddensitymatrix elements(13). The useof the complete
setj of theLaguerrefunctionsmakesit possibleto derivenewanalyticalexpressions(35) for
the
�

memoryfunctions.We showin the following sectionthat equation(35) yields accurate
results& evenfor surprisinglylong times.

6.
k

Numerical results

First, we definethe timescalefor describingthe dynamicsof our system.We put lnm 1,
which# is equivalentto the choice of the time unit oqp 1. We denotethe maximum (cut-
of� f) numberof phononsas r . Similarly to [7] we take sut 8.

v
Testsshow that further

increase
"

of w leads
x

to negligiblechangesfor all the investigatedcases.The y constant� in
the
�

Laguerrefunction definition (16) is takenas 0 z 3{ in all computations.The probability|
11 }�~L�5� ��� 1��� 1�����1� of� finding thesystemat thefirst excitedstateis calculatedfor several

values� of the parameters�������������� and
 ��� 1�1�d� ,� where ��� is
"

the Boltzmannconstantand 
is the temperatureof the bath(seefigures1–6).
In
�

figure 1, we show the probability ¡ 11 ¢�£L¤ for
%

different temperaturesand the strong
interactionof theelectronsystemwith thebath ¥¦¨§ 1. Weseethatby increasingtemperature
to
�ª©¬«

1'®�¯O°²±J³ we# geta steeperdecayof ´ 11 µ�¶1· for
%

shorttimes ¸ and
 a higherequilibrium
value� of ¹ 11 º�»L¼ at
 long times. Owing to the stronginteractionwith the baththe oscillations
of�¾½

11 ¿�À1Á are
 small. The short time regionof figure 1 is shownin figure 2. It is seenthat
the
�

time derivativeof Â 11 Ã�ÄLÅ at
7ÆÈÇ 0
.

equalszero,in contrastto the resultsfollowing from
the
�

Pauli masterequation(PME).
In
�

figure 3, the casesof the switched-onand switched-off interactionwith the bath
are
 compared.Thus, for small time É the

�
missinginteractionwith the bath ( ÊËÍÌ 0)

.
leads

to
�

a steeperdecayof Î 11 Ï�ÐLÑ . However, the probability Ò 11 Ó�Ô1Õ does
(

not converge to any
equilibrium� value. We seethattheinteractionwith onephononmodewithout theinteraction
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Figure 2. Detail of the short time regionof figure 1.

Figur
Ö

e 3. Comparisonof the casesof the switched-on ×dØÙÛÚ 1Ü and switched-off ÝdÞßáà 0â
interactionwith the bathfor the parametersãEä 1ådæèç 1é+êìë 1 and íïî 1.

with# the bath is not sufficient for approachingthe equilibrium stateof the electronsystem.
Figure4 showsthecaseof the largeenergy gap ð . In thecaseof theswitched-oninter-

action
 betweenvibrationalmodeandthe bath( ñòáó 1) we seeonly a slow decayof ô 11 õ�öL÷ .
At the sametime, the probability ø 11 ù�ú1û oscillates� arounda very high meanvalue. Increas-
ing the energy gap ü we# get a slowerdecayof ý 11 þ�ÿ�� . This canbe seenbetterin figure 5
where� we showthedependenceof � 11 ����� on	 theenergy gap 
 for

�
theswitched-oninteraction

with� the bath. We seethat the large energy gapleadsto a slow decayof � 11 ���� . The same
situation� canbefoundin caseof theswitched-off interactionwith thereservoir( ���� 0).

�
Let

us� notethat in this situationwith ���� 0,
�

the second-orderPME yields no relaxationat all.
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Figure 4. Comparisonof the switched-onandswitched-off interactionwith the thermodynamic
bath
�

in caseof the large energy gap ��� 10 andthe parameters "! 1#%$'& 1 and (*) 1.

Figure 5. Dependenceof + 11,�-/. on the increasingenergy gap 0 for the parameters1243 15%687
19;:'< 1 and =*> 1.

Figure
?

6 comparesthe results for the weak coupling ( @ACB 0
�ED

1) with the switched-
of	 f interactionwith the bath ( FGIH 0).

�
Strongoscillationsoccur in caseof the switched-

of	 f coupling. However,significantoscillationscan be also observedin caseof the weak
coupling.J It is seenthat evenfor the weakinteractionwith the baththe systemapproaches
the
K

equilibrium statefor sufficiently large L .
The
M

dependenceof N 11 O�P�Q on	SR andT U was� discussedin detail in [7] and will not be
givenV here.
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Figure 6. Comparisonof the weak coupling caseY;Z[]\ 0̂ 1_ with the switched-off interaction
with the bath `;abdc 0e for the parametersf�g 1h;i8j 1k%l'm 1 and n*o 1.

7. Comparison with direct numerical solution

As an alternativeto the methodsuggestedin sections4 and 5 and in order to check the
powerp of our methodwe alsosolvedthesystemof complexlineardifferentialequations(8)
by
q

numericalintegration.This equationcanbe written as2 r 2sutwv 2
sux 2 (in

y
our casez|{ 8),

}
real linear differentialequationsfor real andimaginarypartsof the elementsof the density
matrix~ ��������� .

This systemof equationswassolvedby the Bulirsch–StoerRunge–Kuttamethod[19].
T
M
o checkthe stability andaccuracyof the solution,we performedseveralcalculationswith

dif
�

ferent step lengthsand numerical accuracies. Even for the oscillating casewith the
parametersp (��� 1 ����� 1 ����� 1 ����� 1 ������ 0)

�
and for time going up to �*� 50,

 
10 decimal digits of accuracyof the solution were attainable. The computationaltime
depends
�

substantiallyon the timestep,maximumtime, demandedaccuracyandcharacterof
the
K

solution. Typically, it takesfrom severaltensof minutesto severalhourson anHP 715
workstation.�

In
¡

comparisonwith this advancednumericalmethod,our suggestedapproachrequires
several� timesshortercomputationaltime. In table1, we seethe comparisonof the Runge–
Kutta
¢

computationaltime for the timestepd£¥¤ 0
�E¦

05
�

andd§¥¨ 0
�E©

25
s

with the times for the
polynomialp computations.The demandedaccuracyis six andeight digits, respectively,for
time
K ª

up� to 50. The parametersof thesecomputationsare thoseof figure 1. The results
obtained	 by the polynomialmethodcanbe computedfor any valueof « andT do not depend
on	 the timestep. By increasingthe numberof terms in the expansionin the caseof the
strong� coupling to the bath the contributionof addedtermsgoesdown very quickly (see
table
K

2). Checkingthe contributionof the last few termsof the polynomialseriesprovides
aT goodmeansto checkthe accuracyof the computation.

Using
�

the new methodwe can obtain the resultsat least three times quicker than by
using� the standardapproach.Any further increaseof the timestepcan lead to the loss of
the
K

details in the short time region. This may be important for larger systems,when the
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Table 1. Comparisonof thecomputationaltimesof theRunge–Kuttaandour new(polynomial)
methodfor given accuracyof the results.

Accuracy
¬

Timestep R–K Polynomialmethod

10 6
®

0̄ 05 0 : 15 : 47 0 : 04 : 35
10° 6
®

0± 25 1 : 09 : 15 0 : 04 : 35
10² 8
³

0́ 05 0 : 17 : 37 0 : 05 : 10
10µ 8
³

0¶ 25 1 : 12 : 12 0 : 05 : 10

Table 2. Absolutevaluesof the contributionsof the last 10 termsof the seriesin the Laguerre
functionsfor an increasingnumberof termsat varioustimes · .
Number
¸

of terms ¹»º 1 ¼u½ 10 ¾u¿ 30 À»Á 50

21–30 7 Â 10Ã 4 2 Ä 10Å 3
Æ

5 Ç 10È 2 4 É 10Ê 1

41–50
Ë

7 Ì 10Í 6
®

3 Î 10Ï 6
®

1 Ð 10Ñ 5
Ò

8 Ó 10Ô 3
Æ

91–100 9 Õ 10Ö 8
³

1 × 10Ø 8
³

2 Ù 10Ú 6
®

2 Û 10Ü 5
Ò

141–150 1 Ý 10Þ 9
ß

1 à 10á 8
³

4 â 10ã 8
³

3 ä 10å 6
®

171–180 6 æ 10ç 10 1 è 10é 9
ß

7 ê 10ë 9
ß

7 ì 10í 8
³

261–270 1 î 10ï 11 1 ð 10ñ 11 7 ò 10ó 10 4 ô 10õ 9
ß

351–360 2 ö 10÷ 13 4
Ëùø

10ú 13 1 û 10ü 11 7 ý 10þ 10

computationalJ time becomesof theorderof days.Anotheraspectof this comparisonis that
we� comparethe resultsof our new methodof the solutionof the setof integro-differential
equationsÿ with thoseobtainedby the direct solution of the Liouville equation. However,
the
K

methodis not restrictedto the full GME derivedfrom the Liouville equation,andcan
be
q

appliedto the solutionof other linear integro-differentialequations.
In
¡

[7], the calculationswereperformeduntil time � ,� about10 timesshorterthanin our
case,J i.e. for time when � 11

�����
is still far from its equilibrium value. Furtherextensionof

the
K

methodwas technically impossible. For thesetimes, our resultsbasedon the above
modificationagreewith thoseof [7].

8.
�

Conclusions

In
¡

this paper,we suggesteda new generalmethodof the solutionof the GME, andusedit
for investigationof thetime behaviourof themodelelectron–phononsystem.TheLaguerre
functions
�

usedin this paperallow us to derive a new analytical expression(35) for the
expansionÿ coefficientsof the memoryfunction andto increasethe computationalaccuracy.
The
M

advantageof the methodsuggestedin this paperis that it is non-perturbativeand is
in
	

principle applicableto any HamiltonianandLiouville superoperator.Resultsindicate,in
manysituationsandin contrastto PME, an appreciablynon-exponentialrelaxation.

The
M

accuracyof our resultsandthe powerof our methodwerecheckedby comparison
with� thedirectnumericalsolutionof theLiouville equationandtheresultsof [7]. In contrast
to
K

[7], our methodmakesit possibleto performcalculationsfor time 
 when� theprobabilities�
11 ���� and� �

22 ����� approach� their equilibrium values.
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