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Abstract. In a previous paper (Skála and Čı́žek 1996) a new approachto calculating
perturbation� energiesof boundstatesbasedon the useof functionswhich arenot quadratically
integrable
�

wassuggested.This methodhasbeenanalysedin a commentby GuardiolaandRos
(1996). The presentcommentis the reply to this previouscomment. The aim is to give a
simpleandstraightforwardproof of the methodandclarify someotherpoints importantfor its
application.

Following [1] and[2], theHamiltonian,wavefunctionandenergy in theperturbationtheory
are� assumedin the usualforms�����
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Using
?

theseassumptionsin the Schr̈odinger@ equation ACBEDGFIH ,J the well known
equationsK for LNM and� OQP are� obtained:R
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this equation are determinedfrom the corresponding
boundary
y

conditions.
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can« be easilyderived.

In [1], we suggestedanotherformula for the perturbationenergy
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which the validity of equation(6) is not assumed.Here, ÃZÄ´Å¼ÆNÄ´ÇÉÈËÊ denotes
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the solution
of@ equation(5) for the energy ÍQÎ and� Ï

0
� is the point wherethe boundaryconditionsÐZÑ´Ò¼Ó

0
�/Ô\Õ 0

� Öp×
0
��Ø

1 ÙtÚ/Ú/Ú (9)
�

are� applied. ÛIÜÞÝ�ß is
x

a universalfunction which canbe calculatedfrom the equationàIá¼âËã\ä�å
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e note that ôQõ in
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is
x

not the valueof the perturbationenergy, but a parameter
whichý is usedduringtheintegrationof equation(5) for a given þ . In consequence,functionsÿ����������	��


are� not in generalquadraticallyintegrable.It appliesalsofor ���� 1 and ����� 0.
�

Equation(8) is a very simple and interestingresult showingthat functionswhich are
not quadraticallyintegrablecanbe usedfor the calculationof the perturbationenergiesof
quadratically� integrablestates.

In [1], detaileddiscussionof the validity of equations(8) and(10) wasnot given. This
has
�

beennotedin [2] anda rathercomplicatedproof of theseequationshasbeenelaborated.
Discussionof the boundaryconditionsin the numericalsolution of equation(5) has not
been
y

performedin [1] and[2]. The aim of this commentis to showthat equations(8) and
(10)
�

follow very simply from equation(5) if theseconditionsare takenin the usualform.
W
ó

e would alsolike to commenton someremarksregardingthenumericalpropertiesof our
method.

Now
�

we assumethat ��� and� ��������� ,J �"! 0
�$#&%'%'%'#	(*)

1 arethecorrectperturbationenergies
and� wavefunctions.
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whereý ���������
� is

x
a function of ��� .

To determine���������
� ,J we assumethe sameboundaryconditionsfor  "! as� in the usual
numerical# solution of equation(5). We supposethat the integration of equation(5) is
performed$ on a finite but sufficiently large interval %�& s ')( 0
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starting4 point of the integrationand 5 0
� is
x

the final point where the boundaryconditions
(9)
�

are applied. At the startingpoint 6 s,J we keepconstantthe value of the wavefunction7"8�9�:�8�;)<
s= for
>

all the valuesof the parameter?�@A @�B�?�@�CED sFHGJI+K LNM 0
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Here, TVU is a small numberdifferent from zero. To define W"X�Y[Z�X�\)]�^ uniquely,_ we make
similar4 assumptionalsoaboutits derivative`ba"c�d[e�c�f)g�h
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whereý zS{ is a small numberor zero. Valuesof the constants|V} and� ~S� are� not critical. The
value� of the perturbationenergy ��� is

x
determinedby the boundarycondition(9).
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riting equation (14) for general ñ and� for òôó 1 we get the result similar to
equationK (16) õ
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as _a` b�c
in [1] d
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ith this function,equation(22) canbe written in the form of equation(8). Equation(11)
of@ [1] ��� �,���;�,��������;� ���a� ��� (26)

�
is a trivial consequenceof equations(21) and(25).

W
ó

e notethat theperturbation� 1 does
Ì

not appearin (13). Therefore,�a����� is
x

a universal
function not only for all orders�y� 1 � 2 �}�~�~� but

y
alsofor all the perturbations� 1 assuming�

that
�

the zero-orderHamiltonian � 0
� does
Ì

not changeand the boundaryconditionsfor �' 
havethe form of equations(9), (17) and(18).

During our proof of equation(8), the validity of the normalizationand orthogonality
conditions« (6) wasnotassumed.Therefore,equation(8) is moregeneralthanequation(7). It
is remarkablethat,in contrastto thevariationalmethodsor usualversionsof theperturbation
theory
�

suchas(7), no matrix elementshaveto be calculatedin equation(8). To determine¡.¢
from this equation,only onefunction value £'¤,¥ 0��¦�§

0
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0
�� mustbe known.
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Since
u

thevalidity of thenormalizationandorthogonalityconditions(6) is not requiredin
our@ method,the wavefunctions®'¯ calculated« numericallyfrom equation(5) canin general
contain« an arbitrarycomponentof ° 0

� . It is obviousthat it leadsto the renormalizationof
the
�²±

0
� component« in theresultingwavefunction³ . If required,theorthogonalityconditions

(6)
�

canbe obeyedby the usualorthogonalizationscheme.
Finally,
´

we note that the calculation of eigenfunctionsfor eigenvaluestaken as
parameters$ is a part of standardalgorithmsfor the calculationof eigenvaluesof differential
equations.K In these algorithms, differential equationsare numerically integrated and
estimatesK of the eigenvaluesare changeduntil the boundaryconditionsare obeyed. Such
‘shooting’ methodsrepresenta standardnumericalprocedureandhaveno specialproblems
withý instabilitiesand overflows. In [1] and in this comment,we havediscusseda special
case« of differentialequations,namely,the perturbationequations.From this point of view,
the
�

remarkin [2], accordingto which the methodusingfunctionsthat arenot normalizable
is proneto instabilitiesandoverflows,seemsto be out of place.

Finally,
´

let usrepeat[1] thatthetwo mostimportantapplicationsarethestrongcoupling
perturbation$ theory[3–11] aswell asa rigorousmathematicaltheoryof theupperandlower
bounds
y

[12] which is moreeffective thanthe inner projectiontechnique[13].
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[6] Ferńandez F M andGuardiolaR 1993J.

·
Phys.A: Math. Gen.26

�
7169

[7] JankeW andKleinert H 1995Phys.Rev.Lett. 75 2787
[8] Weniger¹ E J 1996Ann.

º
Phys.,NY 246

�
133

[9] Weniger¹ E J Constructionof the strongcouplingexpansionfor the groundstateenergy of the quartic,sextic
andoctic anharmonicoscillatorvia a renormalizedstrongcouplingexpansionPhys.Rev.Lett. submitted
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[11] KapsaV, Čı́žek J and Skála L Strongcoupling perturbationtheory for the sextic and octic oscillator and

large-orderbehaviourof the coefficients in preparation
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