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Abstract. A new approachto calculatingperturbationenergies of boundstatesbasedon the
use� of functionswhich arenot quadraticallyintegrableis suggested.The key to the methodis
onesimplepropertyof theperturbationequationswhich, to our knowledge,hasnot beennoticed
until� know. The useof the resolventin this methodis avoidedandthe energy spectrumof the
unperturbed� Hamiltonianis not neededin the calculation.The resultingmethodis very simple
andstraightforwardandgivesvery accurateeigenvaluesandwavefunctions.

In this letter,we are interestedin the perturbationtheoryfor the Schr̈odinger� equation���! #"�$&%('*)!+#,�-/.
(1)
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Despite
1

the well known formulationswhich can be found in any textbook on quantum
mechanics[1] there is one property of the perturbationequationswhich has not, to our
knowledge,
2

beennoticeduntil now. The aim of this letter is to show how this property
can3 be used for very efficient calculationof the bound-statesperturbationenergies and
wavefunctions.4 In this letter,we discussthe one-dimensionalSchr̈odinger� equation.

As
5

usual in the perturbationtheory, we assumethe Hamiltonian, wavefunctionand
ener6 gy of the form7 8(9
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where4 f is
g

the perturbationparameter. Using these assumptionsin the Schr̈odinger�
equation6 (1) we get the well known equationsfor hji and� kml
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T
�

o calculatethe zero-orderenergy � 0
: the
�

Schr̈odinger� equation(5) can be solvedby
standard� methodsor by the Taylor seriesexpansionmethod [2]. The usual numerical
approach� is basedon choosingsomevalueof the energy � 0

: and� assuminga small valueof
the
�

wavefunctionat onepoint representingoneboundarycondition. Fromthefirst boundary
condition,3 the wavefunction� 0

:��#��� is calculatedby meansof the Schr̈odinger� equation(5)
until� anotherpoint � 0

: at� which the secondboundarycondition is to be taken. The energy�
0
: is found from the secondboundarycondition. For the sakeof simplicity, we assume

now� that thepotentialin � 0
: goes� to infinity for  ¢¡¤£¦¥ . In sucha casethewavefunction§

0
:�¨#©�ª goes� to zero for «¬¯®¦° and� the boundaryconditionsare usually takenat points

which4 aresufficiently far from the minimum of the potential.We assumein this letter that
the
�

secondapproximateboundaryconditionappliedto ± 0
: hasthe form²
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where4 ¹
0
: is a sufficiently large number.

Equations
º

(6) are usually solved in a way similar to that describedabovewith the
boundary
»

conditionsof the form¼m½¿¾#À
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Thereis, however,a muchmoreadvantageousapproachdescribedbelow.

Let
�

us assumethat the wavefunctionsÍmÎ and� perturbationcorrectionsÏqÐ are� already
calculated3 for ÑÓÒ 0

¸ÈÔ�Õ]Õ	Õ	Ô×ÖÙØ
1. It follows from (6) that the wavefunctionÚmÛ depends

Ü
on

the
�

perturbationenergy ÝjÞ and� the coordinateßàmájâ(ãmä¿å#æqä¿çéè@ê/ë
(9)
0

Here, the perturbationenergy ìqí is taken as a variable in the wavefunction îmï¿ð#ñqï¿ò×ó�ô .
Calculating



the derivativeof õmö¿÷ùøjö¿úéû�ü with4 respectto the energy ýqþ we4 get from (6)
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This equationshowsthat the derivative)�*,+�-/.+�0�1 2
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0
is a function =:>�? @ independentof A�B and� C . Integratingthis equationwe seethat the
function
D E,F�G/HF�I�J K

is
g

a linear
L

function
D

of M�NO N�P�M�N�QSR TVU�W,X�Y 0¸[Z�\ ]_^�`�a�b:c�d egf
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This is very interestingpropertysinceit makespossibleto calculatetheperturbationenergyh�i
from the equation
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Now
�

we assumethat the perturbationenergy ��� has
�

the value for which the boundary
condition3 �,�����������

0
:��_� 0

¸
is obeyed.Taking ����� 0

: in (13) the resultingremarkablysimple
equation6 for the perturbationenergy ��� reads�
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The
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valueof §:¨�© 0
:«ª can3 be mosteasilycalculatedfrom the equation
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from (12). Due to the independenceof Ê:Ë�Ì Í on�¦ÎÏ and� Ð ,ÑVÒ�Ó and� Ô:ÕÖ in
g

this
equation6 canbe arbitrary× numbers.The mostsimpleresult is obtainedfor ØÙÚ 1, Û:ÜÝÞ 0
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Themeaningof the function ÷:ø�ù ú can3 beclarified in the following way. Assumingthatû
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where4 the derivativeis takenat point : 0

: for
D

which the boundarycondition ; 0
:�<	=
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¸
is satisfied.

This
�

methodis a very interestingexampleof the useof solutionswhich do not satisfy
the
�

boundaryconditions(8) and are not thereforequadraticallyintegrable. Equation(14)
shows� thatto calculateCED it is not necessaryto solvethedifferentialequation(6) andsearch
for
D

the solution satisfyingthe boundaryconditions(8). To calculateFEG it
g

is sufficient to
evaluate6 the function HJIJK�L 0¸NM�O 0:�P and� divide it by Q+R	S 0:�T . The functions UJV�W 0¸NX�Y[Z ,Ñ]\ 1 ^ 1 _�`�a
and� b

1 c 0¸Nd�e�f do
Ü

not, in general,satisfytheboundaryconditions(8) andarenot quadratically
integrable[3, 4] (seefigure1). Therefore,dependingon thevalueof g 0: ,Ñ valuesof hJi�j 0¸Nk�l 0:�m
and� n+o	p

0
:�q mayr belarge. However,theresultingvalueof sut as� givenby (14) maybesmall.

Due to the simplicity of (14), the calculationof the perturbationenergy vuw is very fast and
straightforward.� If the perturbationenergy xEy is

g
known the wavefunctionzJ{ can3 easilybe

calculated3 from (6). We notethat theuseof the resolventis avoidedin this methodandthe
ener6 gy spectrumof the zero-orderHamiltonian | 0

: is not neededin the calculation.
The
�

methoddescribedin this letter hasmanyadvantagesboth from the methodological
and� numericalpoint of view as verified for one-dimensionalanharmonicoscillatorsand
double-well
Ü

potential problems[2]. In thesecases,it was possibleto get perturbation
ener6 giesandwavefunctionswith 50digitsor evenhigheraccuracyandcalculateperturbation
corrections3 to a very high order(}�~ 200).

Æ
It appearsthat this approachis complementary

to
�

techniquesfor the transformationof the divergentweakcouplingperturbationtheory to
the
�

convergent strongcoupling one [5–8]. From this point of view, the abovedescribed
methodhasan impact on the quantumfield theory, namely, in the renormalizedversion
[9–11]. A detailedreportwill be given elsewhere[2].

The
�

modificationof theperturbationtheorypresentedin this paperis very promisingand
we4 believethat this methodcanalsobeusedsuccessfullyfor otherpotentialsandboundary
conditions.3 However, the most interestingapplicationof this methodseemsto be to the
perturbation� theoryof many-dimensionalsystems.
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Figure 1. Characterof the wavefunction ��������������� for different valuesof ��� . Here, � exact��
denotesthe exactvalueof ��� for which the boundarycondition �������N��������� 0 for � �¢¡ is
obeyed.For £�¤¦¥§©¨ exact�ª , the function is not quadraticallyintegrable.
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