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An
�

adiabaticseparationis applied to two coupledMorse oscillators.The resulting approximate
ener� giesandwavefunctionsarecorrectedfor nonadiabaticinteractionsby meansof theperturbation
theory
	

approachof HutsonandHowardsupplementedby the ‘‘Padédiver



gentseriessummation’’
technique.
	

Theconvergencepropertiesof theperturbationseriesareinvestigatedasfunctionsof the
oscillator� frequenciesand coupling strengthsvarying over a wide rangeof values.The rate of
conver� gencyandaccuracyof summabilityof theperturbationseriesdependstronglyon thepresence
of� accidentalresonancesamongthe adiabaticlevels.For relatively well isolatedlevels, the series
either� convergestronglyor canbesummedvery accuratelyfor almostanystrengthof perturbation.
In


the caseof closecoincidenceof more thantwo stronglycoupledlevels,the approachbecomes
unreliable.� The convergency/summabilityproblems faced in the ‘‘intermediate’’ casesof two
‘‘adiabatically crossing’’ levels appear to be curable by means of interpolating over the
‘‘near-degeneracy’’ regions.© 1995

�
American Institute of Physics.

I. INTRODUCTION

The developmentof accurateand efficient methodsfor
calculating� bound- and metastable-stateenergy levels of
polyatomic� moleculesis a topic of considerablecurrent in-
terest.
	

This is driven partly by the progressin experimental
techniques
	

which allow for direct spectroscopicprobing of
molecular� statesover a wide rangeof excitations � see,� e.g.,
Ref.
�

1� and� partly by the urgentneedsto rationalizethe vi-
brational
�

energy transfersinducedby the selectedstate-to-
state� excitations� see,� e.g.,Ref. 2� .

For
�

low dimensionalproblems there are many tech-
niques� availablewhich haverecentlybeenusedwith consid-
erable� success� an� excellent review can be found in Refs.
3–
�

4� . In thecaseof high dimensionalproblems,however, all
these
	

techniquesbecomeplaguedby seriousdrawbacks.Tra-
ditionally



the mostwidely usedperturbativeapproachesare
hamperedby the fact that the perturbationseriesexpansions
may� not converge even for relatively small anharmonic
perturbations.� 5

�
Numerically
 

robustand ‘‘easily’’ implement-
able� basis-setmethods,despite very impressive achieve-
mentseither in designingvery efficient basis-setcontraction
schemes� 6,7

!
or� in constructingsuitably sparseHamiltonian

matrices,� 8,9 seem� to be boundto systemsconsistingof less
than
	

five atomsif all degreesof freedomareto berespected.
V
"

ery flexible ‘‘basis-set-independent’’ finite-differenceand
finite-element
#

methods,10 which$ areof no competitionin the
case� of the one-dimensionalproblems,arealreadyimpracti-
cal� in thecaseof threedimensions.A similar conclusioncan
also� be given in the caseof the collocationmethodswhich
have
%

recentlybecomepopulardueto their simplicity.11

Apparently, a completetheoreticaldescriptionof thedy-
namics� of a molecularsystemconsistingof more than four
atoms� is a ratherunfeasibletask.On theotherhand,sincethe
couplings� betweenthe vibrational modesof bigger systems
are� unlikely to beof thesamestrength,thehigh dimensional
problems� pertainingto thesesystemsmay becomeapproxi-
matelyseparableinto smalleronesaccordingto the strength
of� thecouplings & see,� e.g.,Ref. 12' . Internaldynamicsof the
subsystems� canbe treatedseparatelyby the stableandaccu-
rate ( but

�
‘‘expensive’’ ) variational* procedures,andthe weak

‘‘intersystem’’ couplingsaccountedfor by meansof ‘‘cheap’’
methods� of perturbationtheory. Oneof themostnaturalways
for
+

performingsuch a separationis basedon the adiabatic,
Born–Oppenheimer- approximation� . see,� e.g.,Ref. 13/ . To

get0 a detailedinsight on the prospectsof this approach,re-
cently� , we haveperformedmodel calculationsfor a pair of
harmonic
%

oscillators anharmonicallycoupled by the cubic
and� quartic terms.The actual calculationswere performed
using� the Rayleigh–Schrödinger



perturbation theory ap-

proach� of HutsonandHoward,14 in
1

which we start from the
adiabatic� approximationand treat the nonadiabaticcorrec-
tions
	

as perturbations.Though the correspondingperturba-
tion
	

serieswere found to be ratherproneto diverge, for the
adiabatic� levels away from ‘‘accidental resonances’’ they
have
%

beenfoundaccuratelysummableby meansof thePadé
approximant� summationtechnique15,16 even� in the casesof
very* strongcouplings.In this study we generalizeour ‘‘di-
ver* gent series’’ approachto the caseof two coupledMorse
oscillators.� TheMorseoscillatorsareidealmodelsystemsfor
describing



stretchingvibrational motions.Thus an accurate
description



of their dynamics by means of perturbation
theory
	

may be of somevery practicalconsequencesfor de-
scription� of real molecularsystems.

a243 Permanentaddress:J.HeyrovskýInstituteof PhysicalChemistry, Academy
of Sciencesof the CzechRepublic,Dolejškova 3, 18223Prague8, Czech
Republic.
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II.
5

THEORY

TheHutsonandHowardperturbationtheoryhasalready
been
�

describedin detail in the literature,14,17 therefore,
	

we
provide� here only a brief outline of its use in the present
problem.� We considera pair of coupledMorse oscillators
which$ is describedby the following Hamiltonian:

H 687
9 2
:

;
x< 2
:>= Vx?A@ 1 B exp�DCFEHG

x? x<JILK 2
:NMPO 2

:
Q

yR 2
:

S
VyTVU 1 W exp�DXFYHZ

yT yR\[L] 2 ^ Vxy?`_ 1 a exp�DbFcHd
x? x<feLgh8i

1 j exp�lkFmHn
yT yR\oLp ,q r 1s

where$ Vx? ,q VyT ,q Vxy? ,qut x? ,q and v yT are� given constants.
Now
 

, exactly in the samemanneras in Ref. 17, the x<
coordinate� is takenas the ‘‘high-frequency’’ motion coordi-
nate� and, within the framework of the Born–Oppenheimer
approximation,� the wave functions describingthis motion
will$ bewritten asX(

w
x< ;yR )

x
andthecorrespondingeigenvalues

as� U(
w
yR )
x
. These eigencharacteristicsare solutions of the

Schro
y

¨dinger



equationsfor the Hamiltoniansobtainedfrom
Eq.
z {

1| by
�

fixing valuesof yR and� neglectingderivativeswith
respectto yR . The adiabaticenergy levels, En j} ,q and corre-
sponding� wave functions,Y n j} (

w
yR )
x
, are obtainedas solutions

of� the following Schrödinger



equations:

~ d
� 2

dy
� 2
:�� U j

��� yR������ j j
� � 2:���� En j} Y n j}�� yR���� 0,

� �
2�

where$ �
j j
� (2)
�

are� diagonalmatrix elementsof the nonadiabatic
perturbation� termsand

U j
��� yR������ 2� j

�\ 
1 ¡�¢ x?V£ Vx?V¤ VyTV¥ 1 ¦ exp�l§N¨ª©

yT yR¬«L 2

®ª¯
x?2:±° Vxy?`² 1 ³ exp�D´FµH¶

yT yR\·L¸ /2¹»º x?A¼ Vx?
½�¾ j�\¿ 1/2À�À 2. Á 3�±Â

The
Ã

nonadiabaticperturbation,H
ÄÆÅ

,q is bestdefinedby the
matrix elementsin the adiabaticbasis,i.e.,

Ç
X
È

i É x< ;yR�ÊVË HÄÆÌÎÍ XÈ j
��Ï x< ;yR�ÐVÑ�Ò H

Ó
i jÔÖÕ 2

��×
i j

Ø
1 Ù d
�

dy
�ÛÚ�Ü i j

Ý
2
:�Þàß

1 áãâ i j ä ,qå
4
æ±ç

where$
è

i j

é
1 êìëîí X i ï x< ;yRñðAòôóöõ÷

yRùø X j
�ûú x< ;yRñüAý x? ,q þ 5ÿ��

�
i j

�
2 ����� XÈ i 	 x< ;yR�
����� 2

:
�

yR 2
:�� XÈ j

��� x< ;yR���� x? . � 6���
���!  "

x? meansintegrationover the x< coordinate� only.#

III. RESULTS AND DISCUSSION

T
Ã

o get insight on the prospectsof this approachin the
case� of typical molecular systems,the actual calculations
have been carried out for oscillators imitating $ not too
closely� % the

	
stretchingpotentialsof the O–H fragmentsof

water$ & namely� , we used ' x?�(*) yT,+ 2.2241; for details



see
Refs.18 and19- . To probethe effectivenessof the adiabatic
separation� of the ‘‘fast’’ and ‘‘slow’’ motions, four formal
‘‘isotopes’’ of water were respectedhere by choosingthe
following ‘‘diagonal’’ force constants. in units providing the
corresponding� Hamiltonianin its ‘‘canonical’’ form / 1021 :

Case
3

A: Vx?4 2400, VyT,5 600,
�

Case
3

B: Vx?�6 2400,
�

VyT,7 1200,

Case
3

C: Vx?�8 2400,
�

VyT,9 2000,
�

Case
3

D: Vx?: 2400, VyT,; 2400.

T
Ã
o probethe behaviorof the perturbationtheory, the pertur-

bation
�

serieswere investigatedas functionsof the coupling
constant� Vxy? varying* over a wide rangeof values < vide= in-
fra
>@?

.
The
Ã

adiabaticenergies, E
A

n j} ,q and wave functions,Y n j} ,q
were$ calculated using the standard Numerov–Cooley
method20

:
on� a grid of 2000 points for yRCBED2F 0.5,4.9

� G
. The

nonadiabatic� matrix elements,H i j
(1)
�

and� I
i j
(2)
�

,q were obtained
using� the formulaegiven by Child.21 The

Ã
perturbationseries

were$ processedusing the symbolic languageMaple J Ref.
22K ,q which allowedfor preservingadequateaccuracyevenin
the
	

caseof strongdivergency. To allow for comparisons,the
ener� giesandwavefunctionsof thestudiedmodelshavealso

TABLE I. Convergencepropertiesa
2

of the standardRSPTfor CaseA.

State
[ j
L
,nM ] E0

NbO VxyPRQTS 1800 VxyPVUTW 1200 VxyPVXVY 600 VxyPVZV[ 150 VxyPV\ 150 VxyPV] 600 VxyPV^ 1200_
0,0̀ 160.96 N

a
14 N

a
9
b N

a
5
c N

a
3
d N

a
3
d N

a
6
e N

a
18f

0,1g 260.03 N
a

17 N
a

11 N
a

6
e N

a
3
d N

a
3
d N

a
7
h N

a
26i

0,2j 349.20 N
a

20 N
a

12 N
a

11 N
a

4 N
a

5
c N

a
15 N

a
27k

1,0l 368.99 P6
e�m 5n P8

o�p 9q N
a

9
b N

a
5
c N

a
5
c N

a
12 P8

o�r 6st
0,3u 428.48 N

a
22
v N

a
18 N

a
7
h N

a
3
d N

a
4
w N

a
8
o N

a
24
vx

1,1y 468.05
z

P
{

5
c�| 5} N

a
12 N

a
14 N

a
5
c N

a
5
c N

a
25 N

a
27~

0,4� 497.86
z

N
a

23 P
{

10� 8� N
a

8
o N

a
3
d N

a
4 N

a
17 P

{
11� 5��

1,2� 557.22 P
{

6
e�� 5� P

{
8
o�� 6� N

a
17 D P

�
9
b�� 6� P

{
12� 6� D

��
0,5� 557.36 N

a
24
v N

a
19 P8

o�� 9� D P11� 6� P10� 7� P8
o�� 9��

2,0� 567.12 P4
w�� 5� D N14 N

a
7
h N

a
9
b P10� 9� P12  5¡

a2 Na m¢ : theRSPTseriesconvergesandprovidesthecorrespondingeigenvalueaccurateat leastto onepart in 109
b

in the m£ th
¤

order; Pm¢ (n¥ ): the RSPTseriesdiverges ¦ or fails to converge in 27 perturbationsteps§ andcanbe
summedapproximatelywith accuracyonepart in 10n¨ by

©
meansof thePadéapproximantof them£ th

¤
order;D:

the
¤

RSPTseriesdivergesandis summablewith lower accuracythanonepart in 105
c
.

b
ª
Ener
«

gy of the uncoupledoscillators ¬ i.e.,


Vxy®V¯ 0° .
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T
²

ABLE II. CaseA; Vxy®V³V´ 150.Energy perturbationseriesfor the µ 1,2¶ state.

Orderof PT Vy·¹¸ 595 Vy·¹º 600 Vy·¹» 605

2 0.995 ¼ 67.988 ½ 1.568
3 ¾ 0.003 0.094 0.000
4 ¿ 0.975 180854.172 1.451
5 0.004 À 508.794 Á 0.003
6 1.660 Â 964318546.368 Ã 2.951
7 Ä 0.010 4 069342.399 0.009
8 Å 3.535 6 427214767624.132 7.523
9 0.028 Æ 36163054805.055 Ç 0.032

10 8.434 È 47
z

978113 687339352.000 É 21.486
11 Ê 0.082 337439107685242.690 0.113
12 Ë 21.559 38373089208826390000.000 65.763
13 0.252 Ì 323862167285958140.000 Í 0.416
14 57.735 Î 321524261728260300000000.000 Ï 210.875
15 Ð 0.786 3 165876513324865400000.000 1.558
16 Ñ 159.890 2 785861102536636000000000000.000 699.269
17 2.488 Ò 31349571720623890000000000.000 Ó 5.903
18 454.154 Ô 24757144738849539000000000000000.000 Õ 2378.300
19 Ö 7.949 313418926932777740000000000000.000 22.587
20 × 1315.792 224409803181657690000000000000000000.000 8250.760
21 25.587 Ø 315663211 429075070000000000000000.000 Ù 87.069

E Ú 0Û a2ÝÜ 553.301 E Þ 0ß�à 554.451 E á 0â�ã 555.596ä
11/11å�æ 553.888 ç 10/10è�é 554.438 ê 12/12ë�ì 554.577í
11/12î�ï 553.888 ð 10/11ñ�ò 548.764 ó 12/13ô�õ 554.577

Interp
ö b

ª�÷
552.914

Va
ø

rcù�ú 552.964

a2 Adiabaticenergy.
b
ª
Interpolated
ö

value.
cù Vø ariationalcalculation.

TABLE III. CaseA; Vxy®Vû 150.Energy perturbationseriesfor the ü 0,5ý state.

Orderof PT Vy·¹þ 595 Vy·¹ÿ 600 Vy·�� 605

2 � 1.563 9.555 1.013
3 0.002 � 0.014 � 0.002
4 1.452 � 538.729 � 1.077
5 � 0.005 1.432 0.002
6 � 3.213 59144.334 1.804
7 0.017 	 235.814 
 0.006
8 8.891 � 8 116434.580 � 3.771
9  0.062 43146.689 0.017

10 � 27.554 1 247485978.703 8.831
11 0.238 � 8 289379.030 � 0.048
12 91.489 � 205432590878.135 � 22.159
13 � 0.948 1 638074529.690 0.146
14 � 318.241 35441037597886.945 58.250
15 3.848 � 329697357300.121 � 0.446
16 1144.719 � 6 322695205416504.000 � 158.348
17 � 15.814 67220510781447.359 1.386
18 � 4223.130 115 689369965286730.000 441.502
19 65.625 � 13837081638378278.000 � 4.348

z
20 15891.639 � 21591600707514420000.000 � 1 255.615
21 � 274.354 286940989931837030.000 13.739
22  60759.436 4 094380686587198600000.000 3 628.230
23 1153.752 ! 59853292223358553000.000 " 43.670

z
24 235361.256 # 786626788715836720000000.000 $ 10622.137
25 % 4875.208

z
12544594497005477000000.000 139.469

26 & 921726.081 152790263036914130000000000.000 31439.569
27 20682.295 ' 2 639643534528307200000000.000 ( 447.195

E
)+*

0, a2.- 551.989 E
)+/

0021 554.503 E
)+3

0465 557.0077
12/12829 550.950 : 11/11;2< 554.949 = 12/12>6? 557.567@
12/13A2B 550.950 C 11/12D2E 556.853 F 12/13G6H 557.567

Interpb
ª2I

555.578
Va
ø

rcù.J 555.582

a2 Adiabaticenergy.
b
ª
Interpolatedvalue.

cù Vø ariationalcalculation.
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been
�

evaluatedvariationally. The correspondingbasis sets
were$ constructedas productsof the eigenfunctionsof the
uncoupled� Morse oscillators.The numberof the basisset
functions were chosenso that the energies of the required
states� wereconvergedto an accuracyof 1 to 105

�
.

The
Ã

resultscharacterizingour calculationsarecollected
in
1

TablesI–VI. In TableI we presentconvergencycharacter-
isticsof all theboundstatesof our modelsystemsof CaseAL
strictly� speaking, the bound states of the most weakly

coupled� systemsM . We seein thetablethat for themajority of
states� the Hutsonand Howard perturbationseriesare either
strongly� converging or summable,highly accurately, by
meansof Padéapproximants.� The failure in convergence,
which$ is facedin only a few cases,is causedby theacciden-
tal
	

resonancesof theactualadiabaticlevels.Quitegenerally,
the
	

‘‘resonances’’ manifestthemselvesmathematicallyassin-
gularities0 in the differential equationsfor the perturbation
corrections.� Due to thesesingularities,the perturbativeap-
proach� collapsesentirely at the ‘‘exact degeneracy,’’ and
leadsto ratherwild divergencein the regionsof ‘‘near de-
generacy’0 ’ N for

+
more detailsseeRef. 17O . Outsidethesere-

gions,0 however, the perturbation series behave properly.
Typical examplesof suchbehaviorin our caseareprovided
by
�

the seriescorrespondingto the closely coinciding P 1,2Q

and� R 0,5
SUT

ener� gy levels of the discussedmodel. We seein
T
Ã
ablesII and III that the adiabaticenergies of theselevels

evaluated� at VyTWV 600
X

arepracticallycoinciding.Accordingly,
the
	

correspondingperturbationseriesdiverge too strongly
even� for thePadésummation� techniqueY as� a convenientcri-
terium
	

of convergencywe canusedegreeof coincidencein
the
	

[ i
Z
/
¹
i
Z
]
[

and \ iZ /¹ iZ^] 1_ Pade
` ´ approximants� 23 which$ usually

bracket
�

thetruevalueof thesoughtsuma . On theotherhand,
however, the perturbation series correspondingto only
slightly� ‘‘detuned’’ levels b detuned



by changingthevaluesof

Vxy? from
+

600 to 595 and605, respectivelyc can� be summed
with$ a high accuracy. We find it worth noting that the series
corresponding� to the d 1,2e and� f 0,5

SUg
levelswerefound to be

summable� with accuracy1 part in 106
!

even� for Vxy?ih 597.5
ÿ

and� 602.5,respectively!The possibility of accuratesumma-
tion
	

of the perturbationseriesvery close to the regionsof
degeneracy



allows,obviously, for a reasonabledetermination
of� the degenerateenergies by interpolating over thesere-
gions.0 In TablesII andIII we canseethat a simplepolyno-
mial interpolation j based

�
on knowledgeof accurateenergies

corresponding� to Vxy?ik 580,
ÿ

590, 595, 605, 610, and 620l
provides� the ‘‘Vxy?nm 600’

X
’ energies with a fairly acceptable

accuracy� .
In TablesIV –VI we summarizeinformationon the con-

T
²

ABLE IV. Convergencepropertiesa
2

of the standardRSPTfor CaseB.

State[ j
o
,n¥ ] E0

pbª Vxy®rqts 1200 Vxy®+u+v 600 Vxy®+w+x 150 Vxy®+y 150 Vxy®+z 600 Vxy®+{ 1200
|
0,0} 183.53 N

a
10 N

a
5
c N

a
3
d N

a
3
d N

a
6
e N

a
12~

0,1� 327.72 N
a

19 N
a

9
b N

a
3
d N

a
3
d N

a
9
b N

a
20
v�

1,0� 391.55 N
a

13 N
a

9
b N

a
3
d N

a
4
w N

a
8
o N

a
19�

0,2� 462.03 N
a

15 N
a

7
h N

a
3
d N

a
3
d N

a
8
o N

a
22
v�

1,1� 535.75 P
{

11� 8� N
a

19 N
a

5
c N

a
5
c N

a
26 P

{
11� 5��

0,3� 586.44 P
{

8
o2� 7� P

{
8
o2� 9� N

a
8
o N

a
9
b P

{
7
h6� 8� P

{
8
o2� 8��

2,0� 589.68 N
a

26
v N

a
20
v N

a
7
h N

a
8
o N

a
19 N

a
26
v�

1,2� 670.05 P11� 5� P10� 9� N
a

7
h N

a
7
h P10� 8� D�

0,4� 700.96 P
{

9
b2  6¡ N

a
26 N

a
7
h N

a
9
b P

{
9
b6¢ 8£ D

�¤
2,1¥ 733.88 P

{
8
o2¦ 6§ P

{
9
b2¨ 9© N

a
7
h N

a
7
h P

{
11ª 9« D

�¬
3,0 777.92 P

{
8
o2® 7̄ P

{
11° 6± N

a
7
h N

a
7
h P

{
11² 5³ P

{
10́ 5µ¶

1,3· 794.46 D D N15 N
a

21
v D D¸

0,5¹ 805.58 D P10º 6» N
a

15 N
a

19 D D¼
2,2½ 868.18 D P

�
10¾ 9¿ N

a
7
h N

a
8
o P

{
11À 5Á D

�Â
0,6Ã 900.31 D D

�
N26 N

a
19 P

{
8
o6Ä 6Å D

�Æ
1,4Ç 908.98 P10È 5É D N26

v N
a

17 D DÊ
3,1Ë 922.11 D P11Ì 8Í N

a
9
b N

a
9
b D DÎ

4,0
zÐÏ

956.26 P
{

10Ñ 5Ò D N
�

7
h N

a
9
b D P

�
9
b2Ó 5ÔÕ

0,7Ö 975.15 D D
�

N11 N
a

9
b P

{
10× 6Ø D

�Ù
2,3Ú 992.59 D D

�
N15 N

a
15 P

{
9
b6Û 5Ü D

�Ý
1,5Þ 1013.60 D P10ß 6à N

a
13 N

a
15 P11á 6â Dã

3,2ä 1056.42 D P11å 5æ N
a

9
b P8

o6ç 9è P10é 6ê Dë
0,8ì 1060.09 D P

�
10í 7î N

a
9
b P

{
4 ï 9ð D D

�ñ
4,1
zÐò

1100.46 D D
�

P11ó 9ô N
a

17 D D
�õ

2,4ö 1107.11 P11÷ 5ø D D D P10ù 5ú Dû
1,6ü 1108.33 D D D D P7

h6ý 5þ Dÿ
5,0� 1124.71 D P6

e�� 5� N
a

11 P7
h�� 9� P10� 6� D	

0,9
 1125.14 D P
�

6
e�� 6� N

a
13 P

{
7
h� 9� D D

�
�
0,10� 1180.30 D D

�
P9
b�� 9� N

a
13 P

{
9
b�� 7� D

�
�
3,3� 1180.83 D D P10� 8� N

a
15 D D�

1,7� 1193.17 D P9
b�� 5� N

a
17 N

a
15 D D

a� Na m¢ : theRSPTseriesconvergesandprovidesthecorrespondingeigenvalueaccurateat leastto onepart in 109
b

in


the m£ th
¤

order; P
{

m¢ (n¥ ): the RSPTseriesdiverges � or fails to converge in 27 perturbationsteps� andcanbe
summedapproximatelywith accuracyonepart in 10n¨ by

©
meansof thePadéapproximantof them£ th

¤
order;D:

the
¤

RSPTseriesdivergesandis summablewith lower accuracythanonepart in 105
c
.

b
ª
Ener
«

gy of the uncoupledoscillators  i.e.,


Vxy®"! 0# .
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T
²

ABLE V. Convergencepropertiesa
�

of the standardRSPTfor CaseC.

State[ j
o
,n¥ ] E0

pbª Vxy®&%(' 1200 Vxy®")"* 600 Vxy®"+", 150 Vxy®"- 150 Vxy®". 600 Vxy®"/ 1200
0
0,01 205.95 N

a
10 N

a
6
e N

a
3
d N

a
3
d N

a
6
e N

a
112

0,13 394.98 P
{

9
b�4 55 P

{
106 87 N

a
9
b N

a
9
b P

{
108 99 P

{
9
b�: 5;<

1,0= 413.97 P10> 7? P9
b�@ 9A N

a
9
b N

a
9
b P7

h�B 7C P10D 7EF
0,2G 574.13 P9

b�H 5I P11J 9K N
a

7
h N

a
7
h P10L 8M P10N 5OP

1,1Q 603.01 D P
�

10R 5S P
{

9
b�T 9U P

{
8
o�V 9W D D

�
X
2,0Y 612.10 P

{
10Z 5[ P

{
9
b�\ 6] P

{
8
o�^ 9_ P

{
8
o�` 9a P

{
9
b�b 5c D

�
d
0,3e 743.38 P11f 6g N

a
25
v N

a
6
e N

a
6
e N

a
21
v P8

o�h 5ij
1,2k 782.15 D D N14 N

a
15 D Dl

3,0m 800.34 D D D D D Dn
2,1o 801.14 D

�
D D D D Dp

0,4q 902.73 P
{

8
o�r 5s N

a
17 N

a
5
c N

a
5
c N

a
17 D

�
t
1,3u 951.40 D D N9

b N
a

9
b D Dv

4,0w 978.68 D D D D D Dx
2,2y 980.28 D

�
D D D D Dz

3,1{ 989.37 D D
�

P9
b�| 6} P

{
10~ 6� D D

�
�
0,5� 1052.20 D N13 N

a
5
c N

a
7
h N

a
26
v D�

1,4� 1110.76 D P10� 9� N
a

8
o N

a
7
h P10� 5� D�

5,0� 1147.12 D D D P10� 7� D D�
2,3� 1149.53 D D

�
D P11� 7� D D

�
�
4,1
z��

1167.72 D
�

D D D D D�
3,2� 1168.52 D D D D D D�
0,6� 1191.77 D P10� 9� N

a
9
b N

a
11 P8

o�� 6� D�
1,5� 1260.22 D P

�
6
e�� 7� N

a
7
h N

a
7
h P

{
9
b�� 6  D

�
¡
6,0¢ 1305.69 D D

�
P8
o�£ 7¤ N

a
20 D D

�
¥
2,4¦ 1308.89 D D

�
P8
o�§ 8̈ N

a
18 D D

�
©
0,7ª 1321.44 D D N13 N

a
15 D D«

5,1¬ 1336.17 P9
b� 5® D D D D D¯

3,3° 1337.77 D
�

D D D D D±
4,2
z�²

1346.86 D D
�

P9
b�³ 6́ P

{
11µ 7¶ D D

�
·
1,6̧ 1399.79 D P11¹ 8º N

a
7
h N

a
9
b P7

h�» 6¼ D½
0.8¾ 1441.23 D D N9

b N
a

7
h D D¿

7,0À 1454.35 D D P6
e�Á 9Â N

a
12 D DÃ

2,5Ä 1458.35 D D
�

P6
e�Å 9Æ N

a
12 D D

�
Ç
6,1È 1494.72 D D

�
D P8

o�É 5Ê D D
�

Ë
3,4Ì 1497.12 D D D P11Í 6Î D D

a� Na m¢ : theRSPTseriesconvergesandprovidesthecorrespondingeigenvalueaccurateat leastto onepart in 109
b

in


the m£ th
¤

order; P
{

m¢ (n¥ ): the RSPTseriesdiverges Ï or fails to converge in 27 perturbationstepsÐ andcanbe
summedapproximatelywith accuracyonepart in 10n¨ by

©
meansof thePadéapproximantof them£ th

¤
order;D

�
:

the
¤

RSPTseriesdivergesandis summablewith lower accuracythanonepart in 105
c
.

b
ª
Energy of the uncoupledoscillators Ñ i.e., Vxy®"Ò 0Ó .

T
²

ABLE VI. Convergencepropertiesa
�

of the standardRSPTfor CaseD.

State[ j
o
,n¥ ] E0

pbª Vxy®"Ô(Õ 2400 Vxy®"Ö"× 1800 Vxy®"Ø(Ù 1200 Vxy®"Ú"Û 600 Vxy®"Ü(Ý 150 Vxy®"Þ 150
ß
0,0à 215.44 N

a
27
v N

a
16 N

a
11 N

a
6
e N

a
3
d N

a
3
dá

1,0â 423.46
z

P
{

11ã 5ä P
{

11å 5æ P
{

10ç 5è D D D
�

é
0,1ê 423.46

z
D D D D
�

D Dë
2,0ì 621.59 D D P11í 5î D D Dï
0,2ð 621.59 D D D D D Dñ
1,1ò 631.48 D D D D

�
P10ó 8ô P

{
8
o�õ 7ö÷

3,0ø 809.83 D D D D
�

D Dù
0,3ú 809.83 D D D D D Dû
2,1ü 829.61 D D D D D Dý
1,2þ 829.61 D D D D D Dÿ
4,0
z��

988.17 D D D D
�

P8
o�� 6� D

�
�
0,4� 988.17 D D D D

�
P9
b�� 6� P

{
10	 9
�

3,1� 1017.85 D D D D D D
1,3� 1017.85 D D D D D D�
2,2� 1027.74 D D D D

�
P9
b�� 7� P

{
10� 7��

5,0� 1156.62 D D D D
�

P5
c�� 9� P

{
7
h�� 7��

0,5� 1156.62 D D D
�

P11� 5� P
{

5
c� 9! P

{
5
c�" 9#$

4,1% 1196.19 D D D D D D&
1,4' 1196.19 D D D D D D

a� Na m¢ : theRSPTseriesconvergesandprovidesthecorrespondingeigenvalueaccurateat leastto onepart in 109
b

in the m£ th
¤

order; Pm¢ (n¥ ): the RSPTseriesdiverges ( or fails to converge in 27 perturbationsteps) andcanbe
summedapproximatelywith accuracyonepart in 10n¨ by

©
meansof thePadéapproximantof them£ th

¤
order;D:

the
¤

RSPTseriesdivergesandis summablewith lower accuracythanonepart in 105
c
.

b
ª
Ener
«

gy of the uncoupledoscillators * i.e.,


Vxy®,+ 0- .
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ver/ gencepropertiesof theenergy perturbationseriespertain-
ing to the modelsfor molecularsystemsexhibiting motions
which0 areof comparablefrequencies.For thesesystemswe
do
1

not meettheconditionswhich arenecessaryfor a reliable
performance2 of the standardlike perturbative approaches3
like theapproachof Epstein24

:54
. For theHutsonandHoward

approach,6 however, a good performancemight still be ex-
pected2 provided the nonadiabaticcoupling terms are small
compared7 to a typical vibrational energy spacings.14,17 In
fact, this expectationhasbeennicely fulfilled, especiallyfor
the
8

modelsystemsof CaseB. We seein Table IV that with
exception9 of the pair of very closely coinciding : 2,4

;=<
and6>

1,6? levels, the perturbationseriescorrespondingto all the
bound
@

statesof the most weakly coupled model systemsA
Vxy?CBED 150 and150F have

G
beenfound summableto a very

high
G

degreeof accuracy. For morestronglycoupledoscilla-
tors,
8

not surprisingly, the numbersof statesfor which our
procedure2 failed to provide accuratevalues of the sought
ener9 gies was significantly higher H especially9 in the case
Vxy?EI 1200J . But still, for all the loweststatesthe procedure
performed2 extremelywell.

On
K

increasingthe value of the force constantVyL , wM e
increase
N

not only the numberof boundstatesof the studied
model systems,but also the number of accidental reso-
nances.Consequently, our nondegenerateperturbativeap-
proach2 losesits efficiencyandmaybeexpectedto work only
for
O

weak couplingsand low-lying states.This expectation
was0 found to be in agreementwith our resultsobtainedfor
the
8

modelsystemsof theCaseC. We seein TableV that for
strongP couplingsour procedurebecomesunreliableevenfor
notQ too excitedstates.On the otherhand,however, for rea-
sonablyP ‘‘isolated’’ energy levels and moderatecouplings,
the
8

procedurestill appearsasa practicaltool for highly ac-
curate7 calculations.This maybe trueevenin the ‘‘equal fre-
quency’R ’ case,supposingwe areinterestedonly in theground
stateP vibrationalenergies.This importantfinding seemsto be
stronglyP backedup by theresultspertainingto thedegenerate
systemsP of CaseD. In TableVI we canseethat the ground
stateP perturbationseriesconverge for practically arbitrary
couplings.7 For otherstates,apparently, applicationof our ap-
proach2 becomesratheracademic.

IV. CONCLUSIONS

Similarly
S

, like in the case of ordinary oscillators,17

supplementationP of the Hutson and Howard perturbation
theory
8

approachby thePadésummationP techniqueleadsto a
significantP improvementof its capability in the caseof the
Morse
T

oscillators.The perturbationseriescorrespondingto
relativelyU isolated adiabatic levels of theseoscillators are
summable,P highly accurately, even if strongly diverging.
However, as in the case of ordinary oscillators, the
conver7 gency/summabilitypropertiesof the perturbationse-
riesU arestronglyhamperedby the presenceof the accidental

coincidences7 of theadiabaticlevels.While in thecaseof two
coinciding7 levels there is a good chanceto overcomethis
problem2 by meansof a simple ‘‘bracketingand interpolat-
ing’
N

’ technique,in the caseof threeand more closely coin-
ciding7 statesthe PadésummationP techniquebecomesinad-
equate.9 This ‘‘failure’’ of the PadésummationP techniqueis
caused7 not only by a rather wild divergencein the corre-
spondingP series,but alsodue to ratherdifferent ‘‘irregulari-
ties’
8

’ in their patterns.An accuratesummationof suchseries
is still out of the scope of the available summation
techniques.
8 15
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Š.] was0 visiting the Department

of^ Applied Mathematics.He is grateful for the hospitality
and6 financial support.Furtherwe would like to expressour
gratitudeW to ProfessorR. LeRoy, Departmentof Chemistry,
University
_

of Waterloo, for his assistancewith the use of
Silicon
S

Graphicswherethe majority of our resultswereob-
tained.
8

We arealsoindebtedto ProfessorC. Hewitt for criti-
cal7 readingandimproving the manuscript.

1D.
`

J. Nesbit,Chem.Rev. 88, 843 a 1988b .
2S.A. Rice,Dynamics

�
of Polyatomic Van der Waals Complexes, editedby

N.
c

HalberstadtandK. C. Jandad Plenum,New York, 1990e .
3
d
T. SleeandR. J. LeRoy, J. Chem.Phys.99, 360 f 1993g .

4V
h

. Ryaboy, N. Moiseyev, V. Mandelshtam,and H. S. Taylor, J. Chem.
Phys.
i

101, 5677 j 1994k .
5
c
G. A. Arteca,F. M. Fernandez,andE. A. Castro,Large Order Perturba-
tion Theory and Summation Methods in Quantum Mechanics l Springer,
Berlin, 1990m .

6
e
J.
n

EchaveandD. C. Clary, Chem.Phys.Lett. 190, 225 o 1992p .
7
h
M.
q

J. BramleyandN. C. Handy, J. Chem.Phys.98, 1378 r 1993s .
8
o
G. CharronandT. Carrington,Jr., Mol. Phys.79, 13 t 1993u .

9
b
A. McNichols andT. Carrington,Jr., Chem.Phys.Lett. 202, 464 v 1993w .

10J.
n

Kobus,Chem.Phys.Lett. 202
x

, 7 y 1993z .
11A.
{

C. PeetandW. Yang,J. Chem.Phys.90, 1746 | 1989} .
12V.
h
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