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Abstract

The proton transport along a hydrogen bond chain in an external membrane field is described by means of the Pauli master
equation with asymmetric rate constants. The analytic solution describing the proton motion is found and its properties are

discussed.

1. Introduction

Natural processes are based on energy transfor-
mation and utilization. To obtain the energy neces-
sary for their life living systems exploit external
sources. There are two basic ways of getting energy in
living organisms. Either they have chlorophyll mole-
cules which make use of light energy in photosyn-
thesis or they oxidize the products of cytoplasmic
metabolism in the cell organelles in mitochondria.
The primary sources of energy, i.e. light or substra-
tum are used to create an electrochemical potential
across the internal membranes of the organelles (thy-
lakoid or inner membranes). In the next step the gra-
dient of this potential is used by the enzyme
F,FoATPase (the intrinsic protein) to synthesize ATP
[1]. The process of ATP synthesis is based on the
proton transport across the inner membrane of the
organelle in the direction of the gradient of the mem-
brane field.

There are, however, also opposite processes. For
example, F\FoATPase can use the hydrolysis of ATP
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for pumping protons against the membrane gradient.
Another example is a membrane protein bacterior-
hodopsin (bR ) in Halobacterium halobium which can
trap light energy and use it for proton pumping across
the cell membrane against the gradient of the mem-
brane potential. The proton pumping in the latter ex-
ample exists because of the active site — rhodopsin ~
which supplies the energy the proton needs to over-
come the external field. This protein creates local
fields with gradients oriented in the direction of the
proton motion. The rhodopsin is located in the mid-
dle of the transport path and is responsible for the
proton motion from a low potential to a high poten-
tial. This transport is realized in three steps. First, the
proton is transported from the intracellular space to
the active site where it is bound to the active site. This
motion is oriented in the direction of the gradient of
the first local field. Second, the light absorption in-
duces isomerization of the retinal. This process moves
the proton from one position with a low potential to
another position with a high potential. Finally, the
proton is released from the active site after the iso-
merization and transported to the extracellular space
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[2] again in the direction of the gradient of the sec-
ond local field.

It is known that proton transport is realized along
hydrogen bond chains [3-5]. These chains existing
in proteins are formed by amino acids having resi-
dues capable of forming hydrogen bonds (Asp, His,
Arg, etc.). If we consider intrinsic proteins and the
fact that almost any membrane has an electrochemi-
cal potential, the importance of the study of the pro-
ton transport along a hydrogen bond chain in such an
external field gradient is obvious. The aim of this
Letter is to suggest and discuss a simple model for
this transport.

2. Model of transport

We assume that the proton can move with a certain
probability between the neighbouring sites of a chain.
We assume that due to the existence of the external
field the rate constants describing the proton motion
in the direction and against the direction of the field
gradient are different. The proton motion is de-
scribed by a simple Pauli kinetic equation
En FPpi—Pa) = F'(Pu=Pus) . (D)
Here, P,, is a probability of finding the proton at the
mth site at time ¢. F or F’ is the nearest-neighbour
rate constant for the proton motion in the direction
of decreasing or increasing m, respectively. We as-
sume that F, F'> 0. The difference F’'— F determines
the asymmetry of the motion. For the sake of sim-
plicity we assume an infinite chain, m= —co0, ..., +co.

To solve Eq. (1) we assume a solution of the form

Pp(1) =exp(At) by , (2)

where A is a constant and 4,, is a time-independent
coefficient which can be different for different sites.
Substituting assumption (2) into (1) we get

A =Fhpy— (F+F'Yhy, +F'h,,_, . (3)

Eq. (3) is an ordinary difference equation for 4,, with
constant coefficients. It can be solved assuming

Bow=p™, (4)

where ¢ must fulfil the equation

F FI 2- F’
It N .
7 u+ 7 0 (5)

This quadratic equation has the solution
_|F [F+F’+A
RV v/
F+F'+4
t -11. 6
( 2;;FF ! ) ] €
Denoting

F+F'+)
= 7
2JFF cos(8), )

Eq. (6) can be written in the form

2= \/-i—’exp(iiﬂ)- (8)

We see that the solution of Eq. (1) is

P,(t)=exp(At) (ﬁ) exp(*imd) , (9)

where
A=—F—F'+2,/FF’' cos(8) (10)
and ¢ (—m, ). The general solution of Eq. (1) is

P, (t)=exp[— (F+F')t] ( —FI;,)

X J A(8) exp[2,/FF’ cos(8)¢t] exp(im®d) db,

(11)

where A(9) is an arbitrary function. We assume for
simplicity that the proton is located at =0 at site
m=0,

P(0)=6,0. (12)

It follows from Eq. (12) that A(9) =1/2n. Using the
definition of the modified Bessel function 7,,,(¢) [6]
the final expression for the probability P,,(¢) of find-
ing the proton at time ¢ at site m is

P,,At):(\/%) exp[— (F+F')t]I,(2t./FF") .

(13)
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3. Discussion

Using the properties of Bessel functions [6] it can
be shown that the probabilities P,,(¢) fulfil the nor-
malization condition >%___ P,.(¢)=1. It is ob-
vious from Eq. (13) that for F'> F and m> 0 we get
P, (t)>P_,(t). This means that the proton moves
in the direction of increasing m. The motion in the
opposite direction has for a large difference F'—F a
low probability. The asymmetry of the motion is given
by the factor ./ F’/F. At time ¢ =0 the proton is at site
m=0. With increasing time, the probability of find-
ing the proton at neighbouring sites increases (see Fig.
1). At the same time, the proton moves in the direc-
tion of increasing m. The delocalization of the proton
increases with increasing time and the actual posi-
tion of the proton becomes less and less determined.
In other words, the ‘wave’ or better the ‘probability’
packet describing the proton motion moves in the di-
rection of increasing m and spreads at the same time.

The proton ‘center of mass’ is given by the
expression

{my= 3 mPu(t). (14)
It follows from Eq. (1) that the proton ‘center of
mass’ moves linearly in the direction of increasing m,

(md>=(F'—F)t. (15)

The speed of this motion equals F’— F. The width of
the ‘probability packet’ can be characterized by the
quantity

oo

((m—=(m>)*>= ¥

m= —co

(m—Cmy)’P,.  (16)

It follows from these equations that
m?P,,_=(m—1)*P,_,+2mP,_,—P,_,, (17)
m2P, . =(m+1)P, ., -2mP,,_ —Pn_,, (18)
and from Eq. (15) that
((m—={m})*)=t(F'+F). (19)
We see that the width of the ‘packet’

J {(m—={m>)?> increases as the square root of ¢. It

is obvious that {(m~—{m)>)"), n>2 can be calcu-
lated analogously.
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Fig. 1. Probability P,,(t), Eq. (13), describing the proton mo-
tion as a function of m. Here, F=1/3, F'=3/4 and time t=1
(a), t=5(b) and t=20 (c).

4. Conclusions

Eq. (1) is the transport equation describing the
hopping of an arbitrary particle along a chain of dis-
crete sites. In this sense, it can be applied to an arbi-
trary ion or other particle moving in a homogenous
external field. The asymmetry of the field is given by
F’—~F.

We have found the exact analytic solution of this
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transport equation in terms of Bessel functions in a
similar way as was done in the symmetric case (see,
e.g., Ref. [7]). The motion of the ‘center of mass’ of
the proton and the width of the corresponding ‘prob-
ability packet’ have been calculated. The quantities
{(m—{m))*> can be calculated analytically also for
n>2. In general, the proton moves in the direction
for which the nearest-neighbour hopping probability
is larger and the corresponding ‘probability packet’
spreads out at the same time. A detailed description
of the form of the ‘packet’ is given by ( (m— (m) )*>.

References

[1]J.D. Watson: Molecular biology of the gene (Benjamin, New
York, 1965).

{2} R. Hendrson, J. M. Baldvin, T.A. Ceska, F. Zemlin, E.
Beckman and K.H. Downing, J. Mol. Biomol. 213 (1990)
899,

[3]1 M. Eckert and G. Zundel, J. Phys. Chem. 92 (1988) 7016.

[4] D. Hadzi, J. Mol. Struct. 177 (1988) 1.

[518S. Scheiner, Ann. NY Acad. Sci. 367 (1981) 493.

[6]EM. Abramowitz and I.M. Stegun: Handbook of
mathematical functions (Dover Publications, New York,
1972).

[7] V.M. Kenkre and P. Reineker, Springer tracts in modern
physics, Vol. 94. Exciton dynamics in molecular crystals and
aggregates (Springer, Berlin, 1982).



