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A general theory of the excitation energy transfer in the primary processes of photosynthesis based on the generalized master
equation is formulated. The work provides a general theoretical description of four different regimes of the excitation energy
transfer, analyzes the contribution of these regimes to the quantum yield characterizing the total efficiency of the transfer pro-
cesses, presents a general analysis of mutual relations of nine experimental observables, takes into consideration limitations fol-
lowing from a finite experimental resolution and clarifies question what information on the excitation energy transfer processes

can be obtained from experimental observables.

1. Introduction

The excitation energy transfer in the primary pro-
cesses of photosynthesis, i.e. the excitation energy
transfer from the antenna system (A) to the reaction
center (RC), is very fast (transfer time to the RC is
less than 1 ns) and very efficient (the corresponding
quantum yield is higher than 0.9) [1-5]. These fea-
tures of the transfer have been investigated in a num-
ber of works [1-25], however, all the so far investi-
gated theoretical models have only a limited range of
applicability (assumption of the coherent or incoher-
ent exciton motion, finiteness of the experimental
resolution is not usually taken into account, numeri-
cal solution of the problem does not allow to find an
explicit dependence of the experimental observables
on the model parameters, etc. ).

Many experimental papers have been devoted to
standard optical methods (fluorescence, phos-
phorescence, CD and LD spectroscopy, ...) with the
belief that detailed information on the intermolecu-
lar energy transfer can be obtained from the experi-
mental results. One of our aims is to clarify this
question.

For these reasons, we decided to develop a theoret-
ical description of the excitation energy transfer which
is quite general as far as the most interesting step of
the transfer, i.e. the intermolecular one it is con-

cerned. Discussing this model and using arguments
as general as possible we make an attempt to find the
first principle answers to the following fundamental
problems.

(1) What are physical reasons of the high value of
the quantum yield 7ot of the excitation energy trans-
fer to the charge transfer state (CT) of the RC? We
would also like to know on what parameters this
quantum yield depends. An interesting question is the
dependence of the yield on the geometry and struc-
ture of the photosynthetic unit (PSU).

(2) What information on the intermolecular
transfer may be obtained from the experimental
observables?

(3) What is the effect of a finite experimental res-
olution and other usual experimental conditions on
the attainability of this information?

(4) What is the mutual relation of the experimen-
tal observables?

(5) What is the importance of different transfer
regimes - coherent (short times), intermediate and
incoherent (long times) - from the point of view of
the efficiency of the excitation energy transfer to the
RC? In other words, we want to know what is the
contribution of these regimes to 7cy.

Keeping generality of the discussion throughout
part I of this work on a high level we arrive at conclu-
stons that should apply to any photosynthetic system.
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In part I [26], we make use of the recent informa-
tion on the geometry of the PSU in the bacterial pho-
tosynthesis [27] and discuss the most important in-
coherent stage of the transfer in more detail.

The structure of sections 2-9 of part I is as follows.
In section 2, we describe the model consisting of N
antenna Chl molecules with Sy, S, and T, energy lev-
els and the RC special Chl pair which has besides of
these levels also the charge transfer state CT. The
geometrical arrangement of the Chl molecules may
be arbitrary. The excitation moves from the antenna
system to the CT level which acts as a trap represent-
ing subsequent electron transfer and photochemical
and chemical processes. Sections 3-6 are devoted to
a general discussion in which no concrete assump-
tions about the mechanism of the excitation energy
transfer of a limited applicability are made. After the
definition of nine experimental observables (section
3) equations of motion in the form of the generalized
master equation (GME) are formulated (section 4).
Using generally valid results for the GME we show in
section 3 that only one of the observables is indepen-
dent. The following discussion in sections 6-9 con-
cerns the intensity of the antenna fluorescence as the
independent observable. The effect of the experi-

mental resolution on the measured observables is
discussed in section 6. In sections 7 and 8 we use the
Pauli master equation (PME), Schridinger equation
and interpolation formula to get more information
on the possible form of the observables in the inco-
herent, coherent and intermediate regime. Conclud-
ing remarks are given in section 9. In the appendix,
the most important results regarding the Liouville
equation, GME and PME for a non-Hermitian Ham-
iltonian are presented.

2. Model and description of intramolecular processes

Our model (see fig. 1) takes into consideration only
the parts of the PSU important from the point of view
of the excitation energy transfer. The detailed struc-
ture of the antenna and RC complexes (see e.g. ref.
[281) is not considered explicitly here and the influ-
ence of the other parts of the PSU is taken into ac-
count only indirectly. This should not lead to any sig-
nificant changes of the results since the intermolecular
transfer among the S, states is described generally.
The antenna system is represented by the Chl mole-
cules having Sg, S, and T, levels which may in general
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Fig. 1. Model of the excitation energy transfer processes in the PSU. Two antenna Chl molecules (S,, S; and T, levels) and the RC special
pair {Sg, S;, T, and CT levels) together with the corresponding intramolecular and intermolecular transfer processes are shown {arrows).
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be different in different molecules. The RC is repre-
sented by the special pair of the two Chl molecules
and has the same S, S,, T, levels and the CT level.
The CT state is a trap representing processes leading
to the creation of the electron-hole pair. The geomet-
rical arrangement of the antenna Chl molecules and
the special pair as well as the orientation of their di-
pole moments can be arbitrary, including the globule
structure [25].

The intramolecular processes (fluorescence, phos-
phorescence, transfer to the CT state and intersystem
crossing) are described by means of usual kinetic
equations,

dP
G =kerPec (2.1)
Ty
G =KFCPre—kEPR:, (2.2)
So
LR _ kpePRe+kE P, (2.3)
dPTl
2 kP, —KEPY, meA, (2.4)
So
Ssl _KSPT +kAP,, meA. (2.5)

Here, PL- and P§% denote probabilities of finding
the RC at the T, and S, state, respectively. Analo-
gously, PT! and PS¢ are probabilities of finding the
mth antenna Chl molecule in the T, and S, state. Pr¢
and P,, (no superscript) are probabilities of finding
the RC and the mth antenna at the S, state mediating
the intermolecular excitation transfer. The kinetic
equations for P and P, are given in section 4. The
intermolecular transfer among the T, levels is not
considered in our model. We assume also a low light
intensity so that any mutual interaction of the exci-
tons or their annihilation is not considered. The non-
radiative de-excitation processes, except for the in-
tersystem crossing, are not considered in the model.
If necessary they can be included into eqs. (2.1)~
(2.5) as additional terms. A denotes the Chl mole-
cules in the antenna system.

The values of the intramolecular rate constants used
throughout this work were obtained from a critical

survey of the literature on the bacterial photosyn-
thesis: k£ =6.7x107 s~! (the S,—S, antenna fluo-
rescence rate constant), kB¢ =1.34x108 s~! (the
S,—S, RC fluorescence), kf =kRC=1.34x10% s~!
(the S,—T, antenna and RC intersystem crossing),
kp =kB€=5.9x10%s"! (the T,—S, antenna and RC
phosphorescence ), kcr=3.3Xx 10" s~! (the §S,-»CT
reaction center rate constant) [8,29-32]. We use
these rate constants for estimates rather than for ex-
act calculations so that their values are not critical.

3. Definition of observables

Assuming that only a single photon is absorbed at
t=0 the RC and antenna fluorescence intensities
IBC and I (the S, - S, transitions) are proportional
to the probability of finding the exciton at the S, re-
action center and antenna levels, respectively,

TRC(t) =kFCPrc(2) , (3.1)
IR =k Y Pn(1). (3.2)

If several different spectral forms of the antenna pig-
ment-protein complexes were introduced I2(1)
would represent the total fluorescence intensity of all
the forms. The time-dependent quantum yields of the
corresponding fluorescences may be defined as

nE (0= [ B dr, (3.3)
0

ne(t)= J.Ié(r) dt. (3.4)
0

The usual quantum yields are obtained for f—co.
Analogous quantities for the phosphorescence
(T, - S, transitions ) equal

15() =KEPRC(1) (3.5)

1=kt T P, (3.6)

me = [ e dr, 3.7
0
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ne(t)= jlé(‘t)dr. (3.8)
0

A quantity characterizing the total efficiency of the
primary processes of photosynthesis is the quantum
yield of the excitation energy transfer to the reaction
center CT level,

Her(t) =Pcr(?) . (3.9)

The time-dependent definition of the quantum yield
ner(t) makes possible to calculate the contribution
of the transfer processes on a given time interval (0,
t) to the total yield ner(t—00). The quantum yield
(3.9) and the fluorescence intensities /£ and /g€ are
the most important observables discussed in the fol-
lowing sections.

4. Kinetic equations for observables

The kinetic equations for /8¢ and 74 describing
the intersystem crossing and phosphorescence (see
fig. 1 and eqgs. (2.2), (3.1), (3.5), (2.4), (3.2) and
(3.6)) are

dIl;C RC . RC RC JRC RC JRC

S =KBCKRC/KECTRE —KECIEC, (4.1)
dlé ALA ATA ATA

F[—;-kpkl /kFIF-—kap. (4.2)

To describe the intermolecular transfer among the
S, antenna and RC levels we use a general formalism
based on the generalized master equation (GME)
(see e.g. refs. [33-35] and appendix ). Most of the-
oretical works assume the incoherent (diffusion like)
character of the exciton motion [10,12-14,17, 19,21~
25] leading to a relatively easily solvable Pauli mas-
ter equation (PME) [36]. The relaxation time /., of
the transition from the coherent to incoherent exci-
ton motion depends on the radiative losses and the
interaction of the electronic system with other de-
grees of freedom of the PSU. It should obviously be
larger than the period of the characteristic vibrations
of the Chl molecules, f>10""-2x 10713 s [37].
The condition of the applicability of the incoherent
description of the excitation energy transfer in the
PSU is 1> t,. On the other hand, the coherent (wave-
like) formulation of the excitation transfer theory

neglecting the dephasing processes can be used for
very short times ¢ << ¢.;. According to ref. [38] the
time of the decay of the memory functions for the
bacteriochlorophyll which characterizes the transi-
tion from the coherent to incoherent character of the
exciton motion amounts #4~3Xx 10745, Ref. [15]
using the Haken-Strobl model as well as the investi-
gation of some general features of electronic systems
interacting with the thermodynamical bath [39] in-
dicates much longer validity of the coherent regime
(over 1 ps). These two last investigations however,
are based on the idea of one electronic system inter-
acting with one vibrational thermodynamic bath
while the situation in the PSU is different. It is rather
a complex system of electronic, vibrational and ro-
tational states of individual chlorophyll molecules
mutually interacting relatively weakly. The approach
used in these works does not seem therefore adequate
to photosynthesis. We note, however, that a largely
coherent character of the excitation motion would
lead to such effects as the dependence of the lumines-
cence quantum yield on initial conditions [40,41 ].

The description of the excitation energy transfer in
the PSU on a quite general level can be achieved by
means of the Liouville equation (see e.g. ref. [34]).
The corresponding density matrix p, however, carries
complete information on the system so that its pro-
jection to a physically relevant partial information is
usually made. As a result, the GME for the relevant
part is obtained (see e.g. refs. [33-35,43-45] and
appendix).

The GME allows to consider the general character
of the exciton motion (coherent, incoherent or inter-
mediate), however, it has to be supplemented by the
life time and trapping terms in agreement with the
supposed intramolecular transitions from the S,
levels,

dsl;c.= j Y. Krem(t—1) Py(1) dr
0
+1Irc — (kFC+ R +ker) Pre (4.3)
L~ [5 Kumlt=0) P dt
dr e
(4]
+1,— (k§ +ki)P,, neA. (4.4)

The derivation of this GME based on the use of the
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non-Hermitian Hamiltonian with imaginary terms
describing the losses in the PSU is given in the appen-
dix. K,,, are memory functions, I, are initial terms
(see appendix ) and the last terms on the right-hand
side of egs. (4.3) and (4.4) represent the intramo-
lecular transitions from the S, levels (the fluores-
cence, intersystem crossing and transfer to the CT
state; see fig. 1, eqgs. (2.1)-(2.5) and appendix ). The
summation in egs. (4.3) and (4.4) runs over all the
RC and antenna S, levels.

Using the definitions of IR and 72 (eqgs. (3.1) and
(3.2)) we get from egs. (4.3) and (4.4) the follow-
ing kinetic equations:

kllzc df;C J 2 Krcm(t=1) Pu(1) dt
0
+Ipc— km+—::((j"'__kcllkc (4.5)
klA dé: = ’EA | Z K, .(t—7) P, (1) dt
0
+ 21 —kA+kA ¢ (4.6)
rea kg

In general, the time dependence of the observables
IBC and I£ may be very complex and depends also
on the initial conditions (via /,). Fortunately, sum-
mation rules (A.10) and (A.11) for X,,,,, and /,, allow
to derive from egs. (4.5) and (4.6) a relatively sim-
ple relation not containing X,,,,, and /,,.

5. Relations among observables

It follows from egs. (4.1) and (4.2) that the phos-
phorescence intensities can be calculated assuming the
fluorescence intensities are known,

I3C(t) =exp(—kECt) IFC(0)
kngFC !
+ —HSC—J-exp[ —kBC(t—1) 1 IRC (1) dz, (5.1)
1]
I§(t)=exp(—k£1)I$(0)

kekt | R .
i J.exp[—kp(t—r)]l..-(‘r)dt. (5.2)
1]

+

Egs. (2.1), (3.1) and (3.9) lead to a similar relation
between ncr () and IRC(t),

Per(t)=ncx (1) = 5% jl“cm dr+Per(0). (5.3)

Adding egs. (4.5) and (4.6) and using generally valid
summation rules (A.10) and (A.11) for the memory
functions and initial terms we get the following rela-
tion between IRC and IR:

1 dig + kg +kp
k& dr kg
1 dIgc kRC+kRC+kCT
kEC dt kB¢

It

+

=0. (54)

This simple equation is a generally valid relation be-
tween the antenna and RC fluorescence showing that
these quantities are not independent. This equation
does not explicitly contain any information on the
intermolecular transfer included in K,,,, and I,,,. All
the rate constants appearing in eq. (5.4) describe the
intramolecular processes. Eq. (5.4) is valid for arbi-
trary time and arbitrary degree of the transport co-
herence. If we assume that /2 is known we solve eq.
(5.4) for IRC

1.'-3C(t)=eXp[— (KRC+kRC+kcr)t1IRC(0)

RC

’ZA J.exp[— (KBS +KRE 4+ ker) (1= 1) ]

x(dlg(r) + (k2 +kt )Ié(t))dz. (5.5)

It is known that the excitation into higher Chl levels
(S,, ...) relaxes very fast and the molecules transfer
to the S, state. Assuming further that originally all
the Chl molecules are in the ground state S, and that
the photon absorption at 1=0 excites the molecules
into the S, state we can write I8(0)=I8(0)=
Per(0)=0.

Now we can formulate the answer to problem (4)
given in section 1. Egs. (5.3), (5.1), (5.2), (3.1),
(3.2), (3.7), (3.8), (3.3) and (3.4) show that the
observables ncr, IRC, I, IRC, I2, nEC, n, nR¢ and
n? are not independent. If we assume that /¢ and the
intramolecular rate constants are known the other
observables can be determined from the above equa-
tions. This result is valid for arbitrary time and does



82 L. Skala, V. Kapsa / Primary processes of photosynthesis.

not depend on the character of the motion (coherent,
incoherent, intermediate ), structure of the PSU (the
Chi-Chl distances, orientation of their dipole mo-
ments, existence of globules) and other properties of
the PSU. It follows from an integral (global) char-
acter of the observables regarding the antenna system
or RC as a whole and the law of conservation of the
excitation energy flowing through different channels
in the PSU (the CT level, fluorescence and phospho-
rescence of the antenna system and RC).

Let us discuss eq. (5.2) in greater detail. Assuming
for simplicity a single-exponential form of I,

I8 (1)=18(0) exp(—kt) , (5.6)
where k~0.5 ns [46] it follows from eq. (5.2) that

kekiI£(0)

e<ks—k))°""(‘k"§"

Ie(z)=(19(0)—
KBk I2(0)

T R kR —k)

exp(—kt) . (5.7)
The first term goes down slowly (kf ~102s~') while
the second one decays to small values for > 1 ns. We
see that starting from ¢~ 1 ns the form of the phos-
phorescence intensity is determined by k$ only and
is not influenced by the intermolecular transfer. The
same conclusion applies for IR and the correspond-
ing quantum vyield 78€. Because of this reason and
the possibility to express all the other observables in
terms of I§ we confine our attention to the discus-
sion of the antenna fluorescence I§.

6. Experimental resolution and observables

The antenna fluorescence I2 has generally a com-
plex form depending on the values of the intramolec-
ular rate constants, conformation of the PSU, char-
acter of the intermolecular transfer and initial
conditions (see eqs. (4.5) and (4.6)). Unfortu-
nately, a lot of this information may be lost during
measurements. In order to estimate the limitations
following from the usual experimental conditions we
investigate in this paragraph factors playing the most
important role in this respect.

(1) A finite time resolution ¢, leads to an averag-
ing over the corresponding time interval

1+ tres

Fo==+ | poad, (6.1)

H

where FF‘ denotes the measured intensity of
fluorescence.

(2) The effect of the form, intensity and length of
the excitation light pulse G(7) may be described as

!

12 ()= JG(T)I’;’.—‘(!—T) dr. (6.2)

0

(3) The effect of the size of a sample, following
from different optical paths for different PSUs, leads
to a similar effect as in eq. (6.1) (see fig. 2). Taking
into consideration the velocity of light the difference
of the optical paths ~1 mm in vacuum leads to an
effective time resolution =~ 3 ps.

(4) The configurational averaging over different
conformations of the PSUs which can differ by the
number and geometrical configuration of the Chl
molecules as well as in other respects can signifi-
cantly influence measured quantities. If we assume
for simplicity the 1/R® dependence of the intermo-
lecular rate constants as in the Forster theory [47]
the change of the Chl-Chl distance R by 1 A for
12 < R<35 A leads to the change of the rate constant
by 20-60%. Assuming the dipole~dipole interaction
in the Hamiltonian describing the interaction of the
Chl molecules, i.e. the 1/R? dependence we get the
analogous change of the interaction as 10-30%. It is
obvious that such changes can influence the resulting
form of the observables very significantly. At the same
time, the resulting effect is difficult to evaluate. The
above estimates are applicable namely to the mea-

DETECTOR

=

2,

LIGHT

SAMPLE

Fig. 2. Different optical paths for different PSUs (dots).
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surements in vivo where significant irregularities of
the conformation of the PSUs can be expected. For
model systems with a more regular structure this ef-
fect may be less significant.

In order to illustrate the effect of the configura-
tional averaging we show in fig. 3 the probability of
finding the excitation at one of the molecules in the
Chl a dimer without and with configurational aver-
aging over an ensemble of dimers with the Gaussian
distribution of the Chi a—Chl a distance R (a mixed
statistical ensemble). It is obvious that for the con-
sidered averaging the probabilities P,,(¢) in the co-
herent case and, consequently, also the observables
can change their form significantly. This averaging
namely influences the characteristic quantum beats
which disappear for ¢> 0.1 ps. The influence of aver-
aging in the incoherent case is small. Fig. 3 corre-
sponds to the Chl a dimer. It can be shown that the
configurational averaging of P,,(¢) for the PSU with
N Chl molecules can be reduced to a sum of similar
functions as shown in fig. 3 so that our conclusions
have general validity.

All the effects (1)-(4) and the effect of a nonzero
temperature have to be taken into consideration si-
multaneously. As a result, most of important details
of the observables on the time scale shorter than a
few picoseconds may be lost during measurements.

The answer to the problem (3) may be therefore
formulated as follows. The first loss of information
follows from the integral character of the observable
I# (summationin eq. (3.2), see also ref. [19]). Fur-
ther loss of information follows from a finite time
resolution and averaging over the form, intensity and
length of the excitation light pulse. The effect of the
size of a sample for the usual experimental arrange-
ment leads to a similar loss of information as in the
case of the finite time resolution. The configurational
averaging and temperature effects may be significant
factors further reducing the attainable information.
The resulting effective time resolution for usual ex-
perimental conditions can hardly be better than 0.1-
1 ps.

7. Long time fluorescence

Assuming the relaxation time ¢,,<0.1 ps which is
comparable with the effective time resolution men-

0.5

0.5 1

g

0 T T 1
0 100 200 300

t110°"%s1

Fig. 3. The illustration of the effect of the configurational aver-
aging on the probabilities P,,(2). The calculations were done for
the Chl a dimer for the most favorable orientation of their dipole
moments giving the largest value of H,,, and F,,,,, R=35 A. The
initial excitation is assumed at the second Chl a molecule
P,(0)=0, P,(0)=1. Case (a) corresponds to the solution of the
Schrodinger equation (8.8) (coherent motion) while case (b)
follows from the solution of the PME (7.1) (incoherent mo-
tion). The full lines are the probabilities P, (¢) with no configu-
rational averaging. The dashed lines show P, (¢) for an ensemble
of dimers with Gaussian distribution of the intermolecular dis-
tance R. The average distance is R=35 A, the half-width of the
Gaussian distribution being 3 A. The rate constants are given in
section 2, Ry=64 A.

tioned above we see that investigating the above
mentioned observables we can observe experimen-
tally mainly the incoherent stage of the excitation
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transfer which can be described by means of the PME.

The PME can be obtained from the GME (4.3)
and (4.4) by neglecting the initial terms 7, and the
memory effects of the memory functions X,,,, (see eq.
(A.13) and refs. [34,35,48-50])

%: RZCAF,,,,,P,,—(k’,§+k§")P,,,, meA, (7.1)

TEC = 5 FrcaPam (RESHAES+ker) Pac.
(7.2)

The values of the intermolecular rate constants F,,,
may be estimated from the Forster formula [47]

£ 3 [ =3 ) (1) ) (&)
mT TF R/’
m#n, (7.3)
me=_ Z an’ mERC,A’ (74)
n(s#m})

where u,, and &, are unit vectors giving the directions
of the transition dipole moments of the S,— S, tran-
sitions of the mth and nth Chl molecule, respectively.
The unit vector along the direction connecting the
molecules is r, R denotes their distance, 7 is the flu-
orescence life time and R, is the Forster radius. If
m=RC or n=RC, m+ n, the rate constant according
to eq. (7.3) has to be multiplied by two because the
special pair consists of the two Chl molecules.

The applicability of the Forster model as well as
the value of R, which is critical for the values of the
rate constants has been questioned many times (see
e.g. ref. [51]). For this reason, we use it rather for
estimates than for a systematic discussion. Most of
the conclusions of this section are independent of the
use of the Forster prescription.

For two Chl a molecules with the transition dipole
moments oriented perpendicularly to r, 7= 35 ns and
R,=64 A [22] we get F,,,~10" s=! for R=35 A.
The corrections to F,,, following from the spatial dis-
tribution of the charge in the Chl a molecules are less
than 100% for R> 10 A [51]. Such changes are from
the point of view of the following discussion
insignificant.

Now we shall discuss some general properties of the
kinetic equations (7.1) and (7.2) which are inde-
pendent of a concrete form of the PSU.

The PME (7.1) and (7.2) is a system of linear dif-
ferential equations of the first order so that its gen-
eral solution has the form

P,(t)=Y ciexp(At) h, (1), meRC, A, (7.5)
p)

where c; are coefficients given by the initial condi-
tions and A and A,,, (1) satisfy the eigenvalue problem

X Flunha(A) =2k, (2), (7.6)
Flw=Fu, form#n, (77)
Flmm=me—(ké+ki\), mEA, (7.8)
Frp=F,,.— (kRC+kFC+ker), m=RC. (7.9)

The probabilities P,,(¢) must be finite for t—oo so
that all the eigenvalues A for arbitrary values of the
intramolecular rate constants must be less than or
equal to zero. Eq. (7.5) shows that the antenna and
RC fluorescence can be written for > ¢, as a sum of
N+1 decaying exponentials, where N is the number
of the antenna Chl molecules. Therefore, these ob-
servables are in general rather complex functions and
contain a lot of information on the intermolecular
transfer. It is obvious, however, that starting from a
certain time {, all the exponentials in eq. (7.5) may
be neglected except for that one with the eigenvalue
A, having the smallest absolute value. It leads to a
particularly simple single-exponential form of the
probabilities P,,(¢) and related observables which we
now discuss in detail. As we show below ¢, is of the
order 10 ps and the excitation energy transfer for ¢> ¢,
contributes to 7o (f—co) substantially.

It follows from the single-exponential form of P,,,(¢)
that the ratio of the probability of finding the exciton
in the antenna system and RC, respectively, is a time-
independent constant,

ZAPm(t)/PRc(t)=v. (7.10)
From eqs. (3.1) and (3.2) we get for 1> ¢,
RC
IRC()= llcf,rlfe‘(t) (7.11)
14 kF

so that eq. (5.4) may be integrated and an analytic
expression for I2 is obtained,
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Ig(t)=12(t)

ker+ v(ké+k§‘)+k§c+k}‘c)
Xexp(— +1) .
X(t—1) . (7.12)
Eq. (7.5) gives an analytic expression for 4,
A A RC RC
A= ker +v(kg +,,I:.;+k +kf (7.13)

We see that 12 (¢) and IRC(¢) are for > t, single de-
caying exponentials. The other observables can also
be calculated analytically (see alsoref. [12]).
Assuming quite generally and for arbitrary time that
v is not a constant but a function of time, it follows
from eq. (A.12) independently of the degree of the
coherence of the exciton motion,
dv

dv dPrc
a Prc+(v+1) a

=—[ker +v(kp+k) +k.'§c +kRC]Pgc, (7.142)

-%ﬂ Y P, +(u+l) -5 P,

dt meA meA
=—[kcr +v(kp +k{) +kEC+kFC] ¥ P,.
meA
(7.14b)

According to these equations, the time dependence
Oof IRC =kRCPrc and IR =k$ 3, A P, is given by ke,

*, kBC, kRC and v(1). The investigated observ-
ables do not depend on the excitation distribution in
the antenna system P,,, meA and their measurement
cannot give any information in this respect. Only the
function ¥(¢) describing the distribution of the exci-
tation between the antenna system and RC can be de-
termined in this way (problem (2)). Egs. (7.11)-
(7.13) are a special consequence of egs. (7.14) if the
time dependence of ¥(¢) may be neglected.

The time-resolved measurements of I2(¢) and
IEC () for t> t, can be used for the experimental de-
termination of ». To estimate » theoretically we use
the first-order perturbation theory to calculate A, and,
consequently, v.

If we assume kf =kRC=k{P =kRC=kr=0 and
use the summation rule ¥ ,F,,,=0 (see egs. (A.10),
(A.13) and (7.4)) we see that the matrix F has in
this case the zero eigenvalue A1,=0 with the
eigenvector

ha(A)=1/(N+1)'2 meRC,A. (7.15)

Considering the problem (7.6) with kcr=0, kf =
kEC, kf =kRC we see that the eigenvector (7.15) ful-
fills eq. (7.6) with

Ay =—(kp+kd). (7.16)

This is the zero-order solution of eq. (7.6).

If we assume now ke #0, k& # kRS, k{ #kFC and
use first-order perturbation theory [52] for the
“potential”

an = (ké "-klA _k%C —k{(C _kCl‘)aanm,RC ’

(7.17)
we get 4, calculated in the first order,
A'I =- (ké+k?)+ Z hm(Al)anhn(ll)
A A RC RC
____km-+N(kF+k,)+kF +kf . (7.18)

N+1

Comparing egs. (7.13) and (7.18) we see that the
first-order perturbation theory gives

y=N, (7.19)

i.e. the distribution of the excitation between the an-
tenna system and RC is proportional to the number
of the Chl antenna molecules (respectively special
pairs in the case of RC) in these systems. The eigen-
vector corresponding to 4, is given by the corre-
sponding first-order perturbation formula [52] and
will not be given explicitly here.

For the values of the rate constants given in section
2 and y=N=100 we may write with good accuracy
Ai=—kor/(v+1)=—-3.3%x10° s~'. It means that
[4,] is in first approximation proportional to kc; and
decreases with increasing » similarly to conclusions
of refs. [12,19]. If there are no eigenvalues A close to
A, we may find the upper estimate to ¢, from fo= 1/
[A:|=3%x10"1%s

In summary, these results show that for > ¢,

(1) I2, IR and ncr have the single exponential
form

1) =18 (to) explA, (= 10)] (7.20)
1RC(t)=k—1 At (7.21)
tex(1)= S5 RO ~18(0) I +ncr(to). (7.22)
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We call this regime of the excitation energy transfer a
single exponential one.

(2) The time development of the observables
(7.20)-(7.22) is given by the intramolecular rate
constants kg, kRS, k{*, kRC, ke and the constant v.
No information on the intermolecular transfer within
the antenna system can be obtained from the mea-
surement of the investigated observables for 1> ¢; as
well as for shorter times. The initial conditions have,
with the exception of 1 (%), no influence on the ob-
servables in this time range.

(3) If the conditions for the use of the first-order
perturbation theory are satisfied the ratio v equals the
number of the antenna Chl molecules N.

(4) The zero-order expression (7.15) for the ei-
genvector h,,(A,) and eq. (7.5) show that the prob-
ability P,,(t) of finding the excitation at the S, an-
tenna or RC levels equals

P.(t)=[c,/(N+1)?]exp[A,(t—1)],

meRC, A, >t. (7.23)

We see that the zero-order probability of finding
the excitation at different sites m is the same for all
the antenna Chl molecules and RC. If the losses and
trap did not exist the state of the PSU in the single-
exponential regime would be similar to the equilib-
rium state, P,,(t) =const, meRC, A. (If the condi-
tions for the use of the perturbation theory are not
fulfilled const depends on m.) The time dependence
of all the probabilities is the same (exp(—{4,]¢) de-
cay). We see that no interesting dynamics of the in-
termolecular transfer can be observed for > .

Depending on the values of the rate constants and
N the conditions for the use of perturbation theory
may be more or less well satisfied and eqs. (7.19)
and (7.23) may be more or less approximate. In the
following, we discuss this problem in detail.

The condition for the use of perturbation theory is
fulfilled if the distance of the levels close t0 4, in the
zero-order problem is large in comparison with the
perturbation correction. Assuming for simplicity

2 =kRC and k{* =kRC the perturbation correction
equals —kcr/(N+1). The distance of the levels in-
creases with the values of the rate constants F'so that
the necessary condition may be formulated as

| Fopn | > ker/ (N+1), m#n, (7.24)

i.e. the intermolecular transfer must be fast in com-
parison with the trapping rate of the CT state. Using
the Forster formula (7.3) with the above given con-
stants, ke from section 2 and N=100, the relation
(7.24) is fulfilled for R<20 A. Numerical calcula-
tions show that for R> 20 A the first-order and higher-
order corrections become significant and egs. (7.19)
and (7.23) are not fulfilled. However, eqs. (7.10)-
(7.13), (7.20)-(7.22) remain valid.

If the antenna system as a whole has some sym-
metry (as it seems for example to be the case of bac-
terial photosynthesis [27]) then the antenna fluores-
cence cannot depend on the symmetry operation
(rotation, reflection, etc.) transforming the antenna
system into itself. It means according to the group
theory [53] that I2 must transform according to the
totally symmetric representation A, of the antenna
symmetry group. [t follows then from eqgs. (3.2) and
(7.5) that only the states corresponding to the A,
representation can appear in Ig,

Ié(t):kéAZA ¢; exp (A?) ZA (1), (7.25)

where 2,4, denotes the summation over the states
corresponding to the unit representation
(2 ,mealtn (1) =0 for other representations). In such
a case, I# is a linear combination of a smaller num-
ber of exponentials and the single-exponential decay
of I# can appear for considerably shorter times (see
ref. [26]). Numerical calculations show that the ei-
genvalues A, close to 4, belong to other than to the A,
representation and the eigenvalues A; corresponding
to the A, representation are well separated. There-
fore, the single-exponential regime appears at consid-
erably shorter times than t~1/|A,| [26]. Taking into
account mutual relations of the observables dis-
cussed above (for I¥C see eq. (5.4)) we see that the
symmetry of the antenna system reduces the number
of exponentials also in other observables similarly to
eq. (7.25).

According to our calculations [12,13] for the av-
erage nearest-neighbor distance R=12 A in a regular
two-dimensional lattice of the Chl molecules the time
t; lies in the range ~1-10 ps. It follows from the
1/R°® dependence in eq. (7.3) that the value of ¢, for
larger R should increase roughly as (R/12 A)® in
agreement with our numerical calculations. Calcula-
tions based on the recently obtained experimental ge-
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ometry of the PSU in the bacterial photosynthesis
[27] give t,=4-25 ps [26].

Now we show that the single-exponential regime
can contribute very significantly to the value of the
quantum yield #cr(£—o0), i.e. it can be very impor-
tant from the point of view of the efficiency of the
primary processes of photosynthesis as a whole. The
contribution of the single-exponential regime to the
value of the quantum yield 5y can be estimated as
follows. According to eqgs. (2.1) and (3.9)

er(t+00) =ker [ Prc(®) de. (7.26)
o]

The contribution of the single-exponential regime
equals

N& (t—-o0)=ncr(t—-o0) —tfcrlo)

ker

=R )

(7.27)
If we assume the validity of eq. (7.19) and neglect
the losses in the PSU for small 7, we may write
approximately

I8 (to)=kp N+l (7.28)
From egs. (7.27), (7.28) and (7.19) we have
se — —.—k<:r
e (=)= M) 14|
ker (7.29)

= ker + N(kE+K{) +KEC+ARC

Using the rate constants given in section 2 and
N=100 we get n&; (t—00)=0.94. This is the esti-
mate of the maximum value of n&; (1—»0c0).

For large ¢, we must take into account the losses in
the PSU. Assuming for simplicity the single-expo-
nential decay of 72 () following from eq. (7.14b) for
v=N, s

N
A — LA
I8 (to) =kt N+1 exp(4.4) , (7.30)
we get from eq. (7.27)
w _ ker
’lcr(t—’oo)——‘—_(N_l_l)Ml ' exp(4, o) - (7.31)

This givesford,=—3.3x10°s~'and ,=3x 10~ '%s
& (1—00)=0.35. The estimated lower and upper
bounds to 5 (o0 ) are therefore

0.35<n& (t-00)<0.94 . (7.32)

The value of n&-(t—o0) corresponding to the largest
calculated 7,=25 ps [26] is #&r(t—»0) =0.87.

The answer to problem (1) and partially to (2)
and (5) may be therefore formulated as follows. Ob-
vious conditions for a high value of ner(f—o0) are
that the intermolecular transfer is fast (| F,,,, | > k8,

{, kBC, kRC) and the trapping rate kcr is large in

-comparison with the fluorescence and intersystem

crossing rate constants (kcr > kg, kBC, kft, kFC).
Under such conditions which are fulfilled for the
photosynthetic system under consideration the exci-
tation energy transfers fast to the reaction center CT
state where it is exploited for the charge separation.
The radiative losses are small during the transfer. The
ratio ¥ (1) =2 neaPm{t) /Prc(t) is a function of time,
however, becomes constant in the single-exponential
regime (f>1,). The calculated values f,~4-25 ps
[26] lead to the conclusion that the contribution
nEr(t—»o00) of the single-exponential regime to
ner(t—co) is close to 0.9. From this point of view,
the single-exponential regime is the most significant
stage of the energy transfer to RC. The intermolecu-
lar transfer within the antenna system has in the sin-
gle-exponential regime no effect on ner(t—00) as well
as on other investigated observables. The depen-
dence of & (t—co) on the geometry of the PSU is
given only by », i.e. the distribution of the excitation
energy between the antenna system and RC. There-
fore, the quantum yield n-r(z—co) depends only very
little on the details of the geometrical arrangement of
the PSU.

8. Short time fluorescence

The exciton trap, i.e. the reaction center CT state,
and the radiative losses destroy the phase relations of
the density matrix by damping its off-diagonal ma-
trix elements (see eq. (A.4)). Using the rate con-
stants from section 2 we see that they are damped at
t~10~11-10-%s. We see that considering only one of
the dephasing processes the coherent regime can play
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an important role only for times considerably shorter
than this estimate.

Before going into more detailed discussion we first
estimate the contribution of the short time transfer
processes t0 #fer(f—oc). Assuming the maximum
possible value of Pgc, Prc=1, we obtain from egs.
(3.9) and (2.1) the following upper bound:

e (D) =ker | Pec(®) drskent @®.1)

0
For kcr=3.3x 10" s~ 'and t=10""13s we get
ner(10-135) <0.033 . (8.2)

The wavelength of the visible light is large in compar-
ison with the dimensions of the PSU so that a more
or less delocalized initial excitation of the PSU at t=0
can be expected. Therefore, taking Prc=(N+1)~'
instead of Pgrc=1 as a more probable value we get
approximately

ner() =kert/ (N+1) . (8.3)
This yields for t=10-!! sand N=100
Ner(10711s)=0.033. (8.4)

We see that the short time processes (1< 10 ps) can
contribute to ncr(t—c0) only a few per cent (prob-
lem (5)). From this point of view, they are practi-
cally insignificant.

On the other hand, it has been shown above that
the single-exponential regime can yield only very
limited information on the intermolecular excitation
energy transfer between the antenna system and RC
(v=const). In order to gain more information in this
respect times ¢ < {, have to be considered. Therefore,
we discuss in this section the form of 72 in the coher-
ent and intermediate case.

The excitation energy transfer for very short times
t < t,; may be described by means of the Schrédinger
equation

ihdw/ot=Hy , (8.5)
where
Y=3 Cal¥n, (8.6)

¢,(t) is a probability amplitude of finding the exci-
tation at the S, level of the nth antenna or RC mole-

cule and y, describes the state in which all the Chl
molecules are in the S, state (¢°) except for the nth
one which is in the S, state (¢°*¢). The probability
P, (t) equals

P, (D)=lc(1)17. (8.7)

The Schrodinger equation (8.5) reads in matrix
representation

itdc,,/dt= ¥ Hpucp, (8.8)

where the values of the matrix elements H,,, may be
estimated from the dipole-dipole interaction of the
Chl molecules,

Hmn=<vlm| Z Vij"/’n)a (89)

Vy=Id;-d;—3(d;'r)(d;'r)]/R?, (8.10)

where r is the unit vector along the direction con-
necting the molecules, R denotes their distance and
d; is the dipole moment operator corresponding to the
electron in the ith molecule. Assuming only small
overlap of ¢9, and 9S*° functions (m# n) we get

Hyp= [t t,—3(t,,'r)(t,°r)1/R?, (8.11)
where
t, =05 |d, | 95° (8.12)

is the transition dipole moment of the mth molecule.

The matrix elements H,,, may be estimated from
the experimentally known value of the Chl a dipole
moment. For the Chl a in diethyl ether || =4.3 D
[54]. Assuming that ¢,, and ¢, are parallel and at the
same time perpendicular to r we get H,,/fi=
6.67%10"% s~ ! for R=12 A and H,,,/A=2.7X 10'?
s~!forR=35A.

In order to include the radiative and non-radiative
losses it is necessary to modify the Hamiltonian H
into a non-Hermitian form H' [42] corresponding
to the loss terms on the right-hand side of the GME
(4.3) and (4.4) (see appendix),

H,.,=H,,, m#n, (8.13)

H\pu=H,,, —ih(kg + ki), meA, (8.14)

H!,.=H,,, —§ih (kR + kR +ker), m=RC.
(8.15)

A general solution of the Schrodinger equation
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(8.5) with the Hamiltonian H' has the form
()= ; ag exp(Et/ih) h,,(E), meRC,A,
(8.16)
where E and A,,(E) satisfy the stationary problem
;H:,,,,h,,(E)=Ehm(E) (8.17)

and ag are constants given by the initial conditions.
The Hamiltonian H’ is complex and non-Hermitian
so that both its eigenvalues E and eigenvectors 4,,(E)
are also complex. At the same time, all the imaginary
parts of E have to be less than or equal to zero

ImE<O (8.18)

since the radiative and non-radiative losses from the
S, levels lead to a decay of the probabilities P, ().
The real part of the frequencies E/# can be expected
of the order H,,,/#, i.e. 10'2-10'*s~', The imaginary
parts of E/# are given above all by the values of the
intramolecular rate constants kf, kB, kf*, kRC and
ker. The lower bound to the imaginary part of the
complex eigenvalues E can be found from the Gersh-
gorin theorems [55] for the perturbation matrix
formed by the imaginary part of H',

Im(E/f) > —} (kRC+kRC +ker) . (8.19)

As the imaginary part of H’ is small in comparison
with the real part first-order perturbation theory can
be used to estimate Im (E/#). Assuming for example
the existence of a state close to a uniform distribution
of the probabilities P,,(¢) which can result from the
delocalized initial excitation (the wavelength of the
light is large in comparison with the dimensions of
the PSU),

h(E\)=1/(N+1)'/2, (8.20)
we get
Im(E /h)=14,, (8.21)

where A, is given by eq. (7.18). Therefore, Im(E/#)
= —1.65%10° s~! so that the quantum beats of such
a state would be damped at 1~200 ps. Using the
expression A, ~ —kcr/(N+1) we see that the reac-
tion center CT state plays an important role in reduc-
ing the coherence of the excitation transfer in the
PSU. We note also that other dephasing processes are

not included in this estimate so that real dephasing
time should be considerably shorter.

The initial conditions, i.e. the values of ar deter-
mining ¢,,({=0) in eq. (8.16), are given by the
wavelength, direction and polarization of the excit-
ing light. We note that the influence of the initial con-
ditions can to a considerable extent be reduced by the
configurational averaging.

We see from eqs. (8.16), (8.7) and (3.2) that the
antenna fluorescence I4 is given for very short times
t < t,; by a linear combination of (N+1)2 exponen-
tially damped functions depending on the eigenval-
ues and eigenvectors of the Hamiltonian H’ and ini-
tial conditions. For the symmetric antenna system the
number of the functions in the linear combination
may be reduced analogously to our discussion of eq.
(7.25). Therefore, I carries a lot of information on
the antenna system—RC transfer. If we take into con-
sideration the complexity of egs. (8.16) and (8.7),
the integral character of I# and the effect of the ex-
perimental resolution we see, however, that it is very
difficult to obtain this information experimentally.

Till now we have assumed very short times ¢ < £,
for which the Schrédinger equation may be used. In
the intermediate time range ¢~ ¢, the GME has to be
solved. The GME (4.3) and (4.4) is a complex sys-
tem of integro-differential equations. It can be trans-
formed into a simpler algebraic form by means of
Bessel functions [56-58], however, the resulting
problem is still too complex for the PSU. For this rea-
son we suggested a simple interpolation formula for
constructing approximate solutions to the GME from
known solutions in the coherent and incoherent lim-
its [59]. This approach which is practical even for
systems like the PSU may be formulated as follows.

The probabilities P,,(¢) in the intermediate regime
may be approximately described by means of the in-
terpolation formula [59]

P, (1)=P;ME(1)

+exp(—{t) [PRrPE()—PRME(1)] . (8.22)
Here, PEME and PSCHE denote the solutions of the
PME and Schrédinger equation given above and { is
a parameter describing an average rate of the transi-
tion from the coherent to incoherent regime. It can
be estimated from {~1/t,,, where 10~ 3¢« 3
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X 10~19 5 Because of the meaning of f,, and 7, the
relation ¢, < t, must be fulfilled.

The decay of the fluorescence intensity /2 in the
intermediate regime is influenced by the relaxation
processes and is even more complex than for 1 << £,.;.
Therefore, our comment on the difficulty of obtain-
ing the information on the excitation transfer from
the observables is valid also here.

9. Concluding remarks

In this work, a general theory of the excitation en-
ergy transfer in the primary processes of photosyn-
thesis has been formulated. Using general arguments
independent of the concrete form of the photosyn-
thetic system and details of the model calculations we
have given answers to a few important problems for-
mulated in the introduction. Most of conclusions are
formulated generally and, where possible, numerical
estimates and the lower and upper bound to the
quantities of interest are given. More detailed and
concrete calculation devoted mainly to the incoher-
ent and especially the single-exponential regime is
given in ref. [26].

The above discussed results (the integral character
of the observables and their mutual relation, insignif-
icant role of the coherent transfer, decisive role of the
single-exponential regime, impossibility of direct de-
termination of the parameters of the intermolecular
transfer from the observables, consequences of a fi-
nite experimental resolution and experimental con-
ditions, ...) show difficulties in getting any detailed
information on the intermolecular transfer by means
of standard optical methods. The importance of the
single exponential regime of the transfer leads to the
value of ncr(t—o00) about 0.9 which is to a great ex-
tent independent of the structure and geometry of the
PSU and initial conditions. It seems that just these
properties of the photosynthetic unit guarantee high
efficiency of the light conversion under diverse
condition.

Our model is certainly far from being a complete
picture of the primary processes in the PSU and can
be improved in many respects. However, generality
of the arguments used in this work seems to justify
our belief that most of the conclusions of this work
have general validity.
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Appendix

In this work, the GME has been used for the first
time for the discussion of the excitation energy trans-
fer in the PSU. For this reason, we show here how the
usual GME has to be modified to include the loss
processes in the PSU.

The Hamiltonian A in standard quantum mechan-
ics is Hermitian (H*=H). This property of the
Hamiltonian leads to the conservation of the nor-
malization of the wave function and density matrix p
(Trp=1) as well as to real eigenvalues of the Ham-
iltonian. In order to include phenomenologically ra-
diative and non-radiative losses in the PSU we mod-
ify the diagonal elements of H so that it becomes non-
Hermitian, eqs. (8.14) and (8.15). This leads to a
decay of the probabilities respectively observables
with increasing time (see eqs. (8.7) and (8.16)).
Necessary modifications of the GME and PME are
summarized as below.

The Liouville operator [42] for a non-Hermitian
Hamiltonian corresponding to egs. (8.14) and (8.15)

o
H=H-i * _0 : (A.1)
0 on
H™ =H, o; real numbers, a;> 0, has the form
Lp=(1/ih)[H'p—p(H)*], (A.2)

1.e. it is also non-Hermitian. It follows from the Liou-
ville equation

d/dt=Lp (A.3)

and egs. (A.1) and (A.2) that in the matrix
representation
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apm"/at= (1/ih) [H, pYmn
1 20013 (o) +2)pz.s
~ % (az+ay)pa 20302,
20npNN mm

(A.4)

We see that the diagonal elements p,,,,=P,, of the
density matrix are destroyed at the rate 2a,,/# cor-
responding to the loss terms on the right-hand side of
eqs. (4.3), (4.4), (7.1) and (7.2).

The GME, i.e. the equation for the diagonal part of
the density matrix Dp, can be obtained by means of a
projection operator technique [33],

t
%)— = j K(t—t)Dp(t)dt+I(t)—-GDp, (A.S5)

0
where D is a projection operator,

(DP)mn =PrmmOmn » (A.6)
K={K,,} is a matrix of the memory functions,
K(t)=—(D/h)L
xexp[ - (i/h)t(1—=D)L](1-D)LD, (A7)
I={1,,} denotes initial (or inhomogeneous) terms,
I(t)=—(i/h)DL
xexp[—(i/h)1(1-D)L](1-D)p(0) (A.8)

and
=—DLD (A.9)

gives the damping of the diagonal elements of p in eq.
(A.4). The memory functions are symmetric
K,.,=K,. The GME (A.5) has a finite memory, i.c.
the memory functions and initial terms go to zero for
t—o00. We note that the loss terms from eq. (A.4) are
included in the definition of the memory functions
and initial terms in contrast with the so-called sink
model [34].

The damping of the density matrix described by
eqs. (A.4) and (A.5) follows from the loss processes
considered in our model. Additional damping result-
ing from the interaction of the considered system with
the rest of the PSU is in these equations not explicitly
taken into consideration. It can approximately be

taken into account by the exp(—{z) term in the in-
terpolation formula (8.22).

Writing the exponentials in egs. (A.7) and (A.8)
as a power series it can be shown that generally valid
summation rules

Y Knn(1)=0 (A.10)
and
Y L.()=0 (A.11)

are valid for the non-Hermitian Hamiltonian H' as
well as for the original one H. It follows from eqs.
(A.5), (A.9), (A.10) and (A.11) that

%;Pm=—%§aum. (A.12)
The right-hand side of eq. (A.12) describes all the
losses of the excitation energy from the S, levels so
that egs. (A.10) and (A.11) give the law of the con-
servation of the excitation energy.

The incoherent limit to the GME, i.e. the PME, may
be derived assuming infinitely short memories
[34,35]

Kmn(t)=an6(t) ? ]m=0- (A.13)
Eq. (A.5) then becomes

dp,, ,

a4 = ;Fm,.Pn (A.14)

in agreement with eqgs. (7.1), (7.2) and (7.7)-(7.9).
The summation rule >,F,,,=0 follows from egs.
(A.10) and (A.13) and the relation X,,,,=K,,,,..

We note that no assumptions about the density
matrix p are made here. It can include for example
the configurational averaging or it can describe the
PSU at non-zero temperature 7'# 0. Most of the re-
sults are therefore valid also in such cases.

Note added in proof

Approximate equation for the fluorescence life time
T=—1/4,=(N+1)/kerin the single exponential re-
gime (see eq. (7.20)) is in good agreement with the
experimental results published in ref. [60].
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